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OPTIMAL CONTROL OF THE THERMOELASTIC STATE OF A BALL WITH A SPHERICAL
INCLUSION USING POWER OF DISTRIBUTED INTERNAL HEAT SOURCES

In various fields of engineering and technology, problems arise in creating various types of technical systems with internal heat sources. Their design
is based on modeling and optimization of the obtained models, which cannot always be achieved with guaranteed accuracy and completeness using
known numerical methods. Therefore, further development of a new effective numerical-analytical method for solving similar problems for composite
bodies with complex geometry and arbitrary thermomechanical characteristics of the constituent components, proposed by the authors in one of the
previous articles, is an actual task. This is the focus of this paper. Using the example of an elastic body with a certain geometry (a ball with an eccen-
tric spherical inclusion), the problem of optimally controlling its thermoelastic steady- state is solved using the power of distributed heat sources within
the inclusion. The objective functional in the problem was chosen to be the functional that expresses the root-mean-square value of the stress on the
inclusion surface. An additional limitation is imposed on the mean square power of heat sources. This formulation of the problem is considered for the
first time. The solution to the problem is divided into two stages. The first stage solves the direct problem of modeling the thermoelastic state of a ball
with an inclusion at a given temperature and external load on its surface, as well as the power of distributed heat sources in the inclusion. In this case,
the generalized Fourier method is used, the modified apparatus of which for the specified body geometry was developed by the authors in the work. As
a result of the implementation of the first stage, the original problem is replaced by an equivalent problem of optimal control of the state of an object,
which is defined by two infinite linear algebraic systems. In this case, the optimization problem is posed with respect to a quadratic functional defined
on the Cartesian product of Hilbert spaces of square-summable numerical sequences. The arguments of the functional are the solutions of the specified
systems. The fundamental difficulty in solving the equivalent (inverse) problem is the impossibility of analytically expressing the solutions of systems
through optimization parameters. The work further develops the method of parametric solution of infinite systems of linear algebraic equations pro-
posed by the authors. As a result of its application, the quadratic functional is expressed in terms of optimization parameters. The problem of finding a
conditional extremum of a functional is solved using the Lagrange method. Its application leads to an infinite system of linear algebraic equations with
a quadratic constraint, which is solved by the spectral method. All intermediate stages of the implementation of the proposed method are strictly justi-
fied by five theorems proven in the work. The numerical implementation of the method was carried out within the framework of an extensive computer
experiment, the results of which are presented in the paper. The work shows pictures of optimal temperature fields in a ball and the powers of distrib-
uted heat sources in the inclusion, as well as graphs of optimal temperatures and normal stresses on the surface of the inclusion depending on the geo-
metric parameters and three different types of external load. All the main results of the work are new. The analytical justification and calculations per-
formed prove the correctness and effectiveness of the proposed method.

Key words: optimal control, thermoelastic state, power of distributed heat sources, objective functional, modeling, generalized Fourier method,
infinite system of linear algebraic equations, parametric solution, rigorous justification.

O. I HIKOJIAEB, M. B. CKILIKA, H. B. JPAIIITY/Ib
ONTUMAJILHE KEPYBAHHSI TEPMOIIPYKHUM CTAHOM KYJII 31 COEPUYHUM
BKJIFOYEHHSIM 3A JJOIIOMOTI' OO TOTY?KHOCTI PO3MOALIEHNX BHYTPIIIHIX TEIIOBAX
JOUKEPEJT

V pi3HHX Traiy3sx TEXHIKH Ta TeXHOJIOTIl BUHHKAIOTh 3aaui CTBOPEHHs Pi3HOMAHITHHUX THIIB TEXHIYHHMX CHCTEM i3 BHYTPILIHIMH JUKEpeIaMH TeIula.
X KOHCTPYIOBaHHS I'PYHTYETHCS HA MOJENIOBAHHI Ta ONTHMI3allii OTPHMAHUX MOJIENell, IO He 3aB/M MOXHA BUKOHATH 3 TAPAHTOBAHOIO TOYHICTIO
Ta HOBHOTOKO BIIOMHMH YHCEIBHHMH METOJaMH. TOMY IOJQIBIINN PO3BUTOK HOBOTO €(EKTHBHOTO YHCEIHbHO-aHAIITHYHOTO METOLY PO3B’SI3aHHS
NOMiOHKMX 3a1a4 JUIsl CKJIAJIOBHX TUT 31 CKIIa/HOI I'€OMETpi€ro Ta JOBIIBHUMHI TEPMOMEXAHIYHIMH XapaKTEPHCTHKAMH CKJIAJOBUX KOMIIOHEHTIB, 3a-
MPOIIOHOBAHOTO aBTOPAMH B OJHII i3 MOMEpeHiX cTaTel, € aKTyaJbHOIO 3a4a4eio. Y [bOMY 1 MoJsrae cyth AaHoi poboru. Ha mpukiani npyxHoro
TiJIa 3 IIEBHOIO F€OMETPI€r0 (KYJIst 3 eKCIEHTPUYHUM C(HEPUYHIM BKITIOUCHHSM) PO3B’S3Y€ThCS 3a/a4a ONTHMAIBHOIO KePyBaHHS HOro CTalioHapHUM
TEPMOIPYKHUM CTaHOM 3a JIOMIOMOT'OF0 MTOTYXKHOCTI PO3MOAUICHHX JUKEpeI Teria y BKIoYeHHi. LlinmboBuM (yHKIiOHaNOM y 331a4i Oyiio oOpaHo ¢y-
HKI[IOHAJI, IKUH BUpPaXkae CepeIHbOKBAIpaTHYHE 3HAUCHHS HAIPYXKEHHs HA MOBEPXHi BKIIOUCHH:. J[ofaTkoBe 0OMEKEHHs HAKIIaAaeThCs Ha Cepe/iHii
KBaJpaT MOTY/KHOCTI TEIIOBUX /pKepes. Taka MocTaHOBKA 3a/ia4i PO3IsIaEThest Biepiie. Po3s’si3aHHs 3a1a4i po3buTe Ha aBa eramu. Ha nepmomy —
PO3B’SI3yETHCsSI IIPSIMA 3a/1a4a MOJICITIOBaHHS TEPMOIIPYKHOTO CTaHy KyJIi 3 BKIIOYESHHSIM IIPH 3aJaHUX Ha MEXI KyJIi TeMIeparypi Ta 30BHIIIHBOMY Ha-
BaHTA)KCHHI, 8 Y BKIIOYEHHI — MOTY)KHOCTI PO3MOJIICHHX TEIUIOBHX /pKepel. [Ipy iboMy BUKOPHCTOBYEThCS y3aranbHeHHH MeToq Pyp’e, Moaudiko-
BaHUM amapar SKOro A 3a3HaUeHOI TeoMeTpii Tina po3pobiIeHo aBTopaMu B poboTi. B pe3ynpTaTi peanizamii mepioro eramy BUXigHa 3amada 3aMiHe-
Ha Ha CKBIBAJICHTHY 3a/[a4y ONTHMAJbHOTIO KepyBaHHs CTAHOM 00’€KTa, KM 331a€ThCs JIBOMAa HECKIHYCHHHMH JIHIMHUMH areOpaiuHUMH CHCTEMa-
mu. [Ipu boMy onTuMi3ariiiHa 3aja4a CTABUTHCS BIIHOCHO KBAaJPATHYHOTO (yHKI{IOHANA, BU3HAYCHOTO HA ICKaPTOBOMY HOOYTKY riIb0epTOBUX MpPO-
CTOpIB YHCIOBUX IIOCIIiJOBHOCTEH, CYMOBHHX 3 KBaJpaToM. ApryMeHTaMu (pyHKIIOHATa € PO3B’SI3KM BKa3aHHUX CHCTeM. [IpHHIMIIOBOIO CKIIAIHICTIO
PO3B’s13aHHS €KBIBaJIEHTHOI (3BOPOTHOI) 3a/1a4i € HEMOJIMBICTh aHATITHYHOTO BUPa)KCHHS PO3B’I3KiB CUCTEM depe3 IapaMeTpy ontumisanii. Y po6o-
Ti OTPUMAB MOJAIBIINN PO3BUTOK 3aIIPOIIOHOBAHMIT ABTOPaMK METO]] TAPAaMETPHUYHOTO PO3B’3aHHs HECKIHYCHHHX CHCTEM JIHIHHUX anreOpaidyHux pi-
BHsIHb. BHaCI1i10K HOT0 3aCTOCYBaHHS KBaJpaTHUHUN (PyHKI[IOHAT BUPAXXaeThCs Yepe3 MapaMeTpH OnTuMizanii. 3agada Ha yMOBHHIT eKcTpeMyM (QyH-
KIlioHaNa BUpiIIyeThcs MeTooM Jlarparska. Moro 3acTocyBaHHs IPH3BOIUTH JI0 HECKIHUCHHOT CHCTEMH JIiHIfHUX aireGpaiuHuX piBHAHb 3 KBaApaTH-
YHHM OOMEKEHHSIM, SIKa PO3B’SI3YETHCS CIIEKTPATEHUM METOIOM. Y Ci IPOMDKHI eTany peasizalii 3amponoHOBaHOIO METOLY CTPOro OOIPYHTOBaHI I1°sI-
ThMa JIOBEACHIMH y po00Ti Teopemam. UrcenpHa peaiti3aliis METO4y IIPOBECHA B MEXaX PO3TOPHYTOTO KOMIT FOTEPHOTO EKCIIEPUMEHTY, Pe3yIbTaTH
SIKOTO HaBeIEHO Y poOoTi. Y poGoTi MoKa3aHO PUCYHKH ONTHMAIBHUX TEMIIEPATYPHUX HOJIB Yy KyJi Ta IOTYKHOCTEH PO3MOAIICHUX JUKEpel Telia y
BKJIIOYEHH], @ TAaKOXX Ipadiku ONTHMAIbHUX TEMIIEPATyp Ta HOPMAJbHHUX HANPY)KEHb Ha MOBEPXHI BKIIOYCHHS 3aJI€XKHO BiJ] T€OMETPUYHHX HapameT-
piB Ta TPHOX Pi3HHUX THUIIB 30BHINIHHOTO HABAHTAXKEHHS. YCi OCHOBHI pe3ylIbTaTH POOOTH € HOBUMH. AHAIIITUYHE OOIPYHTYBaHHS Ta IPOBEACHI PO3-
PaxyHKH JIOBOJISITH KOPEKTHICTB Ta €()EKTUBHICTB 3aIIPOIIOHOBAHOTO METOY.

