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B. A. BAHIH, I'. I. KOLIIOBHH

METO/IU JOCJIJI)KEHHS PO3CIIOBAHHS E-ITIOJIAPU30BAHOI XBUJII JIBOMA ITPOBIJTHUMHU
CTPIYKAMMU 3 IMIIEJAHCOM

[IpoBeaeHO AeTaIbHE HOCITIPKEHHS 3a/1a4l po3CitoBaHHS E — MOJSPU30BaHOI XBHIII KOMIUIAHAPHOIO CUCTEMOIO 3 JIBOX MPOBIIHHUX CTPIYOK 3 iMIIe1aH-
com. OCHOBHA yBara HpHIiIeHa KIIBKOM BaXXIMBHM MeTOaM ii po3B’sI3Ky, K aHAJIITHYHUM, TaK i IPSIMHUM duceinsHuM. Criepiny 1o 1aHoi 3a1aqi po3-
CiIOBaHHS 3aCTOCOBAHO KJIIACHYHHI METOJ IHTErPAIBHOrO PiBHSAHHS, 00 3HAWTH 3arajbHy MaTeMaTHYHY MOJENb Y BUIIISAI CHCTEMH OCOOIMBHX iHTE-
TpaJIbHUX PIBHSHB MepIoro poay. Jami 10 3araibHOT KOPEKTHOT MaTEMaTUYHOI MOJIEINI PO3CiIIOBAaHHS NPOBIAHUMHU CTPIYKaMH 3 IMIIEAaHCOM 3aCTOCO-
BAHO aCHMITOTHYHHI MeTos Perest. SIK pe3ysbTaT, OTpEMaEMO PO3B’SI30K 3aadi PO3CIOBAHHS Y SIBHOMY aHAIITHYHOMY BUIJISI, IO CYTTEBO 3BYKYE
4acTOTHUH fianasoH. 1106 oTpuMaTn po3B’s30K 3amadi po3CiloBaHHS y BCbOMY JAiala3oHi YacTOT 3aCTOCYEMO J[Ba BIIOMHX Ta 100pe 0OIpyHTOBAaHHX
MPSMHX YUCENbHUX MeToaHu. L{e pi3HOBHIM METOy MEXaHIYHUX KBAJAPATYp 3 LUJIbOBUM BHOOPOM BY3JOBHX TOYOK Ta TOUOK KOJOKaMil. JlociiKyeTh-
51 BIUIMB JJOBXKMHH XBHIIi Ta KyTa ii MaJiHHS Ha PO3MOALT IIapaMeTpy CTPyMYy B CTPYKTYpI i3 IBOX CTpiUOK.
KurouoBi c;10Ba: po3BioBaHHS €I1€KTPOMArHiTHOI XBHJII, CTPIYKOBI CHCTEMH, CHHTYJISIPHI iIHTerpalibHi PIBHSIHHS, YACEIbHI METOIH.

V. A. VANIN, G. I. KOSHOVY
METHODS OF STUDYING THE SCATTERING OF AN E-POLARIZED WAVE BY TWO
CONDUCTIVE RIBBONS WITH IMPEDANCE

A detailed study of the scattering problem of the E — polarized wave from coplanar system of two conductive strips with impedance is presented. The
main attention is paid to several important methods of the scattering problem solution, both analytical and direct numerical. Firstly, the classical inte-
gral equation method is applied to this problem in order to find the general mathematical model as a system of the first kind singular integral equations.
Secondly, the remarkable Rayleigh method is applied to the general correct mathematical model of scattering from electrical narrow strips with imped-
ance. As a result, we obtain a solution of the scattering problem in an explicit analytical form, which significantly narrows the frequency range. To find
a solution to the scattering problem in the entire frequency range, we ought to apply two well-known and well-grounded direct numerical methods.
These are varieties of the mechanical quadratures method with a targeted selection of node points and points of collocations. The influence of the
wavelength and the angle of its incidence on the distribution of the current parameter in the structure of two strips is studied.
Key words: electromagnetic wave scattering, strip systems, singular integral equations, numerical methods.

Beryn. Y cydacHiit pagioeneKTpoHilli BUKOPUCTOBYIOTE 0araTo MPUCTPOIB, [Ie Y IKOCTI OJHOTO 3 OCHOBHHX BY3IIiB
NPUCYTHI Pi3HO20 TAMYHKY [pamKu, BIOPSAKOBaHI 3a pisHosiodarenum npunyunom [1, 2]. le naBano MOXIMBICTh T€O-
peTHYHE JIOCIIPKEHHST PO3CIFOBaHHSI erexmpomachimuoi (EM) xeuni rpaTkamu 0OMeXyBaTh nepiooutnum 3aKOHOM PO3-
miwenns it enemenmis. Ilpu 1bOMy, 3 OIJISIly Ha YaCTOTHHMH Iiara30H BUKOPHCTAHHS 3a3HAYEHUX MPHUCTPOIB, NOCITi-
JUKEHHSI 0OME)XyBaJIOCh 1/1eaJIbHOIO MIPOBIIHICTIO METANIB 3 SKUX BUTOTOBJSUIMCH Ipatku [3 —6]. Po3BuTok pamioenekT-
poHiku npuBiB 10 HaxBucokux (3 — 30I'Tn) i HaBiTh Han3BUuaiiHO BHcOokUX (30 — 300I'T) wacToTHHMX Aiana3oHiB, 110
BUMarae OUIBII JOCKOHAJIMX €NEeKTPOHHMX NMPHUCTPoiB. [oiniieHHs HaIBHUX MPHUCTPOIB MOXKe OyTH, 30KpeMa, 3a paxy-
HOK BpaxyBaHHs HeidealbHOi npogioHocmi memany, 3 SIKOTO BHI'OTOBJICHI HEBHI iX eleMeHTH. BkazaHe moJinmeHHs
MOXXHa TaKOXX 3IHCHUTH 1 32 paXyHOK HOBHX CIIOCOOIB BHOPSIKYBAHHS €JIEMEHTIB I'DATKH, SIKi IPYHTYIOTHCSI Ha 3aKOHAX
TBOpPEHHS PI3HOMAaHITHHUX HiJe HE MITPHAX JOCKOHATINX MHOXHUH [6 — 11].

VY TeopeTHYHOMY IUIaHI BpaxyBaHHS HE i[€albHOI MIPOBITHOCTI METaIy IIPUBOIUTH IO YCKIATHEHHS 3a1adi i HeoO-
X1HOCTI PO3pOOKH HOBHUX MiIXOMIIB 10 TOOYIOBH KOPEKMHUX MAMEMAMUYHUX MOOenel PO3CIt08AHHS X6UIb TIPOCTO TIPO-
BIJIHUMH CTPIYKOBUMH IpaTkamu. Tak, KoK MOBa e npo po3sciioganns E —nonspuzosanoi xeuni, T0 y BUIAIKY i1ea-
JIbHO MPOBIAHUX CTPIUOK Y SIKOCTI BUXIIHOT MaTeMaTHYHOT MOJIENI PO3CIIOBAHHS MAEMO HAUNPOCIIULY 2DAHUYHY 3A0aYY
Hipuxne nist KIIaCUYHOTO XBUJIbOBOTO piBHsIHHSA [12, 13]. [l BUMaaKy HeijeaabHOT MIPOBIAHOCTI CTPIYOK BUHUKAE HAaii-
CKJIaJIHIIIA 3 TPHOX MOXIJIMBHUX THIIB TPAaHUYHUX 3a]lad — 3MilllaHa FPaHUYHA 3aja4a JUIs TOTO K XBUJIBOBOTO PiBHSIHHS
[14-16].

Jlana cTaTTs MPUCBSYCHA JOCHIHKEHHIO 33724l pO3CitoBaHHS E — MOJSAPU30BAHOI XBIJII ABOMA APOBIOHUMU CINPIY-
Kamu 3 iMnedancom, po3TallOBaHNMH Ha MapaienbHuxX IomuHax. OcHOBHA yBara Oyze NMpuaijeHa KUIbKOM BaXKJIMBUM
MeTronaMm ii po3B’s3Ky, SIK aHANITHYHHUM, TaK 1 IpSIMHUM dnceabHuM. Criepry 10 3arajibHOi KOPEKTHOI MaTeMaTHYHOI MO-
Jieqi po3CiroBaHHs MPOBITHUMH CTpiYKaMH 3 iMIieiaHcoM OyJie 3aCTOCOBAaHO acumnmomuunuil memoo Penes. Sk pe-
3yJBTaT, OTPUMAEMO PO3B’A30K 3a7adi PO3CIIOBAHHS Yy SBHOMY aHATITUYHOMY BHIJIAII, IO CYTTEBO 3BY)KY€E YaCTOTHHIMA
niana3oH. 11106 oTpuMaTH po3B’ 30K 3a/1a4i pO3CIFOBaHHS y BCHOMY Jiala30Hi YacTOT, 9aCTO 3aCTOCOBYIOTHCS BiIOMI Ta
nmoOpe oOTpyHTOBaHI npsami yucenvHi memoou. 1le memod mexaniunux keadpamyp Ta mMemoo OUCKPEMHUX 0COOAUBOC-
meii, pO3po0JIeHUX BITYM3HAHMUMHU HayKoBIsiMuU [4, 17, 18, 19]. BigmiTumo ycriliHe 3acTOCYBaHHS Memooy CKIHUEHUX
PisHUYb U 30044 Ou@paxyii Ha OinepioouyHux i0eaibHO NPOSIOHUX NPOCMOPOGUX KOHCIMPYKYISIX 3 BUKOPUCTAHHSAM pi-
enanb Maxcsena [20, 21]. Bornu no0pe cebe 3apekoMeHIyBald MPH JOCTIKCHHI JBOBUMIPHUX 3a7ay PO3CIFOBAHHS
XBHJIb 17I€JIbHO IPOBITHUMHU €KpaHaMH.

Kaacnunmii MeTop iHTerpajbHOro piBHSIHHA y 3a4adi po3citoBaHHs E-nmossipu3oBaHoi XBWII NPOBiTHHUMU
cTpiukamMu 3 iMnegancomM. BUKOPUCTOBYIOUM Kaacuunui Memoo iHmespanrbHo2o pisHaHHA 0€3MOCEePeNHbO, CIOYaTKy
OTPUMAEMO 3MillIaHE iHmezpanbHO-Oupepenyiaibie pieHsaHHs, SIK 11 3p00JIeHO IS BUIIAJKY IUIOCKOI IPAaTKH y HAyKOBil

© B. A. Bawin, I'. 1. Komiosuii, 2025
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nyOsikamii [15]. Jani Bigpinumo nudepeHnianbiy 4YacTHHY BiJl IHTETpalbHOI Ta CKOPUCTAEMOCH Memo0OM MAL020 Na-
pamempa, 1O MPUBEJE 10 3HAYHOTO CIPOIICHHS 3a/1a4i PO3CilOBaHHs. Y pe3ysibTaTi 3aCTOCYBaHHS Takoi Moaudikamii
KJIACUYHOTO METOJIy IHTErpajbHOrO PIBHSHHS OTPUMAEMO KOPEKTHY MaTeMaTHYHy MOJENb PO3CitoBaHHs E — mossipu3o-
BaHOI XBHJII KOMIUIAHAPHOIO CHCTEMOIO €JIEKTPOHHO-NPOBIJHHUX CTPIYOK 3 IMIIEJaHCOM, IO TojaaHa y crarti [16]. B
OCTaHHIM HayKOBii ImyOikamii MPOBENeHO AeTabHE JOCIHIIKEHHS IPOLECY TaK 3BaHOI «peryJsapu3aliii», KoIm 3Miiic-
HIOETHCSI MIEPEXijl BiJi OCOOJIMBHX IHTETPAIILHUX PIBHSHB MEPIIOTO POy A0 IHTErpaIbHUX PIBHSHB JApyroro poay. Llei
Mepexij IPYHTYEThCS Ha BIIOMIH hopmyni obeprenns, orpumaniit K. Kapnemanom e 1922 poky (metaini MOXHA 3HAUTH
y MoHorpadii [13]).