Kuio4oBi ci10Ba: onTuManbHe KepyBaHHS, TEPMOIPYKHUH CTaH, MOTYXKHICTh PO3MNOAUICHHX DKEPEN TeIula, HUIbOBHI (YHKIIOHAN, MOJIEIIO-
BaHHJ, y3aranpHeHui Metoq yp’e, HeCKIHUEHHA CHCTeMa TiHIHHUX anreOpaidHuX piBHAHb, HapaMETPUYHHI PO3B’SI30K, CTPOre OOIPYHTYBAaHHS.

Introduction. One of the important problems of modern engineering and technology is the development and use of
various types of systems with internal heat sources. These include underground storage facilities, geothermal reservoirs,
industrial furnaces, thermal elements of nuclear power plants, heat generators, microcircuits, and much more. Purely
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spherical elements with internal heat sources have found applications in biomedicine (nano-capsules with core-shell ar-
chitecture for local heating of tumors), technical chemistry (localized catalysis), ecology (neutralization of organic pol-
lutants), energy (battery components), etc. The creation of such systems is usually preceded by their mathematical mod-
eling with subsequent optimization of the resulting models. In modeling, strength problems come to the fore, in which it
is necessary to take into account the interaction of two types of fields: stress-strain and thermal. Moreover, it is the tem-
perature stresses that are decisive for the above systems. It should be emphasized that internal heat sources significantly
complicate the modeling process, in which it is necessary to take into account their power, location, and shape. More-
over, the impossibility of parametric representation of models does not allow setting optimization problems with them.
Therefore, the development of effective methods for modeling the thermoelastic state of bodies with complex geometry
and internal heat sources and the solution of problems of optimal control of this state using heat sources based on the
constructed parametric models are very relevant.

In this paper, using the example of an elastic body with a specific geometry (a ball with an eccentric spherical in-
clusion), we develop a method for solving the problem of optimally controlling the body's steady-state thermoelastic
state using the power of internal distributed heat sources. The method is rigorously justified. Numerical modeling and
optimization results are presented, confirming the correctness and effectiveness of the proposed method.

Review of previous research results. In [1], an approach to the analysis of spherical inhomogeneities in an infinite
matrix under uniaxial and triaxial loading conditions is proposed. The authors apply the decomposition method, consid-
ering the inclusion through an equivalent solution for the cavity. The key feature is the use of the principle of compati-
bility of deformations for statically indeterminate systems, which allows establishing a direct analytical relationship be-
tween the displacements of the poles/equator of the inhomogeneity and the contact stresses at the boundary of the inho-
mogeneities. The study [2] is devoted to the problem of displacement and rotation of a weakly deformed spherical rigid
inclusion having the shape of a perturbed sphere. The author uses the small parameter method to describe the surface
geometry and solves the problem through decomposition into separate components for arbitrary small displacements and
rotations. The mathematical apparatus is based on the use of asymptotic series and expansions in tensor spherical func-
tions, which allows satisfying the boundary conditions at the perturbed interface of media. In [3], the scale dependence
of the elastic field inside a nanoscale spherical inclusion due to the influence of interfacial stresses was investigated. The
authors apply the classical Goodier approach, which is based on the representation of solutions to the Lamé equation in
terms of volume spherical harmonics. The use of a simplified harmonic basis allowed us to obtain explicit analytical ex-
pressions for the displacement fields, which demonstrate the emergence of non-uniformity of the elastic state at the
nanoscale even under the condition of spherical symmetry of the problem. A similar approach in [4] solves the problem
of the stressed state of an elastic medium with a small spherical cavity. The authors of [5] obtained a closed-form solu-
tion for the analysis of the stress distribution around rigid nanoparticles under uniaxial tension. A feature of the model is
the explicit consideration of the interfacial spherical layer, the thickness of which is proportional to the inclusion radius,
and the elastic characteristics differ from the matrix parameters. By approximating by the leading terms of the displace-
ment and stress distributions, the authors were able to establish the regularities of the transformation of force fields in a
three-phase system. In [6], the stress-strain state of a three-phase system consisting of a spherical inclusion and a con-
centric layer embedded in an infinite matrix under the action of a uniform load was investigated. The author imple-
mented an approach based on the decomposition of the Lamé equation. Assuming a functional dependence of displace-
ments on given deformations at infinity, a system of differential equations was obtained, the solution of which is pre-
sented in a closed analytical form. This allows us to effectively assess the influence of the geometric and mechanical pa-
rameters of the intermediate layer on the overall state of the composite.

The use of analytical and numerical methods in the study of stationary thermal and thermoelastic fields is typical
for plane problems and spatial problems in canonical domains. The authors of [7] implemented a comprehensive ap-
proach to the analysis of the thermoelastic state of a semi-infinite body in the presence of stationary heat sources. The
method is based on the construction of Boussinesq functions by reducing the problem to boundary value problems for
harmonic functions in a half-space with different types of mechanical and thermal fixation of the boundary. The ob-
tained analytical relations for displacements and stresses are interpreted as the corresponding Green's functions, which
allows calculating the stress-strain state for arbitrary heat release in the strip domain. In [8], a method for solving the sta-
tionary thermoelasticity problem for an isotropic cylinder of finite length is proposed by decomposing the temperature
field into symmetric and antisymmetric components. The authors use double expansions: into Fourier series in the axial
coordinate and into Bessel-Dini series in the radial variable. This approach allowed reducing the boundary value prob-
lem to an infinite system of linear algebraic equations, the solution of which was found using an improved reduction
method, which provides high accuracy in determining axisymmetric temperature stresses. In the study [9], a generalized
method for calculating the steady-state thermoelastic state in multilayer bodies is proposed, taking into account the tem-
perature dependence of the physical and mechanical characteristics of materials. The methodology is based on the com-
plex application of the Kirchhoff transformation for linearization of heat conduction equations, Newton's iterative algo-
rithm, and the apparatus of generalized functions and Green's functions. This approach allows modeling the stress-strain
state in thermosensitive multilayer systems in the presence of internal heat sources. In [10], analytical solutions of mixed
problems of steady-state thermal conductivity and thermoelasticity for a semi-infinite layer under the conditions of
smooth contact on the end surface are presented. The research methodology is based on the decomposition of the system
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of Lamé equations, which allows us to isolate independent differential equations for further analysis. The application of
the method of integral transformations ensured the obtaining of exact solutions that describe the interaction of thermal
and mechanical fields in canonical semi-bounded regions. In the study [11], thermal stresses arising from the discrep-
ancy between the coefficients of thermal expansion of the spherical inclusion and the matrix were analyzed. Unlike iso-
tropic models, the author took into account the cubic symmetry of both phases of the material. To solve the problem, the
method of the equivalent Eshelby inclusion was used, which allowed us to establish the influence of the anisotropy of
elastic properties on the local concentration of stresses when the temperature changes.

In a number of studies, finite and boundary element methods and their modifications are used to solve thermoelas-
tic problems. The authors of [12] proposed an approximate method for solving a plane stationary thermoelastic problem
for a rectangular cross-section under mixed boundary conditions. The method is based on a combination of a classical
solution for a uniform temperature field with the apparatus of boundary integral equations. The unknown deformation
components are represented in the form of series in Cartesian harmonics with the addition of specific harmonic func-
tions, which allows us to adequately model the features of the stress state at singularity points caused by a change in the
type of boundary conditions. In [13], another approach is presented, namely, an effective modification of the boundary
element method for solving three-dimensional thermoelasticity problems is implemented. The authors proposed an algo-
rithm for transforming the triple integral, which describes the effect of the temperature field, into a surface integral
within the general boundary integral equation. The use of appropriate Green's functions for this procedure allowed to
significantly increase the computational efficiency of the method, while maintaining high accuracy of analysis for bodies
with complex geometry and anisotropic properties.