HaBenemo OCHOBHI MOMEHTH 3a3Ha4€HOI BHUIlle MOIU]IKALIT METOLY IHTErpajJbHOTO PIBHIHHS JUIsi MOBHOT iH(Op-
MaTHUBHOCTI JaHOi CTaTTi, 3yMUHSAIOYHNCH TUIBKA Ha OTPUMAaHHI CUCTEMH 3 OCOOJIMBUX IHTErpajbHUX PIBHSHb MEPILOTO
poxy. Omxke, npu BiguiieHHI audepeHuianbHOi YacTWHHM Bif IHTETpaJbHOI Yy 3MIIIAHOMY IHTErpajbHO-
IudepeHIiaTbHOMY PiBHSIHHI, MA€MO JOCHTB IPOCTI Ta [00pe BUBYUCHI Ougepenyianvhi pieHAHHA Opy2020 NOPAOKY:

,uZ-‘P"m(x)+k2(,u2—1)-‘Pm (x)=4ik2(1+,u-q2)-exp{ik[ql(xm+x)+q3sz},
(XpsZp)€Sy, m=12. (1)

Jlitepa k mo3Hauae XBHIBOBE YMCIIO, TApaAMeTp 4 =w/ y € 0e3po3MipHUM, 00 BETHYWHA W € TIOBEPXHEBHM iM-
NeIlaHCOM Martepially, 3 sIKOrO BUTOTOBJICHI CTPIUKH, a rpelbKa JliTepa y I03Hayae XBUILOBHH OIIp CepeloBHIIA Ha-
BKOJIO cTpiuok. ['eomerpuuni mapamerpu x; =0, z;, =0, x, =b, z, =, II0 BU3HAYAIOTH [OJIOKEHHS LIEHTPIB CTPIYOK,

MmoKa3asi Ha puc. 1.

H i = A -, .

N

[
Y
X

n |
CAty

Puc. 1 — PoscitoBannst E — MONspU30BaHOI XBUII KOMILTAHAD- Puc. 2 — Ilonepeunuii nepeTuH ABOCTPIYKOBOI CHCTEMH.

HOIO CUCTEMOIO 3 IBOX CTpi‘-IOK.

HesigomMumu GyHKIIIMA y TIUX TU(EpEHIIaTbHAX PIBHSHHSIX APYTOrO MOPSAAKY OyIyTh IHTErpabHi MepeTBOPEH-
H (QYHKLIH, 10 BU3HAYAIOTH MO3OBXKHI CKJIQIOBI LIIJIBHOCTI MIOBEPXHEBHUX CTPYMIB Ha CTpiukax. BoHM MaioTh Takuii
BUTJIS;

\Ijnl(x)ZZi:lJ‘_a: ‘//n(x’)'H(()l)(k\/(xn+x,_xm_x)2+(zn_zm)2)dx" x1=0, x, =0, (2)

(

1 . . .
Je cumBon H; ) (z) HO3HAYAE YuniHopuuny @yukyito I anxens nepuioro popy HyTbOBOTO TOPAAKY; @, BU3HAYAIOTH Mi-

BIIMPHUHY BiAMOBIIHOI CTpiuky. Y TpaBiif YacTHHI Iu(epeHIiaTbHIX PiBHAHB (1) MIiCTATHCS OB CKIIAJOBI HAIPSIMHOTO
BekTopa EM xBuII, sika Habirae Ha CTPIYKOBY cucTeMy. TOOTO KOMIIOHEHTH ¢ =COS¢),, g5 =Sing, , Ae ¢, — KyT Bil-
HOCHO oci Ox , mijJ AsKuM Habirae 3a3nauena EM xBuis.

Konu 3HatineMo moTpiOHMI €MuHIA PO3B’A30K qu(epeHIiaabHoro piBHAHHS (1) 32 Memodom 36ypeHHs 3 BUKOPHUC-
TaHHSM CTEIICHEBUX PsJIiB, TO IHTErpabHI MepeTBOpeHHs (2) MpUBEAYTh IO BIIIOBIAHOI CUCTEMH OCOOJIMBHUX iHTErpa-
JBHUX PIBHAHB epmoro poxy [15, 16]. Bonu Bxe OynyTs BU3Ha4YaTH NMOTPiOHI QyHKIIIT, 32 JOIOMOTOO SIKMX OTPUMAE-
MO ITI03JIOBXHI CKJIAJIOBi INUIGHOCTI MOBEPXHEBUX CTPYMIB Ha CTpidkax. Tak OTPUMAaeMO KOPEKTHY MaTeMaTH4Hy MO-
JIeNb po3ciroBaHHA E — monsipu3oBaHoi EM XBHIII KOMIDTAHAPHOIO CHCTEMOIO 3 ABOX E€IIEKTPOHHO-TIPOBITHUX CTPIYOK 3
iMmenancom. Ii MOHa 3amucaTu Y BUIJISII TAKOT CHCTEMH PIBHSHB:

v, (x) :41'-exp{ik[ql (xm +x)+q32m}}-(q3,u—1)_l , m=1,2. 3)

3 orysiny Ha IHTEerpaibHI MepeTBOpeHHs (2), 1i PIBHSHHS CKIaIaTUMYTh CHCTEMY OCOOJHMBUX IHTETPAIbHHUX PiB-
HSHB nepioro pony. 1106 matu 6inbIn 3py4Hy Ul MOAANBIINX NPAKTHYHAX 3aCTOCYBaHb 3a3HAYEHUX BHILE METOJIB
MaTeMaTHYHY MOJIENb, TIepeiiaeMo 10 6e3po3MipHIX BEIMUYHH. IS II5OT0 MHOXKMMO OOM/IBI 3MiHHI X i X' Ha XBHIBOBE
gucno k . Toxi micis akypaTHOI 3aMiHM IUX 3MIHHHX Ha HOBI MPUXOIUMO IO HACTYITHOI CUCTEMU CUHSYAAPHUX [HMee-
panvHux pisuanb (CIP) mepmoro poxy:

Bicnuk Hayionanvnoeo mexuniynozo ynisepcumemy «XIl». Cepis: Mamemamuune
4 MOoOeniosants 6 mexuiyi ma mexnonozinx, Nel (8)'2025.
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2 1 i
ijn(t)-Hél)(\/(k(x,1—xm)+amr—ant)2+k2(zn—zm)zjdt=4iexp[l (qlxmJ;q3z"1)]~exp(iqlamr),
q3H—

|r|<1, m=1,2. 4)

n=1_1

VY SKOCTi HOBUX HEBIIOMHX (DYHKIIii MaEMO:
. 2
Jn (t) =ay, (xno —ant)/( (l—t )) , a, =ka,.

Jlo Takoi CHCTEMH BXKE MOXE 3aCTOCOBYBATHCH NPAMULL YUCETbHULL MEMOO OUCKPEMHUX 0cobnugocmell, MO € TeB-
HOIO HOTO0 MepeBaroo HaJl IHIIMMH YHCENbHIUMHU METOaMu. 30KpeMa, sl Memody MeXaniynux keadpamyp e noTpio-
HO BUJIUIATH JIOrapu(MiuHy 0COOJIMBICTh Ta BUKOPHCTOBYBATH BiJOMY KBapaTypHy (opmyiy [4]. 3BepHEMO yBary, 1o
Juisl OOYOBH po3B’si3Ky Ut (4) HE 000B’13KOBO BUOKPEMITIOBATH KOPEHEBY 0COOJIMBICTE. HHCEIbHI METOIM MOSKIINBO
3aCTOCOBYBATH Oe3mocepeHno a0 (4).

Jnist TecTyBaHHS aJrOPUTMIB YUCEIBHUX METOJIB Ta IEPEBIPKH NMPABUIILHOCTI PO3B’A3KY 3aa4l pO3CIIOBaHHS Ba-
JIMBO MaTH HOTO y SIBHOMY aHAJIITHYHOMY BHIJISAL. 3pO3yMiNO, HIO II€ 3IHCHIOETHCS NMPH MEBHUX MPUITYIIEHHSX, SKi
MOXYTh 3HAYHO 3BY3WTH YaCTOTHMH Aiana30H 3aCTOCYBAaHHS aCHMIITOTHMYHHMX MaTeMaTW4HUX Mmozenel. Taka MoxXim-
BICTh OyJa peaizoBaHa IpH po3poOLli Teopil B3aeMO/IIT MIIOCKOT eIEKTPOMArHiTHOT XBHJI1 3 €JIEKTPUYHO-BY3bKHMH CTPi-
ykamu [15, 16, 20]. Tomy 3apa3 npuaiIMMo NEBHY yBary po3poOlll aCHMITOTHYHOT MOzeNi B3aeMoii £ — Honspu3oBa-
HO1 XBHJIi €IEKTPUIHO-BY3bKHMHU CTPIYKAMH 3 IMITEJAHCOM.

By3bkocTpiukoBa mMoaenb po3citoBaHHsa E-nmosisipu3oBaHoi XBWJII NMPOBiZHMMHU cTpiukamMu 3 iMmegaHcom.
OCHOBHMM IPUIYIIEHHSM [P PO3pOOLI JJTaHOT aCHMITOTHYHOI MOZEINI € Te, 0 JOBXHMHA XBHJII Ma€e OYTH BEIUKOIO Y
MOPIBHSHHI 3 MIMPUHOIO CTPIYOK, a CTPIYKK JOCTATHRO BifmaneHi ogHa Bix iHmoi. ToMy JaHy acCHMOTOTHYHY MOJIEINb
MOEMO BBa)KaTH IOBFOXBMIIbOBOIO, & CUCTEMY CTPIYOK cJIab0 HATIOBHEHOIO, SIK Yy BUMAAKY 3 IpaTkamu [14]. OcHOBHUM
MeTOoZIOM Oyze KiacuuHuii meron Penes, skuii 10o0pe cebe 3apeKOMEHIYyBaB IpH JTOCIIKCHHI 33/a4 PO3CIFOBAHHS
XBHJIb 1/1€aJIbHO MPOBIAHUMH CTPIYKaMH UM IIUIMHAMH Y ifeanbHo mpoBigHoMy ekpadi [11, 12]. Jlns namoi 3aga4i pos-
CitOBaHHS BXKE € MPaBIIIbHA MaTeMAaTUIHA MOJIENb y BUTIIAI CHCTEMH OCOOUBUX IHTETPAIbHUAX PIBHSIHB IIEPIIOTO POIY
(4). Tomy cini NPUALIMTH yBary AOCIIKEHHIO SaepHUX (QyHKLIM Ta QYHKIIH y NpaBUX 4acTHHAX 3a3HAYEHOI CHCTEMHU.
Lle mocuimKeHHs! BU3HAYAE€ BUJ [TOJJaHHS IIYKaHOI BUX1HOI (DYHKIIT JOBroxBmiIb0Boi Moseni. [Tounemo 3 piaroHanbHUX

A1epHUX (QyHKIIH, 10 BU3HAYAIOThCA BIIOMOIO LMIIHAPUYHOKO (DYHKIIEIO BiJl apIyMeHTY o, |z' —t| . 3BiJCH cTae 04YeBHU-
JTHOIO JlorapugmiuyHa 0COOIMBICTh AlaroHAJIBHUX SAEPHUX (YHKIH y pa3i criBNaAiHHS BHYTPIIIHHOT 3MIiHHOT i3 30BHI-
HBOIO. Ii BApTO BHOKPEMHUTH, CKOPHCTABIIMCH BiIOMHM PO3BHHEHHSM LMIiHAPMYHOI QYHKIII B Maiike cTerneHeBHil
psi:

2m
0 _2i), yalul & (D" (al raful &1
H, (a|u|) _ In 5 +r; | 2 In 5 pz:lp . 5

Tyt nocriitaa Iny =C = 0,5772... € nocmiunorw Eiinepa. Bimomi QyHKII1 y mpaBiif YacTHHI BU3HAYAIOTHCS 3BH-

YallHMMU €KCIIOHEHIAIbHUME (DYHKIISIMH, 1[0 MAIOTh FapHe 1 JoOpe 3HaHe PO3BUHEHHS Y CTEIICHEBHI PsiI.
3acTocyemo KiacuaHMH MeTo[ Perest, mpumyckarodn, mo 6e3po3MipHi 9acTOTHI mapaMeTpu «, = ko, € 10CTaTHbO

MalluMH, 1100 MOXKHa OyJi0 0OMEXyBaTHUCh KiJIbKOMa J0JIaHKaMH B Pslax, 10 HPEICTABJISIOTH BiJOMI Ta HEBIIOMI Be-
myrHY. CITi TaKoXK 3Ba)KaTH Ha Te, 10 CTPIYKH JOCTaTHBO BiJJIAJICH] O/iHA Bij iHIIOI. 30KpeMa, BHKOPHCTOBYIOUH 3a-
3HaYCHI BHIIEC PO3BHHEHHS HiarOHAIBHUX AaepHUX (QyHKIIH B psan (5) Ta BimoMi QyHKIIT y mpaBiif YacTHHI, IPUXOIAMO
JI0 TaKOi CUCTEMH OCOOJIMBUX IHTErPaJbHUX PIBHAHB MEPIIOTO POLY:

1
. v . 2z
Lt dt+ jog Ry = —
;[lflo(t) n 2 |T t| I+ Jo0 Ky gop1

r|<1;

(6)

Vo, 2z .
—t|ldt =——- k(qg.b .
> |z 1| dt P exp[z (g, +q3c)]

1
Jio Rar+ j]zo (t)In
-1
Tyt HOBI HeBinomi GyHKUIl j,, (t), m =1,2 BH3HAYaAIOTH T'OJIOBHI JOAAHKU BUXITHUX (YHKLIH aHOT JOBrOXBU-
JOBOT MaTeMaTHYHOT MoJielli. BBezieH1 JuIs CIIpOILEHHs TAKOK HEBIZIOMI Ta BIZIOMI CTaJIi:
. [ (1) . 2 2
Jmo :Jlljmo (t)dt, Ry =Ry =z-Hg (ppy)/2, pra=kNb™+c”.
s cucrema HaAMIIPOCTIMIMX OCOOJUBHX IHTETPAILHUX PIBHSHB IMEPUIOTO POAY BXKE Ma€ SIBHUH aHANITHYHUIT
PO3B’SI30K, KU1 MOYKHA OTPUMATH 32 TI€I0 K CXEMOI0, IO 1 Yy BUNAJKY 3a7a4l po3CiloBaHHs OJHi€l0 cTpiukoto [21]. Ort-

Bicnux Hayionanvnoeo mexuniynozo ynisepcumemy «XI11». Cepisa: Mamemamuyne
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JKe, CKOPHUCTABLINCEH (popmynoio obepuenns Kapnemana, oTpuUMaeMo SIBHUH aHATITUYHUHA PO3B’SI30K CHCTEMU OCOOJIH-
BHUX IHTETpaJbHHUX PIiBHAHB Mepumioro poay (6) y j,.o (x) = Jmo :(7[\/1—x2 ) HesinoMmi cTani BeIUYUHH Jj,,, JOCHUTDH

MPOCTO 3HAWTH 3 CUCTEMH JITHIMHUX aireOpaidHuX piBHSIHB!

. yo . 2z
Jro =t jog Ry =———,
4i qsu—1 ™
. . Yo, 2 .
‘R, + In—==——-exp|ik(q,b+q;c)|.
Jio 12 T J 20 4 g1 p[ (‘]1 q3 )]

OTxe, MaeEMO PO3B’S30K 3a/ladi PO3CiFOBaHHS E — IMOJNIPU30BAaHOI XBUIII TBOMA MPOBIIHUMH CTPIYKAMH 3 IMITCIaH-
COM Y SIBHOMY aHAJIITHIHOMY BUTJIISIAI, SKHHA TO3BOJISE IIPOBOANTH TEBHI gocimimkeHHs [15, 16, 20]. OcHOBHIM HeIOMi-
KOM JIOBrOXBHJIbOBOI MaTeMaTH4YHOI MOZEi pO3CifoBaHHsS FE — MOJAPHU30BAHOI XBHJIl JBOMAa JOCTATHBO BiIJaICHUMH
CTpiYKaMH € Te, 10 YaCTOTHHUH Jiana3oH CyTTEBO 3BYXyeThes. 11006 oTpumaTH po3B’sA30K 3ajadi pO3CitOBaHHS Y BCHOMY
Jiama3oHi 9acTOT 3aCTOCYEMO JBa BiIOMHX Ta JO0Ope OOTPYHTOBAHMX MPSMHUX YHCENBHUX Metoad. Lle meron mexaHid-
HHUX KBaJpaTyp Ta METO]| JUCKPETHUX OCOOJIMBOCTEM, 10 pO3pOOIIEHI BITYUU3HSIHUMH HAYKOBISIMH.

YucesbHi MeTOAH. AJropuTmisamisi. 3acTOCyeMO KBajpaTtypHi (OpMyJIH JJsi OOUUCIICHHS IHTErpalliB y CHCTEMI
CIP nieprioro pony (4) BUKOPHCTOBYIOUYH KBaApaTypHi BY3JIH:

t)==cos[(I-1/2)-x/N], I=1,.., N,
Ta OOYHCIIFOIYH X Ha MHOKUHI TOYOK KOJUIOKAI[IN:

r =—cos|(k1-1/2+s)-7/N|, kl=1,..,N, s=025,

TOJi OTPUMAEMO /IS 3HAYCHb n, m=1,2:

1 N
J.H(()l)(\/(k(xw _me)J'_amTkl _ant)z +k2(zn0 _ZmO)Z)'l//m (t)dt zZAnmkU ymy.
J =1

BBenemo koMmoHeHTH YOTUPHOX KBAAPATHUX MaTpUIIb:

2
Anm :ﬁH(()l)(\/(k(xno_xm0)+amrk1_ant1)2+k2(zno_zm0)2)a ®)

Ta ManI/IHi B3a€EMHHX BiI[CTaHeﬁ JUIA BY3JIOBUX TOYOK Ta TOUOK KOHOKaHiﬁ:

2 2
drnmkl,l:\/(k(xno_xmo)—’_amrkl_antl) +k (ZnO_ZmO)
TTo3HaunMo Takox BCKTOPU MpaBUX YaCTUH

ik
Fmy, =4 exp[z (qlme "457mo )] ~€Xp(iQ1amTk1),
qsu—1

110 MIPUBOJUTH 10 CHCTEMH JIHIHHKUX anreOpaiunux piBHsHb st CIP mepmioro poay (4) BiIHOCHO HEBIJJOMHX KOMIIO-

2

HeHT BEKTOPiB ym; =y, (7;):

2 N
ZZAnmkUwyml =Fmy, n=1,2.

m=11[=1
Taky cucremy aist CIP nepruioro pony (4) npeactaBumMo B OJIOYHOMY BHIIISIL SIK

{All-l//1+A12-(//2=F1, )
A21-wl+ A22-w2 =F2
a0o B cTaHAapTHIN Popmi

Awy=F, (10)

Jc

ALl A12 wl F1
A= , W= , F= .
A21  A22 w2 F2
Buninsrouu cHHTYJISIpHI (3 J0rapu@MivyHOI0 0COONHUBICTIO B (8) 3 ypaxyBanH:sIM (5)) Ta peryisipHi CKIaoBi y 0J10-

ygux Marpungx A =S, + R, cucreMy (9) mepenumeMo y BUNIIAIl, 3pyIHOMY I HOOYIOBH YHCEIBLHOIO aJITOPHT-
nn nn

My:

nn >

(S114 R11)-y1+ A12-y2 = F1,
A21-y1+(522+ R22)- 2 = F2.

Benemo matpwuii

Bicnuk Hayionanvnoeo mexuniynozo ynisepcumemy «XI1l». Cepisn: Mamemamuune
6 MOOeniosants 6 mexuiyi ma mexnonoziax, Nel (8)'2025.
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S11 0 R RI1  A12
0 S22 (421 R22

toxi (10) MoXXHA TIepen¥icaT! y TAKOMY BHTIISII:

E

S-J+R-J=F.
BinmosimHo mo meperBopeHHs Kapnemana, MTUCKpETHHIA aHAIOT PO3B 3Ky CHUCTEMH JiHIHHUX anreOpaidHuX piB-
HSHB 3 JIOrapu()MITHOKO OCOOIUBICTIO M€ BUIJISI:

W=(1+S*1-R)_1-S*‘-F. (11)

Enementn matpuui 4 B (10), oOuncitorotsest B (8) yepes 3HaueHHs GyHKUIT ['ankens | poxy HYJIbOBOTO MOPSIKY,
AKa € GyHIaMEHTaIbHUM PO3B’A3KOM pigHAHHA | enomeonvys.

Cucremy (9) MOkHa OCHIIPKYBaTH, 00’ €1HaBIIH ii B oxHy cucteMy (10) abo posrisaroun ii sk cucteMy Aist JBOX
HEBIIOMUX BEKTOpPIB 3 MarpuuHuMH KoeditieHramu. Toi, BUKOPUCTOBYIOUYH aHanor ¢gopmyiu Kpamepa nnst cucrem 3
MaTpUYHUMH KoeillieHTaMu 3 BEKTOPHUMH HEBIIOMUMH, ii PO3B’ 30K Ma€ BUTIISIL:

w1=(A11-422— A21-A12) " -(422-F1- A12- F2),
p2=(A11-A22- A21- A12) " -(A11-F2— 421-F1). (12)

Po3B’5130K (9) MOXKIIMBO 3aIUCATHU SIK
-1
w2 :(A22—A21-A11‘1 -A12) (F2-421-4117" -Fl),

wl=—Al1""A12-y2+ 4117 F1. (13)

AHalti3 ocodauBocTeii unceabHoro meroay. [Iposenene uucensHe pociimkeHHs po3s’s3kiB CJIAP y Burmsai
(11) npu pizHux N B IOBrOXBWIBOBOMY HaOJIM>KEHHI JJIsl IBOCTPIYKOBOi cuctemu (puc. 1 Ta puc.2) mpu iX mMpHHI
2-a,=2-a, =2 . Koopaunaru nenTpis asox crpiuok x, =0, z =0, x, =b, z, =c. [lonepeunuii nepeTuH ABOCT-
pi'-lKOBO.I. CUCTEMU Ma€ BUTJIAA ABOX KOMIIJIAHAPHUX CeFMeHTiB.

PesynbraT po3paxyHkiB, oTpuMaHux 3a gonomororo (11) ta 3a popmymnamu (12), (13), cniBnagarors. HaBenemo
JIesIKi XapaKTepUCTHKH AucKpeTrnzoBaHoi moeni CIP ta pe3ynpTaTé HOPIBHAHHSA PO3PaXyHKIB 3 aCHMITOTHYHOIO TIOBe-
IIHKOIO PO3IMOALTY TYCTHHH CTpyMy Ha CTpiukax. Tak, Marpuii BiacTtaHed drnm wMaroTh BUrisan (puc.3) mpu
nm=12, N=25.

[TomiTHe niaroHanbHE NOMIHYBaHHS €IEMEHTIB MaTPHILb BiJCTaHEH B MEXaX OJHI€] CTPIYKH i MOMiIpHE CHMETpHUY-
HE 3aIIOBHEHHS 3arajbHOI MaTPUI IS BicTaHeH MiX pi3HUMH cTpiukamu. OOUHCITIOEMO Ha HUX 3HAYCHHS CJICMCHTIB
OouHuX MaTpunb Anm , anpokcumytounx sapa CIP 3 Bukopucranus Qynkuiit ['aakens (puc. 4).

drll drl2 dr21 a2

Puc. 3 — Marpuui BincTanei.

BinMigaemo moMmiHyBaHHS IiarOHAJBHUX €JIEMEHTIB 00’ €JHAHOT MATPHII, SIK i B MaTpHi Bigctaned. OcoOnMuBoCTi
Os04HMX MaTpulpb B (9) BIACTIIKOBYIOTHCS 110 300pa)KEHHSIM JiHCHUX 1 YSIBHUX YaCTHH.

Awnanis nificaux (RA11, RA22, RA12, RA21) ta yssuux (IA11, 1422, 1412, IA21) cknajoBuX y CTPYKTYpi GIOYHHX
MaTpHlb (puc. 4) MoKa3ye HAsBHICTb JiarOHAJILHOTO JOMIHYBaHHS, 110 TIO3UTUBHO BIUIMBAE HA BIACTHBOCTI YUCEIBHOTO
merony ans gocuipkenns CJIAP B (9). ¥V Bunaaky, komu x; =0, z | =0, x, =0, z, =c (napajenabHe po3TallyBaHHS

CTpIiYOK), BCi OouHi MaTpuili B (2) MaroTh JiaroHajdbHE AOMiHYBaHHSI, B 3arajgbHa Matpuns A cucremu (10) mae Tpu
JIOMIHYOYi JiaroHai, pO3HECEeHI CHMETPUYHO TOJIOBHOT niaronani (puc. 5, a, puc. 5, 0).

Bicnux Hayionanvrno2o mexuiynozo ynisepcumemy «XIl». Cepis: Mamemamuune
Mooentosants 6 mexiyi ma mexnoaozisx, Nel (8)'2025. 7
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Ta ,u:0.5~(1+i).