Some studies investigate internal heat sources. In [14], the formation of a stationary thermal field in a solid sphere
under the condition of a uniform distribution of internal heat sources was investigated. The author conducted a compara-
tive analysis for the cases of constant thermal conductivity and its linear dependence on temperature. Due to the assump-
tion of central symmetry, the thermal conductivity equation, which depends only on the radial coordinate, was integrated
in a closed form, which allowed obtaining accurate analytical solutions for both physical models. In [15], an analytical
method for solving axisymmetric problems of stationary thermoelasticity for bodies with thin thermally active inclusions
was proposed. The authors used a mathematical model in which the plane inhomogeneity is replaced by an equivalent
layer of heat sources given by the Hankel integral transformation. The solution of the problem is reduced to the analysis
of a singular integral equation with a Bessel kernel. By using discontinuous Weber—Schaffheitlin integrals and expand-
ing functions into series by orthogonal Jacobi polynomials, an effective analytical solution was obtained for determining
the stress-strain state of the entire array. In the article [16] the authors investigated the thermoelastic state of an un-
bounded medium containing a single or a group of heat-generating spherical inclusions with a constant density of heat
sources. The authors consider a model of thermal inclusions, where the elastic properties coincide, and only the coeffi-
cients of thermal conductivity and linear expansion differ. For a single inhomogeneity, an exact solution was obtained
based on the fundamental solutions of the Laplace equation, while the interaction in the inclusion system was taken into
account using the method of superposition of potentials centered in the geometric cells of each object. In [17], an ana-
lytical apparatus was developed for constructing Boussinesq functions in thermoelasticity problems for a half-space con-
taining a heat-generating spherical inclusion. The authors consider a wide range of boundary conditions on the surface,
from a free to a rigidly fixed boundary under different heat transfer regimes. The technique is based on a combination of
thermoelastic displacement potentials with the mirror image method (symmetric or antisymmetric extension), which al-
lowed reducing the problem for a half-space to the analysis of the interaction of two inclusions in an unbounded medium
and obtaining exact solutions for a constant source density. In the study [18], the steady-state thermoelastic state of a
hollow sphere made of a functional gradient material (FGM) was analyzed. A feature of the model is the consideration
of all thermomechanical characteristics as continuous functions of the radial coordinate, described by power laws. Based
on the generalized Hooke's law taking into account thermal deformations, the authors managed to obtain a closed ana-
lytical solution of the system of equations of thermal conductivity and equilibrium, which allows for a detailed study of
the influence of the property gradient on the distribution of internal stresses. Similarly, in [19] the thermoelastic state of
a hollow cylinder made of a functionally gradient material is defined as defined. The authors in [20] presented a mathe-
matical model of the thermoelastic behavior of a multilayer composite hollow sphere with constant internal heat sources
in each layer. The authors implemented an approach in which the temperature field is divided into a transient and a sta-
tionary component under the condition of ideal thermal contact at the phase boundaries. Based on the direct integration
of the equilibrium equations in the stresses for each layer, the problem is reduced to solving a multiparameter system of
linear equations. The emphasis is on the dynamics of the formation of the temperature profile, although the question of
the mathematical conditionality of the obtained high-order systems remains open. In the study [21], non-stationary ther-
mal processes in composite structures with spherical inhomogeneities during laser pulse heating were analyzed. The au-
thors implemented a hybrid computational algorithm that combines the Eshelby equivalent inclusion method for describ-
ing local fields with the boundary element method for taking into account edge effects. Using the example of a compos-
ite disk, the significant influence of the size factor - the ratio of the sample thickness to the radius of the inclusions - on
the accuracy of laser measurements of thermophysical characteristics, which is of critical importance for the metrology
of inhomogeneous media, is demonstrated. In [22], a numerical-analytical model for evaluating the thermoelastic proper-
ties of composites with ellipsoidal and spherical inclusions in a cubic matrix is presented. The authors integrated the
Eshelby equivalent inclusion method, which operates on the concepts of natural strains and temperature gradients, into
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the general scheme of the boundary element method to satisfy the boundary conditions at the boundaries of the unit cell.
The formed model allowed to establish statistical regularities of the influence of the volume fraction and spatial distribu-
tion of particles on the effective macroscopic characteristics of a heterogeneous medium. In the article [23] an innovative
approach to the analysis of thermomechanical characteristics of two-phase architected materials with different topologi-
cal configurations is presented. The authors use the Gilis formula to describe the topology, and the estimation of effec-
tive elastic moduli and thermal conductivity coefficients is carried out using the Galerkin boundary element method. A
feature of the study is the integration of the obtained data into the feature space for training deep neural networks. This
allowed the use of interpreted machine learning algorithms (in particular, Shapley values) to identify complex dependen-
cies between the geometric design of the phases, their volume fraction and the final physical and mechanical properties
of the composite. In [24], two-dimensional steady-state thermoelasticity problems for an infinite matrix with elliptical
inhomogeneity under imperfect contact conditions were solved. The model takes into account weak thermal conductivity
and spring coupling between the matrix and the inhomogeneity, which is described by the corresponding interface func-
tions. The authors determined the parameters of these functions, under which the remote heat flux and uniform heating
generate linear and constant stress distributions in the inhomogeneity, respectively. The analytical expressions for the
temperature and force fields obtained in a closed form allow us to evaluate the influence of defects in the interfacial cou-
pling on the general thermomechanical state of the system. In the study [25], a hierarchical multiscale model was pro-
posed to analyze the influence of thermal stresses on the ductile fracture of polymer nanocomposites. The material deg-
radation process is considered through the mechanism of detachment of spherical nanoparticles from the matrix within a
representative volume element containing the interfacial region. The model, verified by experimental data, allows estab-
lishing a quantitative relationship between the fracture toughness parameters and a set of thermomechanical characteris-
tics, including the mass fraction of the filler, the coefficients of thermal expansion of the phases, as well as the geometric
and stiffness parameters of the ideal contact.

Also, special attention should be paid to optimal control problems. In [26], the problem of speed of operation when
heating a thermoelastic plate by internal heat sources is considered. The author formulates a mathematical model of op-
timal control taking into account strict constraints on both the intensity of the sources and the maximum permissible
thermal stresses. The methodology is based on a combination of approaches to solving inverse problems of heat conduc-
tion with the apparatus of the finite difference method for analyzing the direct problem of thermoelasticity. This allows
us to determine such a time law of energy release that minimizes the duration of heating without violating the strength
criteria of the material. In the article [27], an atypical problem of optimal control of a thermoelastic body under condi-
tions of incomplete initial data (lack of information about the initial temperature distribution and displacements) was
solved. To overcome this uncertainty, the authors applied the concept of "lossless control” (Pareto control) developed
by J.-L. Lyons. The methodology is based on the introduction of a sequence of cost functionals with a regularizing pa-
rameter. It is proved that the limit transition, when this parameter tends to zero, allows transforming the strategy of
minimum loss into a full-fledged lossless control, which ensures stable control of deformations even with a deficit of ini-
tial information. In [28], based on the apparatus of inverse problems of thermomechanics, a mathematical statement of
the problem of optimal heating action speed of thermosensitive bodies of canonical form (layer, cylinder, sphere) was
formulated. A feature of the model is the consideration of the dependence of the physical and mechanical properties of
the material on temperature and the presence of restrictions on the intensity of control and the limiting tangential stresses
in the zone of plastic deformations. The authors developed a stable numerical algorithm for constructing the optimal
heating law, which allows minimizing the process time while strictly observing the strength criteria under conditions of
inelastic behavior of the material. In the study [29], a method of quasi-static inverse thermoelasticity problem was de-
veloped to optimize the heating rate of a long hollow cylinder under conditions of non-stationary non-axisymmetric
thermal regime. The authors proposed a control algorithm that takes into account the angular dependence of the tempera-
ture field and strict constraints on thermoelastic stresses. The mathematical model was reduced to the Fredholm integral
equation of the first kind, for which a stable regularized solution method was developed. This allowed obtaining optimal
time and space heating parameters that minimize the duration of transient processes without violating the strength crite-
ria of the structure. In [30], a mathematical formulation was formulated and an algorithm was developed for numerically
solving a two-dimensional problem of optimal speed-dependent heating control of a long rectangular parallelepiped. The
study is based on a model of elastic-plastic deformation of a thermosensitive material, the properties of which depend on
temperature. The authors implemented a strategy for minimizing the heating time while observing restrictions on the in-
tensity of thermal influence and the maximum permissible intensity of tangential stresses in the plasticity zone. This al-
lows optimizing the heat treatment of elements with a rectangular cross-section, preventing their premature failure or
undesirable residual deformations. In [31], the problem of determining the optimal temperature regime for heating a
piecewise homogeneous cylindrical glass shell under the condition of minimizing meridional and circular normal
stresses was investigated. Heating is carried out convectively using external heat sources with a thermally insulated inner
surface. The authors proposed a method of step-by-step parametric optimization that allows finding such a law of change
in the temperature of the external environment that ensures the achievement of a given thermal state at a fixed point in
time while strictly observing the restrictions on the heating rate and the level of thermal stresses. Thanks to the proce-
dure of averaging the characteristics over the shell thickness, the mathematical model was reduced to one-dimensional in
spatial coordinates, which significantly simplifies the computational implementation of the algorithm. In [32], a method
for optimal control of the axisymmetric thermally stressed state of a solid cylinder by modifying the spatial distribution
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of volumetric heat sources is presented. The methodology is based on the application of the variational method of homo-
geneous solutions, which allows for effective minimization of thermal stresses in closed regions. In [33], a theoretical
justification and a numerical algorithm for solving the coupled optimal control problem under conditions of stationary
thermoelasticity are presented. The author uses the apparatus of classical variational calculus and the method of La-
grange multipliers to derive the necessary optimality conditions that form a system of conjugate differential equations
for the temperature field and the displacement field. The practical implementation of the method is based on a combina-
tion of the finite element method for spatial discretization and the iterative conjugate gradient method for minimizing the
objective functional, which allows for effective optimization of the boundary control for bodies of arbitrary finite shape.
In the article [34] proposes a method for determining the optimal stress control of an elastic space containing a coaxial
cavity and inclusion using the temperature distribution on the cavity surface. The problem is reduced to an equivalent
problem of the conditional extremum of a quadratic functional. A method for parametrically solving infinite systems of
linear algebraic equations is also proposed.

The above bibliographic review of the latest research in the field of thermoelasticity and optimal stress control us-
ing a temperature field allows us to draw the following conclusions:

- aside from the work of the authors [34], there are virtually no studies of optimal control problems for the ther-
moelastic state of multiphase bodies with complex geometries;

- the method proposed in [34] for solving problems of optimal control of the thermoelastic state of a body using a
temperature field requires further development not only for bodies with different geometries but also for other types of
physical control;

- the method for solving the equivalent problem proposed in [34] needs to be expanded to a broader class of con-
trols, which requires a more detailed justification.

Thus, the aim of this work is to further develop the method for optimal control of the thermoelastic state of a com-
posite body using the power of internal distributed heat sources, to verify the correctness and efficiency of the method,
and to apply it to the optimal modeling of the thermoelastic state of a ball with an eccentric spherical inclusion.

Mathematical formulation of the problem. Consider an elastic ball centered at a point O, of radius R,;, which

has an eccentric spherical elastic inclusion By, (0,) centered at a point O, of radius R, (|0102|+R2 < R,), made of

another material. Let us introduce two spherical coordinate systems (rj, 0;, go) ( j=1 2), the origins of which are

aligned with the points O; (‘0102‘ =z}, ), and their axes of symmetry have the direction of the vector 0,0, . Let us de-
note the domains Q; = By (O;)\Bg, (0;), Q, =By, (0,). We will assume that the material of the part of the sphere

that occupies the domain has thermomechanical characteristics (Gj,v i a j,kj) ( j=1 2), where G is the shear

modulus, v is the Poisson's ratio, o is the coefficient of linear thermal expansion, & is the coefficient of thermal con-
ductivity.

At the first stage, we will solve the direct problem of constructing a parametric model of the thermoelastic steady-
state of a ball By (0,), whose surface T is under uniform pressure and has a temperature 7, . We will assume that the

conditions of ideal thermomechanical contact are met on the surface of the inclusion I', , and the inclusion itself releases

heat with a density k,g(r,, 6, ). Note that the boundary conditions on the surface may be different, and those chosen in

the article do not limit the generality of the model that will be constructed.
The mathematical model of the thermoelastic state of the system under consideration is a boundary value problem

for a system of elliptic partial differential equations ( j=1 2)

V0, +— L 9(T0,) =, T, Teq); M)
712, I —ay, 7
VT, +5,,8=0, eQ; )
with boundary conditions
(T, =To> (3)
(FU1 )\Fl =2G, ). [fn(l)P,, (cosé)é, + P! (cosé;)é J 4)
n=0
and the conditions of conjugation of thermomechanical fields
o7, oT
(), = (%), - (kl _IJ :(kz_zj ; (5)
T L on, - on, -
(0, )|r2 = (0, )‘rz , (FU, )‘F2 = (FU, )‘Fz . (6)
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Here T, U j ( j=1 2) denotes the temperature field and the displacement field in the domain Q;, F U ; 1s the stress

vector on the surface I'; with the normal 7, = E,j , corresponding to the displacement vector U ;s Oy 1s Kronecker

delta symbol, V is the operator of the nabla, {é, , eg } are the unit vectors of the spherical coordinate system with the

origin at the point O;, X is the point of three-dimensional space, the Cartesian coordinates of which are related to the

spherical coordinates by the formulas
x=rsing cosp, =r,sinb, cose,, y=rsinf sing, =r,sinb, sing,, z=1cosb, =z, +r,cosb,.
At the second stage, using the constructed model, the problem of optimal control of the thermoelastic state using
the power of heat sources is solved. The optimal control problem is posed for the objective functional

ﬁ [|FO,[ ds - min 7
)

with a constraint on the mean square of the reduced power of distributed heat sources
2
g ’” 5, 0, )f D (®)
ail?

Regarding the function g(r, 6,), we will assume that it is harmonic in the domain Q,, in the closure of which it

is represented by an absolutely and uniformly convergent series

g(n.6,) Zgn[ j (cos®,), 9)

where P, (x) is the Legendre polynomial.

Modeling of temperature and thermoelastic fields. At the first stage, we will solve the direct problem of model-
ing temperature and thermoelastic fields in the domains Q) ;, assuming that function (9) is given. The solution to prob-

lem (2), (3), (5), (9) is constructed in the form

T (%)= VR " w, (11, 6,)+ Z%”R”” (1. 0,), ¥eQ; (10)
n=0 n=0
(%)= Ry"[d,rf +e, |w, (. 0,), ¥eQ, (11)
n=0

. iy ) %52 . . . .
with unknown parameters {tfﬂ )} s {dn }:3_0 , {cn }:lo_ o - Here the axisymmetric basis solutions of the Laplace equa-
n=0,j=1 - -

tion for the exterior Q" ={r > R} and interior Q™ ={r < R} of the sphere are denoted by
W; (l", 9) _ ri(n+1/2)fl/2pn (COSH) , (12)
where the sign + (—) corresponds to the external (internal) solution.
Let us find the parameters d, in solution (9) of Poisson's equation (2), for which we apply the Laplace operator to
the function 7, (,, 6, )
ATy (ry,0,) =Y Ry"2(2n+3)d,w, (r,,6,).

n=0
Comparing this result with (2) and (9), we obtain

g
d =——25n 13
TPy ()
Let's use the formulas [35] (n =0+ )
2 (12,0 z Cizls"wi (7:6), 1> 255 (14)
Wr;(’”lvgl):Zc;i{zfl{kW;(r2=92)v (15)
k=0

where C¥ is the binomial coefficient, to write the temperature field 7; (%) in coordinate systems with origins at points

0,
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L(3)= X6 R w, (7. 6)+ 2 w (m@l)ZC Ry Y (16)
n=0 n=0

T (f) = Z t;(zz)R;HW; (”2» 92)+ Z Wy ”23 0, Z CiR kzlkz nf(l) . (17)
n=0 n=0 k=n

Satisfying the conditions of conjugation of thermal fields on the surface I', of the inclusion and the boundary con-

dition on the surface I'j, we arrive at an infinite system of linear algebraic equations with respect to the unknowns

{ ’(’j)}n 0,/= 1’ {Cn }::0

n
t > uth P =T1,5,4, n=0+0; (18)
1(2) +K(1)i u- t(l) K(2) R2gn ,n=0+0w; (19)
n n n,k‘k 2 +3 : >
R?
_ (2 ) 28n —0-
e, =tP+ Y u, iy 221 p=0+00, (20)
;1 MR T (204 3)
where
n k
- z R (ky — k) )n k
ut, =Clo Ju, =Cle, ,o,,=|—2||—=2]|,g0_"27")F R ¢ S - E—
n,k n“n+l,k+1 n,k k%k.n n,k R1 Z1s n k2n+k1 (n+l) n k2n+kl (n+1)

Theorem 1. The operator of the system (18), (19) is a Fredholm operator in the space 122 under the condition
Zp + Ry <Ry

Proof. To prove the theorem, it is sufficient to show the convergence of the series

o0

Z Zcrll{a)n,k :chl?a)k,n N

n=0k=0 n=0k=n
The latter follows from the condition of the theorem, since
00 n 00 R 00 n R n
)y Zcfa)n,k = Z(leJ ZCk [ 2 ) :Z[ZI_ZJ [H_z]
1n=0k=0 o\ R ) %o 212 o\ By 212
and the last series converges as the sum of a geometric sequence with a denominator less than unity.
Now we will solve problem (1), (4), (6) for the temperature field, which is given by formulas (10), (11), (18) —

(20). For this purpose, we will use the generalized Fourier method. In the article [36], axisymmetric sets of vector partial
solutions of the Lamé equation

775 . 0). 175, (1. 0). 75, (r O} ({750(r.0). 7, (1, 0). 5, (. 0)) )

for the exterior QF (interior Q) of the sphere were introduced and it was proved that they form systems of basis solu-
tions in the corresponding domains Q* . Here

Wi (7, 0) =V, (r. 0), @1
Wi (1, 0) = 22V (7, 0)+ S0, (7, 6) 22)

where
vE (r,0)= ?[rzw;‘r (r, 6’)] , (23)