,0;

puc. 17

), aHapuc.6,6—

=3r/4

4'611,

1Al

RAIL

1A21

RA21

Puc. 4 — Marpuui (giticai RAnm Ta ysiBui [Anm dactuau Anm ) cucteMu anredpaidnux piBHsAHb(9) anpokcumyodnx (4).

dril

Puc. 5, a — Matpuni Bincranei npu x

=
Aty -
P
SN .
N
<t
Il
=3
Q
o N
3 i .
o = m = o
4 1 Il
- =3
<t I
1] =
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[}
N
1]
(=] =]
1] N
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IALL

RAIL

A1

Puc. 5, 6 — 3o0paskeHHs MaTpuLb, anpokcumyrodnx aapa CIP, x

RA2

Pe3yabTaTn 004MCII0BAILHOTO eKCepHMeHTY. JloCTiKyeMO XapaKTepUCTHKH KOMIUIAHAPHOI CUCTEMH 3 JIBOX

A , KyTa DaJiHHI XBWIL @

CTPIYOK 3 IMIIEJAHCOM IIPH 3MiHI JOBXWH XBHJII

6 HaBEJICHO PE3yJIbTATH PO3PaXyHKIB PO3MOALTY MOAYJISI TYCTHHH CTPYMY

Hwxue, Ha puc. 6 a, 6 — puc. 16 a,
(MJ] 1,MJ12, MJ13 -
(MJ21,MJ22,MJ23

714, 2-¢, =7/2,3-¢,

P =

2 crpiuka npul—¢, =7/4

1 cpiuka mpwm 1

E]

2—¢y=m/2,3—¢,=37/4) Ans ABOX NOBXKHH XBUIIb A

)

Bicnuk Hayionanvnoeo mexuiynozo ynisepcumemy «XII». Cepis: Mamemamuune
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A=16-a,. Ha puc. 6, 6 — puc. 17, 6 — NOpiBHAHHS PO3paxyHKiB (M wCLMyC2-1,2 CTpqua) 3 ACUMOTOTUYHHUM PO3-

MOJIIJIOM TPH OPTOTOHAIBHOMY Ma/IiHHI €IEeKTPOMArHITHOT XBHJII.
JocnipKyoThesl HACTYIHI PEXKUMH PO3CIFOBaHHS €1eKTPOMAarHiTHOT XBIJIL HA CTPiYKax 3 IMIIEIJaHCOM Y OJIHI TII0-

IIMHI Ta NapaieNbHuX IIomuHax (tadm. 1).

Tabmuus 1 — Pexxumu po3ciroBaHHS €JeKTPOMarHiTHOT XBHITI

1. Jlanmeke po3TaliryBaHHS CTPIYOK
Hanexe posramry piuoK y x,=0, 2,=0, x,=10, z, =0
OJIHIH TUTOIIKHI
2. Bau3sbke po3TaliyBaHHs CTPIYOK
p Y p x,=0, z,=0, x,=3, z,=0

Y OJIHIH MIOIIKHI

3. Jlaneke po3TalnryBaHHS CTPIYOK
Hanexe posranry P x,=0, 2,20, x,=10, z, =4
(xoMIuTaHapHi)
4. bausbKe po3TalryBaHHs CTPIYOK
posTatiy ™ x,=0, 2,20, x,=3, z,=4
(xoMILTaHapHi)
5. Po3rairyBaHHs CTPIYOK 3 Tepe-
y P P x,=0,2z,=0, x,=1, z,=4

KPHUTTSM (KOMILJIaHAPHI)

6. [TapanenbHe po3TalryBaHHS
ap p y x,=0, z,=0, x,=0, z, =4
CTpiu0K

Po3risiHeMO 1MocIIiI0BHO HaBeIEHI CTPYKTYPH.

1. lanexe po3ramryBaHHs CTPI4OK y OfHiH omuHi — x, =0, z, =0, x, =10, z, =0.

Bimnaneni cTpiukyu MarOTh CJIA0KHI B3aEMHUI BIUTUB. PO3MOALI XapaKTEPUCTUK CTPYMIB TPU KyTax MaiHHS XBUII
Ha | Ta 2 crpiumi nmpuONM3HO CHIBIANAIOTH NPH BiAA3epKaleHHI (K AJsl 130J1b0BaHMX). (puc. 6,a, 6), U1 JTOBKUHU
A=4-a,. VY Bunaiky, komu A =16-a, peanizyeTbCcs CUMETpisl BLIA3EPKAICHHS BIINOBIAHO A0 3MiHM KyTiB MaJiHHA

(puc. 7 a, 6). Pesynbratn po3paxyHKiB O1M3bKi 10 aCHMITOTHYHUX 3Ha4YeHsb (puc. 7, 8).

§ § 4 § 8
6 [
[ T “
‘I | MI1y
{ I
| | ]
Milly [ Mil Aty | MI2y ]
i w0 o ) AN
;AI'L - ;.H‘ R""" Ml - WapC1 i o
Wy , Wiy Moo , MUC
| / | / / MiC2,,
A / \ \_’ NN A /
\ / 2 et My
I ~
0
0 - — f - - 0 - —, - - -1 =03 0 0.3 1
i‘ 105 0 0 R A I | F‘ RV I T I | B B R B )
iy oy oy ki sy
6 8

a
Puc. 6 — Po3moain ryctus cTpyMiB Ha 1BOX cTpiukax (A=4-a,, ¢,=n/4, ¢o=7/2, ¢po=37/4): a— 1 cTpiuka;
6 — 2 cTpivKa; 6 — MOPIBHAHHS 3 ACHMIITOTUYHUM PO3MOIIIOM.
[pu BesMKill BigcTaHi MK CTpIYKaMH BIUTUB CJIAOKUH 1 30epiraeTbcsi CUMETPIs IIPU PI3HUX KyTaX MajiHHI JOBroi

€JIEKTPOMATHITHOI XBHJII.
301MKeHHsT CTPIYOK B OJHIN IUIOMIMHI MPU3BOAUTH IO IOCWIIEHHS B3a€EMHOTO BILUIMBY, KyTOBa CHMeETpis 30epira-

eTbest. Posznoain Ha 1-i crpiumi npu ¢, = 7 /4 cniBnagae npu J3epKaJbHOMY BinoOpaskeHHI 3 pO3HOALIOM Ha 2-if cTpi-

urii npu ¢, =37 /4, 1 HaBmakwu (puc. 8, a, 6, puc. 9, a, 6).

Bicnux Hayionanvrnoco mexuiynozo ynisepcumemy «XII». Cepis: Mamemamuune
MoOentosants 8 mextiyi ma mexuonozisax, Nel (8)'2025. 9
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Puc. 7 — Po3nozin rycTus cTpyMiB Ha 1BOX crpiukax (A =16-a,, ¢,=7/4, ¢y=n/2, ¢, =37/4): a— 1 crpiuKa;

6 — 2 cTpiuKa; 6 — MOPIBHAHHS 3 ACHMIITOTUYHUM PO3MOIIIOM.
2. bru3bke po3TanryBaHHs CTPi4OK y ofHil miomuni — x; =0, z, =0, x, =3, z, =0.
By ‘ 8 I | g

/ B
Milly / M2y \ ;} MI2y /
M1k, M2y, / I
2 7 = N MAJCI T4
M3y \‘_s,_{’ / M2y, \ N / — \_/
1
4| A r
0 .
T o5 o0 05 1 <1 05 0 03 1 -1 -0 0 05 1
ks Tesiyy kesiy,
a 6 8

Puc. 8 — Po3nonin ryctu cTpyMiB Ha IBOX cTpiukax (A =4-a,, ¢,=7/4, ¢o=n/2, ¢, =37/4): a—1 cIpiuka; 6 — 2 cTpiukKa;

8 — HOpiBHS{HHfI 3 aCUMIITOTUYHUM p03l'[0}IiJ'[0M.

3 g 3

Ml M2l \ M
My Mgt MyCL
MI13g Mg —_—
M f— MC2y
ll\ /
\ |

NS=S, N

I
L1} v
=1 =05 0 0.3 1 =1 =05 0 03 1 -1 =03 0 03 1
bty kesiyy fesiy,
a 6 8

Puc. 9 — Po3nozin ryctus ctpyMiB Ha 1BOX crpiukax (A =16-a,, ¢, =7/4, ¢y=n/2, ¢, =37/4): a— 1 cpiuka; 6 — 2 cTpiuKa;

6 — TIOPIBHSHHSA 3 ACHMITOTUYHUM PO3IIOIIIOM.

Bicnux Hayionanvno2o mexuiunozo ynieepcumemy «XI11». Cepis: Mamemamuune
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Puc. 10 — Po3noain ryctun ctpyMiB Ha aBoX crpiukax (A =1-a,, ¢, =7/4, ¢y=n/2, ¢, =37/4): a— 1 cTpiuka; 6 — 2 cTpiuKa;
6 — TIOPIBHSHHS 3 ACHMIITOTUYHUM PO3IMOIIIOM; 2, e — NIMCHI YaCTHHHU PO3MOALTY CTPYMiB Ha CTPidKax;
0, Jic — ySIBHI YaCTUHHM PO3MOALTY CTPYMIB Ha CTpIUKax.

ITpu mapiHHI KOPOTKOI XBHJII JOBXKHUHOIO B IIOJOBHHY IIUPHHH CTPIUKU (X, =3 ) BEIMYMHHU PO3MOIUIIB CTPyMy

30LIBLIYIOTBCS. Ha OPSJOK. PO3Mojing Ha cTpiukax NMpu OJHAKOBHX HEOPTOTOHAIBHMX KyTax MajiiHHS XBWJI OJM3bKi
(cumertpis Binmzepkanenns). [Ipy HopManbHOMY MajiiHHI XBHIII CUMETPIs Bil/I3epKaIeHHS Y PO3IOALT T'YCTHHHU CTPYMY
BU3HAYCHA B3aEMHHUM BIUIMBOM CTPIUOK ITpH OJIM3bKOMY PO3TalIyBaHHI B OAHIHN IUIomKHI. BigzHaunMo npu aHamisi 1ii-
cHux (puc. 10 2, e) Ta ysaBaux (puc. 10 0, o) 9acTHH po3NOALTY CTPYMIB Ha CTpiYKax HAasBHICTH PI3HMX 3HAKIB y HUX Ha

KpasX CTPivOK.

3. Jlanexe pos3TalryBaHHS CTPi4OK (KoMIIaHapHi) — x, =0, z, =0, x, =10, z, =4.
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Puc. 11 — Po3nozin rycTuH cTpyMiB Ha 1BOX cTpiukax (A =4-a,, ¢g=7x/4, ¢po=7n/2, ¢, =37/4): a—1 crpiuka; 6 — 2 cTpiuKa;
6 — MOPIBHSIHHS 3 aCHMIITOTHYHUM PO3IIOIITIOM.

Ha nomxuni A =1-a, 30epiraetbcsa cUMeTpis BiA3epKaICHHS IPY HOPMAJIbHOMY IaAiHHI €JI€KTPOMArHiTHOI XBU-

Bicnux Hayionanvnoeo mexuiunozo ynieepcumemy «XI1I». Cepisa: Mamemamuune
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7i B po3noaini cTpyMiB (puc. 11 a, 6), ane MaeMo 3Ha4YHE BiIXWIEHHS BiJ aCHMITOTHYHOTO posmosiry (puc. 10 g). He-
CUMETpHYHA KOHQITypallisi CTPII0K MOPOIKYE HECUMETPUYHHUI PO3IIOALT TYCTHH CTPYMIB IPH MAMiHHI Pi3HUX TOBTUX

xBwib (puc. 11 a, 6, puc. 12 a, 0).
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Puc. 12 — Po3nonin rycTuH cTpyMiB Ha JBOX cTpiukax (A =16-a,, ¢o=n/4, ¢po=n/2, ¢, =37/4): a— 1 cTpiuka; 6 — 2 cTpiuKa;
6 — TIOPiBHSIHHS 3 ACHMITOTHYHHM PO3IMOIITIOM.

30mKeHHs KOMIUTAHAPHHUX CTPIYOK HOCHIIIOE iX eNeKTpOMarHiTy B3aemoito (puc. 13 a, 6, puc. 14 a, 6) npu Bkasa-

HUX JIOBXKMHAX XBWJIb Ta KyTax X MajiHHS.

4. biy3bKe po3TallyBaHHA CTPIYOK (KoMiuaHapHi) — x, =0, z, =0, x, =3, z, =4.
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Puc. 13 — Po3nozin rycTus cTpyMiB Ha ABOX cTpiukax (A=4-a,, ¢o=7/4, ¢po=7n/2, ¢, =37/4): a—1 crpiuka; 6 — 2 cTpiuka;
6 — MOPIBHSIHHS 3 ACHMIITOTHYHUM PO3IIOILIIOM.
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Puc. 14 — Po3nonin ryctuH cTpyMiB Ha IBOX cTpiukax (A =16-a,, ¢g=7/4, ¢po=n/2, ¢, =37/4): a—1 cTpiuka; 6 — 2 cTpiukKa;
6 — TIOPiBHSIHHS 3 ACHMITOTHYHHM PO3IOIITIOM.