Ih= (4v—3)n+2v—2, = (2n—1)(2v—2) s Xn = (4v—3)n+2v—1, ¢, = (2n+3)(2v—2). (24)
In addition, we introduce the following vector functions
v (r,0)= §[r4w_ (r, 9)] . (25)
The authors obtained the following result.
Theorem 2. For vector functions (21) — (23) in spherical coordinate systems with origins at points O, the addition
theorems hold

W (1, 0)) = > Czls "W (1, 6)), 11 >z, n=0+00; (26)
k=n
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W2n ’”2’92 ZC” 117;(/3) % ank ’”1"91 Z C; 17;(13)21162“2”/11{(’”1’91) h>zp, n=1+0; 27)
k=n-1
W, (100 = X C=t5 T, (12, 6,), =100 (28)
k=0

WZ_,n (71»91) zck:f%;(kz)zlnzk%k ”2»92 ch+17;(kl)21112k+2VVlk(r2’92) n=0+0; (29)

k=0
V, ”2:92 ZCI?}/;(kZ)ZIkznd ”1»91 Z Y +(1) kn+2W1k(r1991) i >z, n=1+0; (30)

k=n-1

Vn‘(rl,el)ch"y;(,f)z{’z ka r2,6?2 Z ﬁn_’g(l)zlz k+2Wlk(r2,62), n=0+0; (31)

k=0

where
}/,(1) k—2nk-3n+5- 4\/1 }/Jr(z) 2n—1 }/,(1) _ 2nk+3k—-n-5+ 4V1 v -2) _ 2n+3
nk 2k+3 Ik T g 2k -1 Ik T k43
+(1):k+1—2nk—3n _(1):27’lk+3k—l’l—1.
T (k1) (26+3) 7 T T (n+1)(2k-1)

As is known, the general solution of the inhomogeneous equation (1) in the domain Q; ( j=1=+ 2) can be written

in the following form:

U, (%) =07 ($)+U; (3), (32)
where UjG ()?) is a general solution of the corresponding homogeneous equation, U; ()?) is a partial solution of a non-
homogeneous equation (thermal displacements). Due to the basis nature of solutions (21), (22), the general solution of

2
the homogeneous equation (1) in the domains {Q j} _, can be written as follows:
=

X :Za(l)Rl n+2VVln ;’1,6’1 Z Rl ann 1’1,6’1 ZM”R;”WM ”2"92)

n=1 n=0

+Za§?3R§“Wgn (r,6,), ¥eQ; (33)
n=l1
Uz zbl nRanz Zbl nRz_n+ Wl N (rz» 92 ZbZ,nRZ_nWZ_,n (”2: ‘92)’ xeQ,. (34)
n=l1 n=1 n=0

Here a'’), b, = are the unknown parameters of the model.

,n>-i,n

We will look for a partial solution U 7(%) in the domain Q; in the form
e
Uj (%) =V, (3).

Then we obtain the Poisson equation for the function @ (fc)

>
&

~,

=
Il
o
91
N

=
=
m
)
Q
Il

J
[ > j >
2 1y

whose solution can be written as:
® R—nt(l) o Rt (2)
1

n 2 n 2
2 r 9 —-a E r 0.
i W 1 1 2,0
= 2n+3 ’ 02)

< &y —
E - o,).
& 2n+3{ K 4(2n+5)}wn (2 )

Thus, the vectors of thermal displacements in the domains (Q; )1,2:1

D, (56):&1

are given by the formulas

w0 pn(l) w n+1 (2)

7T (= ~ R In =
UlT(x):"‘lZ 21n+3 (7. 6) alz V,:r (r,6,), XeQy; (35)
n=0 n=0

—n

7 - ~ R_n n 7 — ~ = R
Ug(x):—azz4 2 & 70 (1, 6,)+ @, Y =
n=0 ( 2n

C —
(1, 0,), FeQ, . 36
2n+5)(2n+3) " » (12:02), ¥e (36)

+3
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Formulas (26) — (31) allow us to write a vector function U 1 ()?) in a spherical coordinate system with the origin at

the point O;

o0

o0 . o0 .
0, (. 6) Z L (1. 6) Zc,’: 2 RSP al) + 3 al ) R, (7, 6)+ Y. al ) R, (1, 6))+

n=0 k=0 n=1 n=0
- < k-1, +(2) k pk+1 _(2) — & k-1 (l) k+2 pk+1 (2) - o 4
+ n— + + + n + + ~ —ny;—
Z 2 (1:6) ch kw212 Ry a2k+zVVl,n(rl’01)zcn Vin 2 Ry ay ey Y 3R1 Vy (r.6)-
n=l1 k=1 = = n=0
® Rk+1t(2) w Rk+1t(2)
e k 2 k2 Yk 1 k+2
ZV rl’el ZC 71:(11) 3 _aleVln rl’el z n+ﬂ’+() Lt 2k 1 s (37)
n=0 k=0 - -

= k—n p—k+2 (1 2 345 - (2 1177
U1(”2‘=92 ZVVln Iy, 6, ZC;: 7 "Ry ! al(/f+za )REH Wln ”2,92 Za§,2R§+ sz,l(r2,92)+
k=n

n=1 n=1

© = () .
+Z WZn 7, 6’2 chgilln:(nazlkz "Ry k“% +ZVVL—n (6»92) Z Cl}:+171;(r})zlkz n+2R ka(l) _alz ;+1Vn+ (”2’92)+
k=n n=l1 k=n—1 n= 0
R t(l)
+0‘1ZV (r2.6,) chﬁ(nz) 1kzn alZVVln 1. 0,) Z Ck+1/1k(nl) e (38)
n=1 k=n—1 2k+3
According to formulas (34), (36)
- © Ceae —nc
Uy (ry, 0)) =D by B W, (1, 0,) + Zb2nR "Wy, (ry, 6,) +0‘22 2+3 (1. 0)—
n=1 n=0 n=0
o0 R—n o
2}: 28y (y,,0,). (39)

4(2n+3)(2n+5) "
Let us pass in formulas (36) — (38) from dlsplacements to stresses on surfaces I'; and I', with normal vectors
ny =e, and n, =¢, respectively and write them in coordinate form. After satisfying boundary condition (4) and conju-

gation conditions (6), we obtain an infinite system of linear algebraic equations with respect to unknown

n
1)+ il + (1) (1+2) 3 L + 0 ,nguw ) 4 (n1)(n+2 zu+<,3>a;2,3

(2)
+dl{w 2}(1) al[n n 1+4n 2]2u+(4) i

2n+3 2%—1
n+l l(z)
—a, (n+1)(n+2 ZMHS)—]‘ =fV n=0+0; (40)
pal Y
1) @ M +() (2) +(1) +(2) (2) +(3) (2) a (n+1)ti51)
(n—l)a1n+p2na2n n+2 Zu a1k+p2n2unk ayp — n+2 Zu ayp + 1—2n+3 +
t n+l t( )
+aanu;(,:‘) k +a1 n+2 Zu+(5) k fn(z), n=1+w; (41)
Sk k-1
(2) +(1) (2) @ @) —(1) S (2) (1) (3) @) (n_l)['(lZ) 5 S —(4) tl(fl)
(n+1) +ﬂ +”Z”nk“1k+ﬁ1,n ZMM a2k+nz U,p typ + ﬁ+al(n+2)2un’k m
k=n k=n-1 n-— k=n +
(0] 2
_ ¢ _ ~ (n+4)g R - (n+2)c
(5) k _ (2) nt\2 n _
+an u =nb, , + b, —a +a n=0+0; 42
lk%a L+ B bo 24(2n+3)(2n+5) 0 2n+3 (42)
@ 4 gy 02 M (1) ) @, () -3) (1) ) & i
a, +p +Zunka1k+ﬂ2 ZunkaZk Z Uy Aop — 2n 1+0‘12”n,k k13
k=n k=n k=n-1 n-— k=n +
o —(5) f(l) ) g R22 c

+a u =b b, —a I +d,—2—, n=1+w; 43
1k§;1”* ke3P b 24(2n+3)(2n+5) P 2n+3 (43)

@, -+ () () (), (1) @ 1) S, -(3) (1)
("+2)("+1)aln + PO azn+” n-1 Z Uy Qi+ Pry Zunk atn ”_1) Z Uy Aok —

k=n-1
_[n(n-1)+4n- 2]1(2) L O o4
- o [(n+l)(n+2) 4n - 6]214 ()2kk+3+aln(n—l)k§_1 n(ks) 2kk+3_
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[(n+3)(n+4)-4(2n+5)]|g,R;

G ~
:_Z{n(n_l)bln-'_pl n2)b2n a,
Gl

4(2n+3)(2n+5)
1)(n+2)-2(2n+3
‘é, [(n+ )(n+23+3( n+ )}cn}’ n =000 (44)
} - &)
L(n+2)a® + p; V@) + (”—1)2”,,(1?611(1;3+Pz_(nl)2”n(k2)“§1) +(n-1) Y u,Qal) + & _Zn_l_+
— = k=n-1
o SO
+a(n+1) z” 2k+3+al(n_1)k§_1un’k 2%+3
G, 2) - (n+3)g,R - (n+1)c,
1)b b » p=lzeo, ®
G, {(” Vo + 2 b = a3y P s [T “

where
B =-n(n+3-4v,); B30 =n+dv,—4; B0 =(n+1)(n+4v; -2); B =n—dv, +5;

p;’,(lj)—n(n2+3n—21/‘) p;(n/) (n2+2vA—2) plfgj) (n+1)(n -n=2v, —2) pz(nf)—n2+2n+2v.—1;

+(1) " +(2) k—1_+(2) 2) ot —(2) +(3) _ k-1 (1) .
=C, B34435 nk —Cka’k 2n-25 U =C\ L Vkn Opirprns U =CeiiVkm Qns Ui =Co Vi Onizjeat's
—(3)_ - . +(4) k +(2) -(2) .10 _ ok +(1)
Ck+17kn O pas Ui =Co Vi Opitgsrs nk =G Vi @ Ung = Conidin @pizpat's

—(5) (0]
Ck+1/1k,n D -2 -

After eliminating unknowns b, , and some transformatlons, the system (40) — (45) can be represented as

n n (2)
)ty s 0T Pa = 04 (1) 12~ (- 52 () T S mtens (a0
k=1 k=0 -
n n+l
—d;(l)agll (2n+1)(n+2)2u;(kl)al(2k) +n(n+2)(2n-1 Zqu(kz)agzz (2n+1)(n+2)2u:(,:’)a§2,2 =fh_
k=0 k=1 k=1
2 2)/D n (2) n+l (2)
—nfn(z)+dl%+&l(n+2)(2n—l)2u;’(ﬁ) 2;1: l+0{1(2n+1 n+2 Zuﬂs) Ztlﬁ—l’ n=0+0; (47)
=0 =1
(2) (1-Gy)é, -(1) () -G)m & o o, (1-Ga)é & 3 1
+ AD kz::”nk Vs —A(S) ;” k %k +—Af,5) k:Zn_l nk ok =
_ = (1-Gy)¢, 21 (1-Gy)n, (4)1(1) _(1-Gy )¢, & n(ks)t(l) o
=% 5 - 1 5 - : > , n=l+o; (48)
(2n+1)AY 2n=1 " (n+1)AY [ 2k+3 AP 2k 43

2) 0 (0]

n(2n-1 & t - _ t
o2+ "0 o Sl = a2 S
2n+1  © (2n+l A(3) "ol T on+1 2T 2k43
. 2-2v R - 4—-4v,)c
+0£2G21(;)g;23—0(2 21%, n=0+w; (49)
(2n+5)A, DAL APAD

oD (2 i2) (2 - o, - 1 < 3) () N=(2) | & =) =(
b =9 aly) + 8 Pa) +65,, Y w Val) + Y was 6, D wPaly + o8 + 3 5050 +
k7

k=n k=n-1 k=n
w O
S Z Lk <1>+u(”)gn+u<’2>,,, neRn>8,, (50)
k=n— l
where
A;(j) - 2[(3_41/./)n+1_2yj:|’ j=12; d:f(j) = 2|:n2 +<1i2vj)n+liv-], j=L2;
d+(2) A 0) G
AD =d; "+ Gy (n=1)(A,0 +2); AD =n+2+Gy s Fee AD =g O _ Gy ar® o eCl Gor =05
1
=(n-1)(2n+1), =(n-1)(n+1)(2n+3);
up
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—(1
gh | [ CnHD poy | gy _| ey _n@n=D gy | ) o AY o os
n A_(z) 2,n > Yn 2,n 2,n > l//n,k 2,n 2,n nk >
n

—(2) -(2) =(4) -(2) -(2) -(4)
o = 1 P 50 = 1+2ﬂ2,n Uy o = 1 P 50 _[14 28y, | Ui
" -1 A | A |2k+37 " -1 A | A |2k +3°

(L 1 L0 1,2) 1 2%
ol = 1+4—="—| o) =~ 1+2—="-|;
" 4(2n+3)(2n+5) S 2n+3 A®

-@)
o___ 1 —o___2 Uk  on__ 1 22 _ 2

nT A T T T @ s (2nt3)(2nt5)A @ " T (2nr )

We will analyze the solvability of the system in the Hilbert space Iy =1, x I, x Iy 1, .

Theorem 3. The operators of the system (46) — (49) is Fredholm operators in the space l; under the condition
Zp + Ry <Ry

Proof. Let us consider separately the equations of the system (46) —(49) at n=0 and n=1. When n=0 there are
only equations (47), (49) for determining a% and al(f)). The coefficients 01(,13 and ag’zg are arbitrary (chosen to be zero),

since they are at zero solutions. When n=1 from (46) and the static conditions £ +2£® =0 it follows afl) =0,

from (47) we find agj , (48) is satisfied automatically, from (49) we find al(i), because the other unknown is afl) =0,

the coefficient al(ll) is chosen arbitrarily, since the general solution depends on an arbitrary rigid displacement vector.

Next, we will consider the equations of the system (46) — (49) when n > 2. Let us introduce the following notation:

— _ (O =0 _ (0 =@ _(,>) =@ _(,® . (=0 =0 =2 =2\
4 _(al,n)n=2’ ) —(az,n)nzz’ 4 _(al,n )n=2’ 4 —(az,n)nzz’ a_(al Gy 5 dp L dp )

Let us divide both parts of the system of equations (46) by a non-zero coefficient &, , and divide the system (47) by

—-dy () After that, we write the resulting system in matrix form
®a =z, (51)

I D(l) 0 1
O=5+U, S=diag(S,.5,). = 2| s, = :

where

0 I

2 1 1

. [oouR) (Ul Ul
U =adiag(U,,U,), U, = @) @ | U,= 5
Usi Uy

T
z= (El(l), 22(1), 21(2), 22(2)) — vector of the right-hand sides of the transformed system, diag(-) and adiag(-) are diagonal

and anti-diagonal matrices respectively, [ is the identity matrix, Dl(?, Dg) are some diagonal matrices. Here, the sys-

tem (46) — (49) is written only structurally, since the matrix elements of the corresponding matrices follow from the sys-
tem itself.

The operator S in the space l; has a bounded inverse operator s = diag(Sf h Sy ! ) , Where

ci (1 DY g1 (DR 1
1 = > P2 T .
0 1 1 0

For the operator U , just as in Theorem 1, its compactness is proved. Then, by the theorem of S. M. Nikolsky, the
operator @ is a Fredholm operator.

Statement of an equivalent optimal control problem. After solving the direct problem, we will solve the inverse
problem, that is, find the function (9) that satisfies conditions (7), (8). First, let's transform the functional (7). To do this,

we substitute the stress vector on surface I', into functional (7)

- o @ (n2 —n—8)§n (n2 —n—4)En
FU 6,)=2G b -1 b, .o 7 —
2(}"2, 2) 2];) 1n (l’l )n+ 2,np1,n 4(2n+3)(2n+5)+ 2743

P, (cos 6, )é’rz +
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+3)g (n+1) _
+2G b 1)+b, p - _ (n 1 + S |pl O, S 52
ano 1" " ) Znl2n 4(2n+3)(2n+5) 2n+3 (cos 2)602 (52)

where the coefficients g, ¢, are replaced by normalized coefficients g, = &,g,R? , ¢, = &,c, . The value of the objec-

tive functional (7) on the vector function (52) is a quadratic form on the infinite-dimensional space of numerical se-

_ — o0
quences {by,,, by, Z,» },,=o

2
J[g—] |FU2| ds = 2G§ZZ‘[250% +tVg +uVe } , (53)
Jj=1n=0Li=1
where
S0 _ n(n-1) 202 _ P’ L& =(n-1) 2n(n+1) [0 _ 50 /2”(”“)
K wr2 " ez 2n+1 " N 2n+1
(0] (nz—n—S) 1 ) n+3 2n(n+1)
) =— , T, =—
" 4(2n+3)(2n+5)\1n+1/2 4(2n+3)(2n+5) 2n+1
2
o _ n"—n—4 @ _ n+l 2n(n+1) s _ (5 \°
Hy (2n+3)ma Hy 2n+3 241 > 8 (gk)k:o'
The control constraint (8) can be written as follows:
© =2
S & _lapip, (54)

=0 (2n +1)(2n + 3) 3

Thus, the original optimal control problem is reduced to an equivalent problem in which the state of the object is
determined by infinite systems of linear algebraic equations (18) — (20), (46) — (50), and optimal control must determine

such coefficients (gk )::0 of the density of heat sources in the domain €, that give a minimum to the objective func-

tional (53) and satisfy constraint (54).