Bicnux Hayionanvno2o mexuiunozo ynieepcumemy «XI11». Cepis: Mamemamuune
MoOdeniosanHs 8 mexHiyi ma mexnonoziax, Nel (8)'2025.
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[Nonanbe 301MKEHHST CTPIYOK 3 MEPEKPUTTSM (pHc. 15 a, 6) TPUBOANTH IO CYTTEBOI PI3HMII B pO3MOIAX I'yCTH-
HU CTpyMy Ha HUX npu A =4-.a,. 30iIblICHHS NOBXUHU XBWI, A =16-a, HIBeIIO€ pPI3HUIIO B PpO3IOAITAX

(puc. 16 a, 6).
5. Po3ranryBaHHs CTPiYOK 3 HEPEKPUTTAM (KoMILIaHapHi) — x; =0, z, =0, x, =1, z, =4.
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Puc. 15 — Po3nogin rycTus cTpyMiB Ha ABOX cTpiukax (A =4-a,, ¢g=7/4, ¢po=7n/2, ¢, =37/4): a—1 crpiuka; 6 — 2 cTpiuka;
6 — TIOPIBHSHHSA 3 ACHMITOTUYHUM PO3IOIIIOM.
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Puc. 16 — Po3nozin rycTus cTpyMiB Ha 1BOX cTpiukax (A =16-a,, ¢, =7/4, ¢y=n/2, ¢, =37/4): a— 1 cTpiuka; 6 — 2 cTpiuKa;
6 — MOPIBHSIHHS 3 aCHMIITOTHYHUM PO3IIOIITIOM.

[Ipu napasensHOMYy pO3TAalllyBaHHI OJHAKOBHUX CTPIYOK PO3MOALIM CHMETPH3YIOTBCA II0 KYTY B MEXax KOXHOI
crpiuku (puc. 17a,6, A=4-a,,puc.18a,6, A =16-a,) 1 € 61u3bki o BiANOBIAHIN Gopmi Mix cTpiukamu. JloBra XBu-

1t (A =16-a,) NOpPOIKye PO3NOALIN TYCTHHH CTPYMY, AKi Majo BiIpPI3HAIOTHCS IPH PI3HUX BETMUYMHAX NEPEKPUTTS

ctpivok (puc. 16 a, 6 ta puc. 18 a, 6).

6. ITapanensHe po3TalryBaHHs CTpidok — x; =0, z; =0, x, =0, z, =4.
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Puc. 17 — Po3nogin rycTus cTpyMiB Ha ABOX cTpiukax (A=4-a,, ¢o=7/4, ¢po=7n/2, ¢,=37/4): a—1 crpiuka; 6 — 2 cTpiuKa;
6 — TIOPIBHSHHS 3 ACHMITOTHYHHM PO3MOAIIOM.

Bicnux Hayionanvrnoeo mexuniunozo ynisepcumemy «XI11». Cepia: Mamemamuyne
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Puc. 18 — Po3nozin rycTus ctpyMiB Ha 1BOX crpiukax (A =16-a,, ¢, =7/4, ¢y=7n/2, ¢, =37/4): a— 1 cTpiuka; 6 — 2 cTpiuKa;
6 — TIOPIBHSHHSA 3 ACHMITOTUYHUM PO3IIOIIIOM.

3MCEHIICHHS JOBXHWHN XBWJII MPUBOIHUTH A0 CYTTEBOTO 301UIBIICHHS TYCTHHH CTPYMYy B PO3MOALIAX HAa CTpidKax i

(hopmye 3HaYHY HOrO0 HEOJHOPIAHICTH MK Kpasmu CTpidok (puc. 19 a, 6) 1 mOMiTHe BIIXWICHHS BiJl aCUMITOTHYHUX

3HaveHb (puc. 19 B). SIKiCHO Taka HEOJHOPIIHICTH MPOSBISETHCS B PO3IOIIaX AIMCHOT 1 YSBHOI YACTHHH BEIUYHUHH I'yC-

THHHM CTPYMY y BHNAJKy PO3TallyBaHHS CTPid4OK B oxHii miomuHi (puc. 10e,0,e,0/c) Ta B pi3HUX 3 IEPEKPUTTIM

(puc. 19 2,0, e, o).
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Puc. 19 — Posnofin ryctuH cTpyMiB Ha IBOX cTpiukax (A =1-a,, ¢, =x/4, ¢y=7/2, ¢, =37/4): a—1 cTpiuka; 6 — 2 cTpiuKa;
6 — NOPIBHSHHS 3 aCHMIITOTUYHUM PO3IIOJIJIOM; 2, € — IICHI YaCTUHU PO3NOALTY CTPYMIB Ha CTpidKax;
0, Jic — ySIBHI YaCTHHHU PO3MOALTY CTPYMIB Ha CTPiYKax.

IlepcnekTHBH NMOAAJBIINX AOCTiTKeHb. Hanani HEOOXiAHICTH JOCIHIJKEHHS IIOJIiB, CTBOPEHHUX CTPyMaMH Ha
CTpiuKaX, B TOYKAX M03a CTPiUKaMH, IPUBEAE 10 BiAMOBITHUX KBAAPATYPHUX (OPMYI IS IHTErPAILHOTO TIPEICTaB-

JICHHA TTApaMETPiB EIEKTPOMATHITHOTO TIOJIS.
BaxuBe JOCIIKSHHS] pe30HAHCHUX YMOB JIJIsl HeriepioquyHuX ((IHITHUX) CTPYKTYp 13 CTPIYOK ieaIbHO MPOBi-

HUX Ta 3 IMIIeIaHCOM IIPU OBUJIBHOMY PO3TalllyBaHHI iX CIiiiB B IWIOMKHI ¥ = 0, BU3HAUEHHS T€OMETPHYHOTO (hakTOpa
PE30HAHCY.

BucnoBku. [[i1s nocnimkeHHs po3citoBaHHS E — MOJSAPU30BAHOT XBUIII KOMIUIAHAPHOK CHCTEMOIO 3 JBOX CTPIYOK
3 IMIEJAaHCOM CIIOYaTKy BUKOPHCTOBYETHCS KIACMYHHMN METOJ IHTErpajbHOro PiBHSHHA. B pe3ynbTari BUHHKHE MaTe-

Bicnuk Hayionanvnoeo mexuiynozo ynisepcumemy «XII». Cepis: Mamemamuune
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MaTHYHA MOJICNb Y BUIJISII CHCTEMH 3MIMIAaHUX 1HTErpaIbHO-IH(EepeHIIaTbHUX PiBHAHB. Jai BiAIUICHHIM TudepeHIli-
QIBHOI YaCTHHH BiJ IHTEIPAIBHOI Ta KOPUCTYHOUYHCh METOJOM MAJIOTO IapameTpa OTPUMAaHO KOPEKTHY MaTeMaTHYHY
MOJIEJb PO3CiFOBaHHS E — NOJIAPU30BaHOI XBUIII SIK CHCTEMHU CHHTYJISIPHUX IHTEIpallbHUX PiBHSAHB IIEPIIOrO POY.

Jis TecTyBaHHS alTOPUTMIB ISl IPSIMUX YHCENFHIUX METO/IB Ta IEPEeBipKHA MPaBUIBHOCTI PO3B’SA3KY 3a/1ad PO3-
pobiieHa acMMIITOTHYHA MOJIeNTb PO3CIIOBaHHS E — MOJSIPU30BaHOT XBHJII €JIEKTPUYHO-BY3bKUMHU CTPIYKAMU 3 IMITIe/IaH-
coM. BaxxinBo, 1110 y 11bOMY BHIaAKY PO3B’S30K 3a/1a4i pO3CIIOBaHHSI OTPUMAHO Y SIBHOMY aHAIITUYHOMY BUTJISIII. 3po-
3yMiJI0, IO 1€ 3iHCHIOBAIIOCH IIPH IIEBHUX MPUITYLICHHAX, IKi MOXYTh 3HAYHO 3BY3UTH YaCTOTHMH Aiama3oH 3acTOCy-
BaHHS ACUMITOTHYHUX MaTeMaTHYHHUX Mojelneil. st 3HaxoKeHHsI po3B’sI3Ky 3a]a4i po3CilOBaHHS y BChOMY Jlialla3oHi
4acToT OyJIM YCIINIHO 3aCTOCOBAHI J1Ba BiIOMI Ta J00pe 0OrpyHTOBaHI MpsiMi YyucenbHi MeToau. Lle MeToq MexaHiuHUX
KBaJIpaTyp Ta METOJ AUCKPETHUX OCOOTHUBOCTEH, pO3pOOJICHI BITYM3HIHUMHI HAYKOBIISIMHU.

EdexTuBHICTS YHCENBHOTO METO/Y OB SI3aHa 3 JIOCKOHAJICTIO METOJIIB PO3B’sI3aHHS CHCTEM JIIHIHHUX anreOpaid-
HUX piBHSHB. Bi3HauMMO BIUIMB JUCTaHIIi MK CTpIYKaMu Ha PO3IMOJUI IapaMeTpa CTPyMy IO Hiil B 3aJIeXKHOCTI BiJ
JTOBKMHU XBHIII Ta KyTa MaiHHS.

JocratHe cniBnamiHHs PO3MOILUTIB TapaMeTpiB CTPYMY IO CTPIdIli, OTPUMAHHUX B PO3PAaXyHKOBIH MOJENI Ta 3 acH-
MIITOTHYHUMH IO IMIIEJaHCY 3HAUYCHHIMHU.

Po3noain no MmMpUHI CTPIUKU MapamMerpy CTPYMY aHali3yeThCsl MO HOro BelIMYMHAM MOJYJISl Ta JIMCHOI 1 ysIBHOT
YaCTHHU. YsIBHA YaCTUHA € MAJIOIO B MOPIBHSHHI 13 JIHCHOIO.
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O. B. BOPOIIAH, I1. A. ETOPOB, C. I. IOBAJIFAEB, A. C. HHIAPAIIATA

IJEHTU®IKAIIIA MOMEHTIB TEPTA B HTAPHIPHUX OITIOPAX BAJIKU TUMOLIEHKA
NP HECTAHIOHAPHOMY HABAHTAXKEHHI

EnemeHTH KOHCTPYKLI#i i3 IapHipHUM OOMHPAHHAM IIUPOKO BUKOPUCTOBYIOTH SIK Y TEXHIIl, TaK i B YCTAaHOBKAX JUISA JOCTIKEHHS 1e)opMyBaHHS pi-
3HUX €JIEMEHTIB KOHCTPYKIii. YpaxyBaHHS TepTA B MAPHIPHUX OMOpax HEOOXiJHE UL MOJETIOBaHHS PeaqbHUX YMOB. Tako)k MO)KHA BUKOPUCTOBY-
BaTH TEPTs B LIApHIpax JUIs JeMI(yBaHHS KOJIMBaHb. MeTolo Li€i poboTH € po3podka MeToay iIeHTHU(IKaLil MOMEHTIB TEPTs B MIAPHIPHHUX ONoOpax
Oanku TrMomeHka mij Jac ii HecTallioHapHOTO HAaBaHTaKEeHHs. Po3risaanack cxema HaBaHTOKEHHs OANKH 32 CHMETPUYHOTO PO3TAlIyBaHHS OTOp Bi-
JTHOCHO TOYKHM MPUKIaJaHHS HECTA[iOHApHOI 30Cepe/DKEHOI Crii. [aeHTHdikanito MpoBOAMIN 32 MPOrWHOM NEBHOI TOUYKH Oankd sk (YHKLIT yacy.
Jlns MoJenmoBaHHs KOJIMBaHb Oalky OyJIO0 BUKOPUCTAHO cUcTeMy audepeHLiansHuX piBHAHB 11 Oanku TuMomeHka. Po3B’s3aHHS W€l cucteMu
OTPUMAHO 3 BUKOPUCTAHHAM PO3KIaJaHHs HeBinoMuX ¢GyHKii y paau Pyp’e i neperBopeHss Jlammaca. [1ix yac po3s’ si3aHHa 00epHEHOT 3a1aui 3 ize-
HTU}IKAIi MOMEHTIB TEpTS B MIApHIPHUX OMOpPaX BUKOPUCTOBYBABCS METOJ peryisipu3alii TuxoHoBa. Y pe3ynpTaTi ZOCHiHKEHHS PO3pOOIeHO METOT
inenTudikalii MOMEHTIB TepTs B MIAPHIPHUX ornopax ms 6anky TuMomeHko. Byo npoBeseHo YKcoBUit eKcriepuMeHT. SIk BUXiaHI 1aHi OylI0 B3ATO
MPOTHH y AesiKiit Touwi 6anku (1K QyHKILiO yacy), sikuit Oyo OTPUMAHO MiJ Yac po3B’ si3aHHs MpsiMoi 3a1adi. [[poBeeHO AOCIIDKEHHS BIUIUBY HETO-
YHOCTI 3aBJaHHs BUXIAHUX JaHUX HA CTIHKICTh i TOYHICTH iAeHTH(]iKkawii. Pe3yapTaTi po3paxyHKiB MOKa3aiy, Mo po3poOaeHuit MeToa ineHTudikarii,
sKnii 6a3yeThCsl Ha BUKOPHCTAHHI METOY peryisipu3aiii THXOHOBA, 1a€ 3MOTy e()eKTUBHO OTPUMATH CTIliKUii pO3B’ 130K BiINOBIAHOI 00EPHEHOI 3a-
a4l HaBiTh 0€3 MOMepeHbHOro JOOMpPAIOBAaHHS BUXIIHUX JaHUX. Po3poOnenuii MeTox ieHTH(iKalii MOMEHTIB TepTs B IMAPHIPHUX OMOpaX MOXKe
MaTH NOJaNbIIN PO3BUTOK IS OIbIN CKNATHUX CXEM HaBaHTAKEHHs 0aoK, a TAKOXK [UTS iHIMX BUIB €IEMEHTIB KOHCTPYKILiii.