Solution of the equivalent optimal control problem. The main problem of determining the minimum of the func-

in>*n

tional (53) under constraint (54) is that it is impossible to explicitly express the variables {b' c, }:;0 of the quadratic

functional through the optimization parameters (gk ):= o To solve this problem, a new method for parametric solution of

infinite systems was proposed in [34]. We apply it to systems (18) — (20), (46) — (50).
To simplify further calculations, we will set 7, =0 (this does not affect the implementation of the method and the

generality of the results). Due to the unique solvability of systems (18) — (19) and (46) — (49) with respect to {t,(f ) }w_o
and { 0 } > Wecan conclude that there exist linear infinite matrix operators P\ = ( p%) s o = (qﬁ,’,’};i) )j,k:O ,

R=(r; )j’kzo , for which

o0

b, Z{P,%gk + Zq(l il (m)} » €y = Zrn,kgk . (55)
k=0

k=0
Note that the unknown coefficients of series (55) can be found using the formulas
ob ob; , o,

@ _ in @im) _ _ n
pn kT A= 0 qn k m) ° rn,k T A= (56)
8, o 84

Substitute formulas (55) into the functional (53)
2
2 o0 ) )
J[g]=2G:3 Z{Z Bg+ F,f“} , (57)
where

B(/) zg(ﬂ) (t) +T(1)5 +’u(l) ” (58)
i=1
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2
Fn(j) — g;(zjl) q(l ,m) (m) . (59)
2 >3

m=1k=0
After reducing the functional to a physically dimensionless form, we have:

2
2 o 0 . .
122{232’£§k+FnU)} — min, (60)
2500l
1 & g, I 5 4.2
-y =t =—R)D*. 61)

25 (2n+1)(2n+3) 6

We will solve the problem (60), (61) for the conditional extremum by the Lagrange method, reducing it to the problem
for the unconditional minimum of the functional

Llgl=

Here A is the Lagrange multiplier. The existence and uniqueness of the solution to problem 60), (61) will be proved fur-

o0 o0

2 o 2 =2
) D AN &
g?{mk& FJ} +22(2;1+1)(zn+3)' (62)

n=0

t\)l»—a

ther in Theorem 5. The necessary minimum condition of the functional (62) leads to the following system:
(iD+B)g=-F, (63)

where

[ssum]

Jj=1n=0 $,k=0

D~ diag((2s+1)" (25+3) ) : [ZZB({QF,,(”J . (65)

j=1n=0 =0
The Lagrange multiplier is found from the additional condition (61).
Before examining the operator of system (63), we present a practical way of calculating the elements of the matri-

ces B and F . Based on formulas (16) — (18), (46) — (51), we have (s =0+, =1, 2)

o & . o®
- + unjk -
0g, k=0 og

N

=0, n=0+w; (66)

a? R TA By
= K(l)z Upj —— —k :&Kﬁz)—“ , n=0+00; (67)
g on g, o, 2n+3
c g (or® =  or® 5
a¥=$ 61‘”_ +Zu;’k LI L n=0=o, (69)
0g, 08,  ion 0g, 2(2n + 3)
Oa Oz da of,
CD— =—, _ _t s 70
%% & o™ o .
(2) (2) o O] © (1) O] —(2) ©
ab#:gn(i,l)aal ,9(’2)62”+512u;(,?aa”‘ zl//}%a_ 5, Z —(3>a“3k (t)‘?f +z )a’/i
ags og s 8g k=n a k=n 8 k=n-1 K 85 85
o (5) —(1)
o1,
llz —k_ +U(’1)5 o+ (’2)6: , neZinz0o;y, (71)
Pl 12k+3 0g, 0g,
ob. ) aa@) oa (2) @ o) = (l) (D
@pfi:) =4 P +4 @f(m) zlz A @‘:r:) (l) af(m> & Y _(3) <m>’ nelinzoy.  (72)
s k=n k=n—1

Here the system (16) — (18) is written for physically dimensionless coefficients tn( = alt,(l’), 6; — Kronecker's delta
symbol.

Remark. In order to find the elements of matrices (64), (65), it is necessary to solve the infinite systems (66), (67),
(70). The matrices of these systems are the same as those of systems (16), (17), (46) — (49), only their right-hand sides
change.

For further, we will enter the notation
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~ 2 * 2 o0
g, =6,8,, Bz[ZZB;f;Bﬁf)J . B =BG, F [Z )F(”J , 6y =J(2n+1)(2n+3) .
m=0

Jj=1n=0 mk=0 Jj=1

EMS

In the new notation, system (63) can be written in the form
(iué)g:—ﬁ. (73)

with a constraint
z g- 7 2R2 D?. (74)

Theorem 4. When the conditions of Theorem 3 are met, the matrix B of system (73) defines a symmetric, positive
definite, compact operator in space 1, .

Proof. The symmetry of the matrix B is obvious. Besides, it is positive since for any vector x:(xk )::0 el,

quadratic form

o0 o0 2 o 0 2
(Br)= 3 5n 3 A 3{2:22[2%& 0.

m,k=0 1n=0 Jj=1n=0\k=0
Let us show that matrix B is positive definite. Let's put g =0 . Then
S3(Saa ) <35 Saa <o
J=1n=0\ k=0 Jj=1n=0

On the other hand, the above quadratic form in the absence of external load in accordance with formula (57) coincides
with the target functional up to a factor, therefore,

1 -
J[g]:ﬂl:[|FU2| ds =0

whence

(FO, )Ir2 =0.

The last condition is possible only in the absence of heat sources in the domain €,, i.e. when g = (gk )::0 =0 or
& =0.Thus, matrix B is positive definite.
Let us prove that the matrix B defines a compact operator in the Hilbert space I, . First, we will prove the com-

pactness of the operator defined by a matrix with elements B,(/,L . Since it is impossible to strictly estimate the matrix

elements of this matrix, we will apply the method proposed in the article [34]. In this work it was further developed. Let
us introduce the notation for the following infinite matrices:

—() \®° _\® ) © 0
0 _ afL() _[ %, 0 _ day?; W _ ob; ,
¥ = 22 ., =| = I s ) Y O (L
agm n,m=0 agm n,m=0 6gm n,m=0 agm n,m=0

Systems (66) — (72) can be written in matrix form

9 =-U'T?, 1P +Ui T =Dy, C, = %Tg@) +US T +D,, (75)

AV + DY AP +UF 4P = DIVTO + U TS (76)

AY +U AP +UR AP = DPITO +ULT? (77)

AP +UuR A +UR) 4P = DT U5 T (78)

AP + DR AP + U 4P = DPPTP + U5, T + DY + DPC, (79)

BY =D 4? + DI P AP + U 4V + U P AP + DOTE +UPTY + DV + DY C, (80)

For reasons of compactness, the elements of the coefficient matrices are not presented here. They can be recon-
structed from systems (66) — (72). They are not needed in this context. Above, the letter D with different indices de-
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notes diagonal operators, and the letter U with indices denotes operators with matrix elements (un, x ):k—o for which the
series
0
Z n* k" |u
n,k=0
converges, where s and r are any non-negative numbers. The last condition means that all operators U are not only

<00

bounded, but also compact. Matrices 7, g(i) » Gy Agj ) define bounded operators acting in the space I, , which follows

from the correct solvability of systems (66) — (69). From equation (58) follows the matrix equality
(B2, = diag(s,e7") BY + diag g,/ ) BYY + diag (g, ) +ding 5,4) C, (81)

If we substitute all the matrices obtained by inverting systems (66) — (69) into formula (81), we obtain two groups
of terms. The first includes products of bounded and compact operators, i.e., compact operators. The second includes di-

~f o0
agonal operators. Then, to establish the compactness of operators (B;’,g) im0’ it suffices to prove the compactness of
.
their diagonal operators. Omitting the intermediate, rather cumbersome transformations, we present the matrix elements

of the diagonal matrices that make up the matrices (f?fll,){) and ( ,(12,2) e respectively

n,k=0
D50 G (4_4]/1)”(”_1)](}(12)+(4—4v2)(n+1)( )[(2n+5)[<(2)+1} sGpm &
Mt a,  (2n+3)AY (2n+3)(2n+5)A,PAY Jn+1/2’
o e nng® (a2 )0 +1]| fagar)
DB":'" = ~ 5) - —(2)A03) S5nCnm+ (82)
a  (2n+3)A, (2n+3)(2n+5)A,7A, 2n+1

As can be seen from formulas (81), (82), the matrix elements of the diagonal matrices (Dgy(l’g )mk o have order
K ) =

O(n_3/ 2) for n — oo, which guarantees the compactness of the operators defined by these matrices.
Consequently, the theorem is completely proven.
Remark. Using the same ideas, it is possible to prove that if f W) e [, the column Fe L.

The further solution of the problem is based on the spectral method. It follows from the properties of the operator
B that its spectrum consists of a counted sequence of positive eigenvalues

%2]22...2,1 >,

that converges to zero. Let {(0,1} be a complete orthonormal system of eigenvectors of the operator B in the space L
corresponding to the eigenvalues of {/ln }nZI . Let us denote by F,, = (F , %) the Fourier coefficients of the expansion of

the vector F into a Fourier series in a system of functions {¢n }11

Theorem 5. Let the conditions of Theorem 3 hold. If

0 FZ
< 10722R§‘D2 , (83)
n=l1 A’n 3
then there is a solution to equation (73) at 1 =0
~ = F,
g=—zﬂ—1¢n €h, (84)
n=1""n
and constraint (74) is not taken into account. If
) Fn2 1. 4
z—2>§(122R2D2, (85)
n=1 n
then under A >0 there is a unique solution of problem (73), (74) in space I, ofthe form
S F
g=—) —= . 86
g Z:‘; T (86)

The proof of this theorem is completely analogous to the proof of the corresponding theorem in paper [34], and is
therefore not given here.
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Remark. When condition (83) is fulfilled, optimal control (84) is a solution of the original problem (1) — (7) with-
out restriction (8).

Computer experiment. The following materials were used in the numerical solution of the problem: steel for the
ball Q, and brass for the inclusion €,. These materials have the following thermomechanical characteristics:

(G, =82.0GPa, v; =028, a; =13.010°°C™", k; =454 W/(M- c)) for the ball Q; and (G, =35.2GPa, v, =0.35,

a,=18.7-10°°C™", k, =855 W/(M~ C)) The value of the constant k,D was chosen equal to 4.28-10* W/M?>. Ac-

cording to the algorithm presented above, when solving the optimal control problem, it is necessary to form and solve a
series of infinite systems of linear algebraic equations: (66) — (69), (70), (73). To determine the optimal temperature and
deformation fields, using the found optimal value of the vector x, systems (18), (19), and (46) — (49) are solved. Since
the Fredholm's property of the operators has been proven for all of the systems listed above, the systems can be solved
numerically using the reduction method. At the same time, the numerical algorithm is correct, i.e., with an unlimited in-
crease in the reduction parameter, the numerical solution converges to the exact one.

To test the universality of the proposed approach, three different types of external load were used in a computer
experiment.

The first type of external load. In the first case, we will consider a uniform distribution of the load on the surface
I'; of the ball

f(6)=2Goe, .
where the parameter o was selected so that the external load does not exceed the elastic limit. Figures 1 and 2 show the

optimal distributions of the temperature fields in the sphere and in the inclusion and the reduced power of the sources in
the inclusion, respectively, for the geometric parameters R, /R =0.5, z,, /R =0.3.

Fig. 1 — Optimal temperature distribution in the ball. Fig. 2 — Optimal distribution of reduced power of sources
The first type of loading. in the inclusion. The first type of loading.

Fig. 3 — Optimal temperature distribution in the ball. Fig. 4 — Optimal distribution of reduced power of sources
The first type of loading. in the inclusion. The first type of loading.
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Figures 3, 4 show a similar distribution of temperature field and the reduced power of heat sources for geometric
parameters R, /R =0.5, z,, /R =0.2.

Figures 5, 6 show a similar distribution of temperature field and the reduced power of heat sources for geometric
parameters R, /R =05, z,, / R; = 0.1.

Fig. 7 shows graphs of the distribution of the optimal temperature on the surface of the inclusion for a ratio of the
radii of the inclusion and the sphere equal to R, /R, =0.5, and different displacements of the center of the inclusion
relative to the center of the sphere. Since in the original formulation of the optimization problem the objective functional
was a functional expressing the root-mean-square value of stresses on the inclusion surface, it is of interest to trace the
distribution of normal (largest in modulus) stresses on this surface. Fig. 8 shows the distribution of normal stresses on
the inclusion surface for the geometric parameters indicated in Fig. 7. The graphs presented in Fig. 8 show that optimal
voltages when controlling the power of heat sources can reach maximum values that are almost an order of magnitude
lower than the voltages in the absence of heat sources.

Fig. 5 — Optimal temperature distribution in the ball. Fig. 6 — Optimal distribution of reduced power of sources
The first type of loading. in the inclusion. The first type of loading.
()
40 0,0,
243 /Ry =01 o1
ZuffRf[l.S

30. 0.0
- — &
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5 30 8 \\\\_;

Fig. 7 — Optimal temperature distribution on the inclusion Fig. 8 — Optimal distribution of normal stresses
surface. The first type of loading. on the inclusion surface. The first type of loading.
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Fig. 9 — Optimal temperature distribution in the ball. Fig. 10 — Optimal distribution of reduced power of sources
The first type of loading. in the inclusion. The first type of loading.
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Figures 9, 10 and 11, 12 show the distributions of temperature fields and reduced powers of heat sources at a fixed
distance z;, /R, =0.3 between the centers O, and O, for different ratios R, /R, . It is interesting to note that with such
a change in the geometric parameters compared to those indicated above, the inclusion areas with maximum and mini-
mum reduced power are reflected relative to the horizontal plane passing through the inclusion center.

The second type of external load. In the second case, the load on the surface I', was considered, which is given
by the formula

f(6)=2Gosindé, .
Figures 13 and 14 show the optimal distributions of the temperature field in the sphere and in the inclusion, as well
as the reduced power of the sources in the inclusion, respectively, for the geometric parameters R, /R, =0.5,
z;, /R, = 0.3 and the second type of loading.

<
Fig. 11 — Optimal temperature distribution in the ball. Fig. 12 — Optimal distribution of reduced power of sources
The first type of loading. in the inclusion. The first type of loading.

Fig. 13 — Optimal temperature distribution in the ball. Fig. 14 — Optimal distribution of reduced power of sources in the
The second type of loading. inclusion. The second type of loading.

The third type of external load. In the third case, the load on the surface I'; was considered, which is given by
the formula

f(8)= 2G10'[3sin 6, cos 0, +sin’ 62, J .

Figures 15 and 16 show the optimal distributions of the temperature field in the sphere and in the inclusion, as well
as the reduced power of the sources in the inclusion, respectively, for the geometric parameters R, /R, =0.5,
21,/ R, = 0.3 and the third type of loading.

Figures 17 and 18 show graphs of the optimal temperature and normal stresses on the inclusion surface for three
types of external load at R, /R, =0.5, z,, /R, =0.3. Each type is indicated by the corresponding number on the graph.

Remark. The first two types represent a balanced load for the first component. The third type satisfies the balance
condition for two components.

Note that for all types of loads, a continuous dependence of temperatures and stresses on geometric parameters is
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observed, which indirectly confirms the correctness of the solved inverse problems.

et e

[

-

Fig. 15 — Optimal temperature distribution in the ball. Fig. 16 — Optimal distribution of reduced power of sources
The third type of loading. in the inclusion. The third type of loading.
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Fig. 17 — Graphs of the distribution of the optimal Fig. 18 — Graphs of the distribution of optimal normal stresses
temperature on the inclusion surface for different types on the inclusion surface for different types of external load.

of external load.

Additionally, the practical convergence of the reduction method was tested in a number of problems. Calculations have
shown that the values of temperature and normal stress on the surface of the inclusion retain five upper significant digits
after the point at a relative proximity of the surfaces of the sphere and the inclusion equal to

l-z,/R—R, /R =02,

for the reduction parameter n_, =20 (7., +1 is the order of each matrix block of the matrix @ in formula (51)).

max max

Prospects for further research. The method proposed in the work allows for further development both for bodies
of other geometries and for problems of optimal control of other types of physical fields. Another direction of its devel-
opment is related to non-axisymmetric problems.

Conclusions. As a result of the conducted research, the following conclusions can be drawn. The work presents a
further development of the method for solving problems of optimal control of the thermoelastic state of a composite
body using a temperature field, proposed in [34]. Unlike the work mentioned above, in which it was developed to con-
trol the surface temperature of the body, in this article the control is the power of distributed internal heat sources. As far
as the authors know, this type of control is being considered for the first time. The method is demonstrated using the ex-
ample of solving the problem of optimal control of the thermoelastic state of a loaded ball with an eccentric inclusion
made of another material, in the region of which thermal field sources are distributed. The objective functional chosen
for the problem is a functional that expresses the root-mean-square value of the stress at the inclusion surface. An addi-
tional constraint is imposed on the root-mean-square power of the heat sources. The solution to the problem is divided
into two stages. At the first stage, the direct problem of modeling the thermoelastic state of a ball with inclusion is
solved at a given temperature and external load at the boundary of the ball, and in the inclusion — the power of distrib-
uted heat sources. In this case, the generalized Fourier method is used, a modification of the apparatus of which was spe-
cially developed by the authors for the specified geometry of the body. As a result of the implementation of the first
stage, the problem of modeling the thermoelastic state of the sphere is reduced to solving two infinite systems of linear
algebraic equations to determine the parameters of the model, and the original optimal control problem is replaced by an
equivalent problem in which the state of the object is already determined by the specified systems. In this case, the opti-
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mization problem is posed with respect to a quadratic functional defined on the Cartesian product of Hilbert spaces of
square-summable numerical sequences. The arguments of the functional are the solutions of the specified systems. The
fundamental difficulty in solving the equivalent (inverse) problem is the impossibility of analytically expressing the so-
lutions of the systems through optimization parameters. This paper further develops the method for parametrically solv-
ing infinite systems of linear algebraic equations proposed in [34]. As a result of its application, the quadratic functional
was expressed in terms of optimization parameters. The problem of finding the functional's conditional extremum was
solved using the Lagrange method. Its application led to an infinite system of linear algebraic equations with a quadratic
constraint, which was solved using the spectral method. All intermediate stages of the implementation of the proposed
method are strictly justified by five theorems proven in the work. The numerical implementation of the method was con-
ducted as part of an extensive computer experiment, the results of which are presented in the paper. The paper presents
images of the optimal temperature fields in the sphere and the powers of the distributed heat sources in the inclusion, as
well as graphs of the optimal temperatures and normal stresses on the inclusion surface depending on the geometric pa-
rameters and three different types of external load. The analytical justification and calculations performed prove the cor-
rectness and effectiveness of the proposed method.
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