Kumouosi ciioBa: 6anka TUMOIIEHKO, HECTALliOHAPHE HABAHTAXKEHHS, TEPTS B ONOPAX, MOMEHT TepTs, 0OepHEHA 3a/1a4a, IHTerpaibHi PIBHAHHS
BonbTeppa, perynsapusarii TuxoHoBa.

A. V. VOROPAY, P. A. YEGOROV, S. I. POVALIAIEV, A&. SHARAPATA
IDENTIFICATION OF FRICTION MOMENTS IN HINGE SUPPORT S OF TIMOSHENKO BEAM
UNDER NON-STATIONARY LOADING

Structural elements with hinged support are widedgd both in engineering and in plants to studydifermation of various structural elements.

The purpose of this work is to develop a methoddeftification of friction moments in the hinge gapts of Timoshenko beam under its non-
stationary loading. The loading scheme of the beader symmetric arrangement of supports relativéhéopoint of application of non-stationary
concentrated force was considered. Identificatias warried out on the deflection of a certain pofrthe beam as a function of time. The system of
differential equations for the Timoshenko beam wsed to model the beam vibrations. The solutiothisfsystem was obtained using Fourier series
expansion of unknown functions and Laplace tramsfdrhe Tikhonov regularization method was usedteesthe inverse problem for identification
of friction moments in hinge supports. As a regiilthe study, a method for identification of frmti moments in hinged supports for Timoshenko
beam was developed. A numerical experiment wasedaout. The deflection at some point of the beamg function of time), which was obtained
by solving the direct problem, was taken as in@iadThe influence of inaccuracy of initial datétisg on stability and identification accuracy was
investigated. The results of calculations have shtivat the developed method of identification basedhe use of the Tikhonov regularization
method allows to effectively obtain a stable solntof the corresponding inverse problem even witipoeliminary processing of the initial data. The
developed method of identification of friction momte in hinge supports can be further developedrfore complex loading schemes of beams, as
well as for other types of structural elements.

Key words: Timoshenko beam, non-stationary loading, fricioisupports, friction moment, inverse problem, ¥pia integral equations, Tik-
honov regularization.

Beryn Ta aHanmis giteparypu. Bimomo, mo eneMeHTH KOHCTPYKIIN Y BUTIISMI 6arok MalOTh MHAPOKE PO3MOBCIO-
JUKEHHS. Y 0araTboX BUMAAKAX Kpailogi ymMosu IUTA OAJIOK BiIIIOBiMAIOTh HACTYITHAM BUMAIKaM — ifeali3allisM: mapHip-
He oOmMpaHHs, BiTbHE 0ONMPAHHS, KOPCTKE 3aLIEMJIEHHS TOLIO. AJle HaBiTh B WLAPHIpHUX ONOpax, SKi BUTOTOBIICHI IS
nabopaTopHUX YCTaHOBOK (puc. 1), Mae Micie MeBHa OUCHUMALlis eHeprii, Ky O0akaHO BpaxOBYBATH NP JOCIiIKEHI KO-
JMBAJBHUX MPOLECIB, 0COOINBO HECTAaLiOHAPHUX.

OKpiM MOZIENFOBaHHS OTIOPY B IIAPHIPHAX OMOPaxX BUKIUKAE iHTEPEC KiIbKiCHe BU3HAUYSHHS MOMEHTIB omopy (Tep-
Ts1) B IIapHipax (puc. 2).

HocnimkeHHsa aucunalii eHeprii y mwapHipax Ta onopax, a TaKo)K MUTaHHS, OB’ A3aHi 3 KiIbKiCHOIO OLIHKOIO TepTs
B IIApHIPHUX OMOpax, € BUKIIOYHO aKTyalbHUMH. BilbIIicTh OLIIHOK BUKOHYETHCS HAa OCHOBI €KCMEPUMEHTAIbHUX Ta
CTEHIOBUX AOCIi/UKEHb Ta BUKOPHCTAHHS YHCIIOBHX MoJelNe (Ski HaligacTime 0a3yroThesl Ha METOMI CKiHUCHHHX elie-
MEHTIB). AHANITHYHI MiIX0AN 3yCTPiYatOThCs BiTHOCHO pifiko. Takoxk MOXKHa YMOBHO PO3IUTHTH Mooeni ducunayii exe-
peil 'y KpaiiHiX IIapHIpHUX OTopax, y MPOMIXKHUX OTopax 0araTonporoHOBMX OalloK Ta MoJesi Iucumnanii eneprii 6esmo-
cepeHbO Y MaTepiali 6aiku (3a paxyHOK ypaxyBaHHS BHYTPiLIHBOTO TEPTH).

HaBenemo nexinbka po0OoT, y SIKMX JOCIHIIKYETBCS TepTs Oe3MocepeHbO B IAPHIPHUX OMOpax.

VY pobori [1] npencraBieHi pe3ysibTaTi CTEHI0BUX BUMPOOYBaHb Ta YMUCJIOBOTO aHaJi3y, MPOBEAECHUX 3 METOIO BU-
3HAUEHHS XapaKTEePUCTHK TePTsS y WapHipHUX onopax. [y aHaTiTHYHOTO BU3HAYEHHS poOOTH TepTs y mapHipax 0yio
BUKOPHCTAHO QyHKyionaneny mooens (pizuuny ta mamemamuuny). Byao BUKOPHCTAHO MOOeib NPUNUNAHHI-KOG3AHHS
nepepuguacmozo pyxy Ta Moodens cyxoeo mepms. B pesynbTati aHanizy 6yno BU3Ha4E€HO po0OUy XapaKTepPUCTHKY TEpPTs
y LIApHipi IPH OCBOBOMY CTHCKY Ta WOTO MILHICTh Ha PO3TAT (TOOTO 3ycHIUls po3TsAry 3 emHaHHs). Byjo BU3HaueHO
BIUIMB KoedillieHTa TepTs MK B3aeMOIiIOUMMH (PAaCOHHUMM TMPOQiaAMU Ha XapaKTEPUCTUKHU OMop. Y CTaTTi TAKOX
NpelcTaBeHi pe3yIbTaTH CTEHAOBUX BUMPOOYBaHb TEPTS Y IIAPHIPHUX OMOpPaxX MPH OCHOBOMY CTHCKAaHHI Ta BUKOHAHO
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TOPIBHSAHHS 3 pe3yJIbTaTaMH YUCIIOBOTO aHaNi3y. Po3pobiieHa Moaes Moxke OyTH BUKOPUCTAHA JJIsl ONTHMI3aLlii poOoTH
LIapHIPHUX OTIOP.

==

Puc. 1 —IllapHipHo-00miepTa 6aka JJisl eKCIIEPUMEHTAIBHUX TOCTiPKEHb.

Puc. 2 —Konctpykiis mapHipHAX 0MOp.

V crarti [2] npencraBieHi pe3ynbTaTh eKCIEPUMEHTAIBHUX JOCIIUKEHb TePTs KOYEHHS JBOX LILTIHIAPHIHUX PO-
JIMKIB Ha CliellialbHOMY BUTIPOOYBalIbHOMY CTEHI, IO iMiTy€e poOOTY 00€pTOBOrO OMOPHOTO BYy3Ja Mevi. MOMEHT TepTs
KOYEHHs BU3HAYA€ThCSA 3a JOMOMOIOI0 CHeLialbHOI MIacTHHYacTol My(hTH Ha Bajly BeIy4yoro Bajika. 3MiHHUMU Mapame-
TpaMu € OKpY>KHa IIBUAKICTb KOUEHHS, paJiaibHe HaBaHTa)KeHHs Ta CTaH KOHTAKTHUX MOBEPXOHb POJMKiB. Po3paxoBa-
HO (pakTH4HI 3HaYEeHHS Koe(illieHTa TepTs KOYSHHS 3a Pi3HUX YMOB KOUEHHS. BCTaHOBIEHO 3aKOHOMIPHOCTI 3MiHHU KO-
e¢ilieHTa TepTs KOYEHHS BiJ MIBUAKOCTI KOYEHHS, B’ A3KOCTI MAacTHIa Ta KOHTAKTHOTO THCKY BiJl pajialbHOTO HAaBaH-
Ta)XEHHS, 110 BiJMOBiIae peasbHUM 3HAYEHHAM B OCHOBHHMX OMOPHMX BY3JIaX NMPOMMCIOBHX 00epTOBMX mneueil. Busna-
YEeHO BIUIMB iHTEHCHBHOCTI 3HOIIYBAaHHA Ha MOMEHT TepTs KOYeHHS. PekoMeHIoBaHO niama3zoH koedilieHTa TepTs Ko-
YeHHSI, SIKMH CTiJ BpaxoByBaTH MPH PO3paxyHKax BTPAT MOTYKHOCTI B OMOPHUX By3JlaX BEIMKOrabapuTHUX 00epTOBUX
BY3IIB.

V po6ori [3] nBa Ky/nbOBi MIapHipH BUKOPHCTOBYIOTHCS K TOYKH BBEICHHS OJHOOCHOBOTO HABAHTA)XCHHS Ha CTe-
HJAaX A7l BUNPOOYBaHHSA KOHCTPYKLIi, e HEoOXilHO JomyckaTH oOepTaibHi cTyneHi cBoooan. OKpiM MOXIHMBOCTI
BBEJIEHHSI OCbOBO-LIMKJIIYHUX CHJI PO3TATYBAaHHSA Ta CTUCKYBaHHS, KyJbOBi IIAPHIPU CTBOPIOIOTH 3TMHaJbHI MOMEHTH,
KOJIM HaBaHTaXKEHHs BBOAMTHCS EKCLIEHTPUUHO Y 3pa3ok. OCKITbKM MOMEHT TepTs Oe3MmocepeIHbO BILTUBAE HA CTPYKTY-
PHY peaxiito 3pa3ka, Horo KiJbKiCHe JOCIiIKeHHs MpecTaBisie iHTepec. Po3pobieHo Moaenb KyJIbOBOTO MIApHipa Me-
mooom ckinuennux enemenmie (CE) 3 BAKOPHCTAHHAM TEXHOJOTIT HeNiHiHOrO kKoHTakTy. Mojenb 6yia nepeBipeHa 3a
JONIOMOTOr0 fieTalibHOT TBepaoTibHOI Mozxeni CE Ta anamitTmuHOi Moneni. Byno 3amponoHOBaHO eKCHeprMEHTAIbHY
YCTaHOBKY, B fIKiif KyJIbOBHUil mapHip Ha 000X KiHIMX 3pa3ka BBOAWB HAaBaHTAXCHHA. MoJelb CKiHUCHHNX €JIEMEHTIB
BHTPOOYBAILHOTO CTEHIY OyJia IepeBipeHa 3a JOTOMOT 00 SKCIIEPUMEHTIB.

Bicnux Hayionanvrnoeo mexwiunozeo ynisepcumemy «XI11». Cepia:. Mamemamuyne
18 MoOdenosants 6 mexwiyi ma mexronozisx, Nel (8)'2025.



ISSN 2222-0631 (print)

Mertoto poboti [4] € oLiHKa MOBEAIHKH Ta MilJHOCTi KOMIO3UTHUX ILTUT 3 YpaxyBaHHIM BIUIMBY TEPTs Ha OMOpax.
Jna uporo 6y BUKOPUCTaHI pe3yJbTaTh MporpaMu JabopaToOpHUX BUMPOOYBaHb CTANEBOr0 HACTUITY, SIKMH CKJIada€eTh-
cs 3 TpaneuienonioHoro npo¢imo 3 BucTynamu y ¢opmi gitepu «V». [1ix uac BUNpoOyBaHb BUMipIOBAJIKCS TMPOTHHH,
TOpLEBi 3CYBH Ta AedopMmaLii cTajleBUX HaCTUIIB, 110 JO3BOJMIIO POaHali3yBaTH MOBEiHKY KOMIO3UTHOT IUIMTHOI CH-
CTeMH Ta BU3HAUUTHU PeXuM 11 pyliHyBaHHs. BIUTMB TepTs Ha omopax y MO3IOBKHBOMY 3CYBHOMY 3B’ SI3KY OLiHIOBABCS
MemoOOM YACMKOBO20 3CY8HO20 3' €OHAHHS 3 BUKOPUCTAHHIM KoedillieHTa TepTs.

VYV nocnigHuibkiii podoti [5] NpOMOHYETHCS HOBA METOMOJIOrisS MPOTHO3YBAHHS ONTUMAILHOTO PO3TalllyBaHHS
orIop TepTs T e(heKTUBHOTO TMOM’ SIKIIEHHS €Heprii KoNMBaHb y TpyOONpoBinHMX crcTeMax. BpaxyBaHHS cuil TepTs B
JVUHAMIYHUX XapaKTePUCTHKAX CUCTEMH BHOCUTD Hegio' eMHy HeninitiHicmy, O yCKIaaHoe 11 aHasi3. Sk mpaBuio, unc-
JIOBi pO3B’I3aHHS BUKOPUCTOBYIOTBCS U 00XOIY CKJIaTHOIIIB, TOB’ SI3aHUX 3 MOUTYKOM aHATITHIHHUX PO3B’S3KIB IS
HeJiHiHuX cucteM. OJHAK aHali3 y yaci Mo)ke BUMaraTi 3HauHUX OOUYMCIIIOBAILHUX PECYpCiB Uepe3 CKIaaHi po3paxy-
HKH, 0 BUHUKAIOTh 3 HelmiHilHocTi. Tomy, y [5] npencraeieHo edhekTHBHUIN MijIXi/l, 3aCHOBaHMU Ha JiHilHOMY aHai3i,
IJ1sL IPOTHO3YBaHHA i71ealIbHOTO MOJIOKEHHS A BCTAHOBJIEHHS OMOp TepTs AK 3aMiHM Hepyxomux omop. Kpim Toro,
OyJI0 IOCTIKEHO 3B’ A30K MiXK MOJIOKEHHAMM BCTAHOBIICHHS OMOP TepTA Ta iX e(eKTUBHICTIO B NOTIMHAHHI KOJMBaHb
3a JIOMOMOTOI0 METOly TapMOHiifHOro 30anaHcyBaHHsA. OOUABI METOAOJIOTIT MePeBipAIOTHCA LIIAXOM MOPIBHAHHA OTPHU-
MaHMX pPe3yJIbTaTiB 3 pe3yabTaTaMi, OTPUMAHMMHU 32 IOTIOMOTOI0 aHai3y 3a YaCcOM 3 BUKOPUCTAHHAM Memooy CKiHUeH-
Hux enemenmie (FEM).

3anpornoHoBaHe DOCIiIKEHHS 3 iAeHTH(iKalil MOMEHTIB TepTs B IWApHIpHUX omopax baixu Tumouienka Npyu He-
CTalLliOHApHOMY HaBaHTAXEHHI 0a3yeTbcs HA MOJIEIi TEPTS B LIAPHIPHUX OMOpax NP HECTALiOHAPHUX KOJIHMBAHHAX, Ha-
BeJieHol B po0oTi [6] Ta € il TOTiYHIM MPOIOBKEHHSIM.

Binbmn metanmpHWMIA aHATI3 POOIT MPUCBSIUSHII TOCIIKEHHIO HecmayioHapHo2o oedhopmyearns banok Tumoutenka
a TaKoX iX KOJIMBaHb MpHBeAeHO B poboTax [6 — 9], mpuuomy B pobotax [7, 8] mocmimkyroThCs MPOMiXHI B S3KO-
npyXHi omopu 6aiku THMOIICHKO MPY HECTAL[OHAPHUX KOJIMBAHHAX, a B [9] MOAaTKOBO BpaXOBaHO BIUIMB MAacOBO-
iHepLIiHIX XapaKTepUCTUK JOAATKOBOT B’ I3KO-MPYXKHOI OMOPH.

Po6otu [10 — 12]npucBsiueHO AOCTIIKEHHIO BIJIbHUX KOJMBaHb 6araTornporoHoBux 6anok TuMoiieHka, a B [13]
BUKOHAHO aHaJli3 XapaKTepUCTHK 5K BIJIbHUX, TaK i BUMYIIEHUX KOJMBaHb 6araronporoHoBoi 6ainku TUMoleHko Ha oc-
HOBi mMemoody Pimya.

B kiacuuHiit MoHorpadii [14] po3risgaroTbes KonuBaHHs 1e)OPMiBHUX CHCTEM TPH iMITyJIbCHHUX Ta PyXOMHX Ha-
BaHTaXXCHHAX, BEJIMKA YaCTHHA SIKOT MPUCBAYEHA came OallkaM.

B HacTynHMX po0OOTax YCKIaqHEHHS AOCHTiIKYBAaHUX MOJelel BUKIMKAHO ypaxyBaHHAM OUTbLI CKIIaJHOI reoMeT-
pii 6anok abo BIACTHBOCTAMM Cy4aCHHX CKJIaJIHUX KOMIO3UTHUX MatepiaiiB [15 — 17].YncnoBi Ta ekcnepuMeHTaNbHi
JIOCITIDKEHHS XapaKTepUCTUK Oazamonponimuux (bacamonponimuux | 6azamonpoeconosux) 6anok 3 "meramarepiasis"
onucano B [15]. A B [16] mocnimkyeTbes 3aTyxaHHs XBUJIb 6araTonpoJiTHOT 6aky 3i 3MiHHUMH MOMIEPEYHUMHU Tepepi-
3amu. B po6orti [17] onucaHi reoMeTpUuHO HEJiHiliHI BUMYILICHI KOJMWBAHHS MOBHICTIO 3aKpilIeHUX (yHKIiOHATbHO-
rpajlieHTHUX 0aJoK 3 KilbkoMa Tpill[MHAMH, IO CIIUPAOTHCS Ha TIPOMIKHI MPOCTi ONopH.

['eomeTpuyHO HeMiHiliHI BUMYIIEHi KOJMBAaHHSA MOBHICTIO 3aTUCHYTUX 0araToNnpoJiTHUX OalloK, 10 HECYTh KilbKa
Mac i CruMparoThCs Ha CKiHUEHHY KiJIbKiCTh POCTUX OTop, omnrcaHo B [18].

B po6orax [19 — 21]po3rispatothes 6anku ta miactuiu. Ctartsa [19] cTocyeThest BU3SHAUCHHS HABAaHTaKeHb Y Ga-
raToNpOTrOHOBUX Oankax Ta ruurax. B po6oti [20] nocmimkyroTbes mwapysarti (mamiHoBaHi) cMyru (MOJIOCH) Ta TUIaCTH-
HH, a B [21] onncaHa Teopisi Ta eKCIIEPUMEHT ISl JTaMiHOBaHOT IJIACTHHU MPU yIapPHOMY HaBaHTaKEHHI.

B crarTi [22] onucaHo po3B’A3aHHS HeCTALiOHapHUX MPSAMUX Ta 00EPHEHMX 3anad Ui OaloK 3 MPYKHUM A0IaT-
KOBUM CITUPAHHSIM.

Jani HaBeneHO UK pOOOT, B AKUX POTITHYTO AeopMyBaHHS a00 KOJMBAHHS 0araTomMpoOroHOBHX 0aJIOK ITif Yac
Iii pyXxoMHX HaBaHTakeHb a00 Mac [23 — 31].Bruue Ha GaJiky KiHLEBOI TOBKMHHU pyXoMoi MacH omucaHo B [23]. B po-
6oti [24] nmHamivHa peakilis 0AHO- Ta 6araTONPOrOHOBHUX OANOK i PyXOMHUM HaBaHTa)KEHHSIM JOCIIKYEThCS 3 BUKO-
PUCTaHHAM opmyn OuHamiunoi scopcmkocmi Ta memoody I anvopkina. 3acTOCyBaHHs IHTErpaJbHUX pigHsHb Bonbmep-
pa B IMHaMILi 6araTonporoHoBol 6aiku Penes i Ai€l0 pyXOMOro HaBaHTaXKEHHs omucaHo B [25]. luHamiuHuil aHai3
6araTonposiTHOI Oanku MiJ Ai€l0 PyXOMOT CHJIM BUKOHY€ETHCS 3 BUKOPUCTAHHAM Memody CNeKmMpaibHUX eleMenntie ua-
cmomnoi o6nacmi B po6ori [26]. B crarti [27] ans 6araTonposiTHix Ganok TUMOIEHKa pO3risIIaeThest sl pi3HUX CH-
JIOBUX HaBaHTa)KeHb — Bill CTALliOHAPHOTO HABAHTAXKEHHS O Mac, IO PyXaloThCs 3 MPHCKOpeHHsM. B pobori [28] no-
CIKYETBCS NUHAMIYHA PEaKIlisi MBOKOJIMHUX 0araTorporoHOBUX 3alli3HWYHUX MOCTIB TPH 3aTPUMII B’ i34y APYroro
moi3a. AHaii3 IMHAMIYHOI peakiii 6araTompoTOHOBOI cucmeMu MOCMO-KONIUHOI KOHCMPYKYii T Ti€0 PyXOMHUX Ha-
BaHTaXkeHb HaBeleHO B [29]. B crarti [30] BUKOHYeThCS ineHTH(DiKallis pyXOMOro HaBaHTaXXEHHs Ul B’ S3KOTPYKHHUX
Oarok. 3amada ympapJiHHS BiOpamiero OANOK M pyXOMMMH HaBaHTa)KCHHSIMU 3a JOTIOMOTOI0 HAJTAIITOBAHWX CUCHIEM
Macogoeo inepyitoganns onvcana B [31].

IMocTanoBka 3aga4i. MexaHiuHa cUcTeMa CKIAIAETBCS 3 NPYICHOI I30mponHoi banku cepednvoi mogugunu Tumo-
uienka, MapHipHO-00mepTol mo kpasx (puc. 1). Ha 6anky mocepenvHi mie momepedHe iMmyiabcHe HaBaHTaxeHHS P(t) ,

10 BUKJINKA€ HeCTallioHapHi KonuBaHHA Oanku. [Ipu po3B’ s3aHHI 3a1adi nepeadavaeTses, MO KOOPIMHATH TOYOK MPH-
KJIaJaHHS HAaBaHTaKEHHS HE 3MIHIOIOTHCS POTATOM KOJMBAJIBHOTO TIPOLIECY .
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BBaxaeTbcs, 10 B MAPHIPHUX Omopax BiAOYBAEThCS ducunayis enepeil, ika BUKJINKaHa 0€31I0CEPEIHBO TEPTAM Y
mapHipax, a MOMEHT onopy (TepTs) JiHiliHO MpomopUiiiHKi KyTOBi# INBUIKOCTI TOBOPOTY GaJiky B LIApPHIpi:

dyg; ()
K , 1
i at @)
ne K —xoediuieHTy TepTs B WapHipHux onopax; dy ; (t) / dt — kyToBa WBHUAKICTH MOBOPOTY Mepepizy Oanku B MIapHi-

M, (t) =

pax.
KyT noBopoTy HopMmalti 1o cepequHHO1 JiHii 6ai1ku y rutomuHi XOZ MOKHA 3HANUTH SIK:

1
W) =—[M;Odt. &y
K
TakiM 4MHOM, BIUIMB TePTS B MIAPHIPaX MOAEIIOETHCS 33 JOMOMOTOI0 OAABAHHS IBOX JOJATKOBHX 30CEPEIKEHHX
MoMeHTiB M, (t) i M,(t), ski nmpuknaneHi B miBilf i mpasiit onopax BixmosimHo. 3a3HaumMo, mo MomeHTH M, (t) i

M, (t) momaroTecs y pigsinms depopmyeanis K 30BHIIHI, ane 3rinHO 3 mpemim 3axonom Helomona 1X 3HAYEHHS Tpe-
0a OpaTH 3 MPOTIIICIKHAM 3HAKOM.

M, (?)

M;(?)

Puc. 3 —Cxema HaBaHTa)KeHHS OaJIKu.

MartemaTuyHa Moaelib. BianosinHo no [6 — 9, 14]cucmema oughepenyianonux pignsns y wacmunnux noxionux
151 6ankn TUMoOIIeHKa, sIKa 3 ypaxyBaHHIM BiIIOBiTHAX MIOYaTKOBUX Ta KpalfOBUX YMOB BH3HAYa€ PO3B’ 30K, IO OIH-
cye HecTalioHapHi AeopMaliiiHi mpouecH, Mae BUTIIS;

2 2

G F[Z—\:’—Z—wj = oF ‘;—‘Z’V— Py (% b);
X X t

4)

5 oy

Ox
ne t —ugac; h —roBmmna 6anku; b — mmpuna 6anku; G'= K'TG; k' —koeditient 3cyBy; F =bh — mnoma nonepeu-

_ 9%
+G' F(ax lpj—plil at—z—Mz(x,t),

Horo nepepisy 6anku; | = bh®/12; w — MPOTHH CepeANHHOI IUIOIIMHY OaNky; ¢ —KyT MOBOPOTY; O —YCTHHA MaTe-
piany 6anku; npyxHi noctiitHi: E —Momynb npyxHocti, G —Moaynb 3cyBy, V —koediuieHt [TyaccoHa.
Bkaxxemo, mo Ps (X,t) Ta My (X, t) —cunoBe Ta MOMEHTHe 30cepe/KeHe HaBaHTaKEHHS:

P; (%) = 8(x = %) [P(t); ©)
2

Mz (1) =D 3(x=x;) M (t). (6)
=1

Cuctema piBHSIHb PO3B’ A3Y€EThCSI 32 OMOMOTOI0 PO3KIafaHHs HeBigoMux ¢GyHKUil (mepemilieHs i KyTiB MOBOpPO-
Ty) y BianoBiaHi psou @yp’e. Toni nns xoedilieHTIB po3knagaHHs, Sk GpyHKLilM yacy, MO)KHa OTPUMATH CHCTEMY 3BU-
gaitHuX nTudepeHIlialbHIX PiBHAHB, SKi MOXKHA PO3B’ S3aTH 3 BUKOPHUCTAHHSAM, HATIPUKIIAL, IHME2paibHO20 NepemsaopeH-
Ha Jlannaca [32]. Y upoMy BUManKy Mpy BUKOHAHHI 00EPHEHUX MEPETBOPEHBb PO3B’ I3KU MOXKYTb OyTH MpelncTaBlieHi y
BUTTISLAI inmezpanis [Hioamens (muny 32opmxu), 10 N03BOJISE BUAUINTH aHAJITUYHI BUpA3u IS sep iHTerpalbHUX PiB-
HsHb. JloKITaaHile po3B’ A3aHHs MOAIOHMX CUCTEM PiBHAHB omrcaHo B [6 — 9, 33].

Mpsima 3apava. JletanbHuii po3B’ A30K NPsMOi 3a7avi HaBeIeHO B [6], Ae B pe3ynbTaTi po3B’ s3aHHS CUCTEMH JH-
(epeHLiaTbHUX PiBHAHB (4) 32 HyJbOBUX MMOYaTKOBUX YMOB IS IIAPHiPHO-0MEPTOi OAJIK OTPUMAHO HACTYITHHUMN aHai-
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TUYHWI BUpa3 Ui pyHKILiT IPOTHHIB Ta KyTiB MMOBOPOTY:

_l(jK X t=7) P (r) or +

0

@ (x ) M (2) crj, )

Ot~ Oty

o(=3 [k (B0 s [ K (x e () | ®

0
me K; (X, t) — BIAMOBIHI sApa inmeepanie Jioamens (3ropTok):

Kp (xt)= ic_'gsin(/} kx)[Q‘lﬁﬁ Gin(wy,t) - Q ‘g’kmsir(%kt)] ;
(x1) = zz sm( kx){sin(wlkt)_sin(mz,(t)};

Wik Wy

(x,1) = c2 12 128 ij A . cos A, ){sin(wlkt) _ sin(w2kt)]
h2 k=1 1k Woi

0 C M
W _ kj W . _ W .
Ky (%) = ZA_COS(/]k X)[Q f siwyt) Q% sifwyt) .
k=1 B
V BHIAJIKY 30CEPEIKEHOrO HABAHTAKCHHs (CHIOBOrO 200 MOMEHTHOI0) Gaikil B TOUIL 3 KOOPAMHATOI X; Koedi-

].[i€HTI/I JJIs1 HABAHTAXXCHb MAaTUMYTh BUTJIAL

Cyp=——— 2 sm(/lk )ij— ;mcos(/lkD(j).

oD
V HaBeIeHNX CMiBBiITHOMEHHSX BUKOPHUCTAHI TaKi MO3HAYESHHS:
' 2
=8 = g =nk, a = (9 (ch+ cd) - c2mas ) - amfrcingd
P P |
A2 @2 +cEn2/h? A2 @2 +cEn2/h? Z 2 A2 (67

QY = ay 2 P Qo =y — D Qi =y - ATy ; Qo = Wy = -

Wi Wk Wy Wy

AmnanitTuani BUpa3u AJis1 BU3HAYCHHS BJIaCHUX YaCTOT MAarOTh BUTJIAL:

@ =052 ©F +c2)+ 219 W24 A ) @y =4J0.502 0 +c2)+ cF 19 -

OO0epHeHa 3a1a4a —3HAXOKEHHSI HEBIIOMUX 30Ccepe1KeHMX MOMEHTIB TePTsl B OMopax.
Po3risiHeMO KOHKpETHHIi BUMAIOK 3 OJIHi€r0 30yproBanbHOIO cuiioro P(t) (sika Bimoma) i 1BOMa 10AaTKOBUMU 30-

cepekeHUMH MoMeHTaMu (tepts) My(t) i M,(t) (aki HeBimomi, ame B ubOMy OkpeMoMy Bumamky M 4(t) =
=-M,(t) =M(1)).

w(xo,t):.t[K B (xt-1)P T+ZJ.KMJ Xt=T)M (t)dr. 9)

_1 0
[Micns nuckpetn3anii Bupa3y st MPOTMHY MOYKHA 3aMMCaTH HACTYTIHY CHCTEMY PiBHAHb y MAaTPHYHOMY BHTJISIL
AP+A M, +A, M ,=w ;
1 TA I (10)
M 1 = _M 2-
OCKiNbKU pO3MIISIA€THCS BUMAAOK CUMETPUYHOTO PO3TALyBaHHSA ONOP BiIHOCHO 30BHIIIHBOTO HABAHTAXKEHHS, TO
3 ypaxyBaHHsiM M (t) = -M,(t) = M(t) cucremy (10) MoxHa 3anHCATH TAKMM YHHOM:
{AlDS/I1+A ;M ,=w -A B;
M 1 = _M 2 :M .
[pu upoMy KiNlbKiCTh HEBIIOMHX B CHCTEMi MAaTpUYHUX piBHAHD (11) 3MEHLIMTHCS DO OJHOTO i 11 BUMIISA CHPOC-
THTBCSI 10 OTHOTO MaTPUYHOTO PiBHIHHS (IO €KBiBaJICHTHO PO3B’I3aHHIO OIHOTO iHMe2paibHO20 pieHsHH Bonemeppa
1 pooy):

11)

(A-A,)IM =w-A[P. (12)
SAxwmo nosHaunty Ay =A;—A, Ta w =w-A[P, 10 MatpuyHe piBHAHHA (12) MOKHa 3alMCAaTH Y HACTYITHO-

My BHTJISII:
*
AyM =w . (13)
TakuM 4MHOM, PO3B’ A3aHHs 00EPHEHOI 3aaui 3BOUTHCS 10 PO3B’ SI3aHHS OJTHOTO iHTErpalibHOTO PiBHIHHS Bolb-
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Teppa | pofy, sike micisl IUCKpeTH3allii 3BOJUTHCS 10 OJHOTO MaTpUYHOTO piBHAHHA (13)BiZTHOCHO HEBiTOMOTO MOMEH-
Ty TepTs B onopax M . BxasaHna 3afaua € nekopekmuor 3a Adamapom, TOMy 110 HE MAa€ €IUHOTO CTIKOIrO pO3B’A3KY.
Jnst oTpuMaHHs HAOIKEHOTO PO3B’ sI3Ky 00epHeHoT 3a1aui BIiTHOCHO MOMEHTY TepTs B ornopax M OyB BUKopucTaHWi
memoo pezynsapuzayii Tuxonosa. BignoinHO 10 HbOro MarpuyuHe piBHAHHA (13)3BOANTHCS 10 HACTYITHOTO BUTIIALY:

(AwTAu +a@)m =A W7, (14)
ne C —cuMmeTpuyHa TPhOXiaroHallbHa MaTpULLd; O — HapameTp peryspusaLii.
[Micns BinnoBigHUX mepeTBopeHb piBHAHHA (14) no3Boinsie otpuMaTy HOPMYITy I BUSHAUYCHHS MOMEHTY TepTS B
onopax M :
M=(ayTAy +arc) m,Tw . (15)
TakuM 4WMHOM, B pe3yJibTaTi PO3B’A3aHHSI MAaTpUYHOro piBHAHHA (15) po3pobiieHa MeToMKa NO3BOJISE MPH Bimo-
MOMY 30BHIITHbOMY HaBaHTaKE€HHi P(t) Ta MPOTHHY B OJHIiN Touli 6anku W(X, t) BU3HAYHMTH 30cepeKeHi peaKTUBHi

MoMeHTH B onopax M; (t) 3 ypaxyBaHHSM TepTs.

OO0uuca0BaILHUI eKclmepuMeHT. Y poOOTi BUKOHYETbCS MAaTeMaTUYHMI PO3paxyHOK, SIKMH MOMENOE€ BU3HA-
YeHHs] MOMEHTY omopy (TepTs) B IapHipHUX omopax s 6anku TuMmoleHka (puc. 3) mig yac HecTaliOHApHOTO HaBaH-
TaXKEHHS.

[Tpn o6umcaroBaIbHOMY €KCIIEPHMEHTI MPOTHHU HE BHUMIPIOBAINCH HA pealibHill Oallili, a BU3HAYaJINCh 3 pO3B’ -
3aHHA NpsiMoi (TecToBOI) 3aaui, y sKiit 30yproBanbHe HaBaHTaxeHHs P(t) 3amaBanock. Sk BuximHi maHi (puc. 4) Buou-

pasticst 3HaYeHHS! TPOTUHY B MEBHIiN TOULI, sIKi OyJIM B3ATi 3 po3B’ sI3Ky NpsAMOT 3a1aui.
[pu npoBeneHHI 00UUCITIOBAILHOTO eKCIIEPUMEHTY OyJia JoCiiipKeHa mapHipHo obmepra 6aika (puc. 3), 1o 3Ha-
XOIMTBCA T[] Ji€f0 30BHIIIHHOIO HECTALIOHAPHOTO HAaBaHTaKEHHS Ta Ma€ HACTYIHI reoMeTpHUYHi Ta (i3uvHi mapamer-

pu: p= 7890kr/m°3 ;v=03; E= 2.07(10Ma (3HaueHHs BiAMOBiNAIOTH JieroBaHiit crasi); nosxuHa 6anku | = 0.8 M,
mupuHa b= 005 M, TopmuHa h = 0025 M; koOpAMHATA TOYKH NPUKIAJEHHS 30BHILIHBOTO HaBaHTaXeHHA X, = 0.4m
(po3ryIsiHYTO BUMAM0K CUMETPUYHOTO MPHUKIIAJAaHHS 30BHIIIHBOIO HABAHTAXKEHHS BiJHOCHO OTOP); 3HAUeHHs KoedilieH-
Ty JiHiiHO-B’ s13k0r0 nemrgyBanas K =10 HIm[c. Po3paxynku BukoHyBanucs 3 ypaxyBanHsiM 100uneHiB y Biamosi-
IHUX psagax Oyp’e.

30BHIilIHE HecTalioHapHe HaBaHTaxkeHHs P(t) mpuknaganocs 10 6anky B TOYLI 3 KOOPAUHATOIO X, Ta MOJEIIOBA-
JIOCs y BATIISINI IMITyJIbCY, IO TIOKA3aHWH Ha puc. 4.

15

100

0 0.01 0.02 0.03 0.04 0.05
t
1

Puc. 4 —30yproroua cuna P(t) .

3Hauenns mporuny W(t) B Toulli 3 KoOpaMHATOI X, (Tl HaBaHTaxeHHAM) GyNO B3ATO 3 PO3B’A3KY BiAMOBiIHOT

npsimoi 3amaui (puc. 5 —depBoHa kpuBa). [l MOJEIIOBaHHS MOXUOOK y BUXiTHUX NaHHX, SKi BUHUKAIOTh TPH MPOBE-
JEHHI HATypHOTO €KCMEPHMEHTY, Ha IO 3aJIeXKHICTh OyB HaKJIaAeHWl «urymM», SKWil U BUMAAKOBUX MPOLECiB 100pe
MOJIETIIOETBCS 3AKOHOM HOPManbHO20 po3nodinenns 'ayca (puc. 5 —dopHa kpuBa). Lis 3anexHicTs Oyna po3paxoBaHa B
nonatky MathCAD 3 BukopucTaHHsIM BOYIOBaHOT (DyHKIT [UTsi HOPMaJIBHOro po3moAiny ['ayca rnorm BimmoBigHo oo

¢dopmymnu:
W (t) = w(t) +rnorm(,0, d W, ) (16)
ne O — piBeHb IyMy abo BiIHOCHA MOXHOKa, IO ckiamana 5%; W, — BEIMYHHAa MaKCHUMAaJbHOTO MPOTUHY OajKu B

JOCIiIKYBaHil TouLi
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Puc. 7 —MomeHTH TepTs B LIapHipHUX OMOpax OaKH.
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PesynbraTit uncenbHUX pO3paxyHKiB — iAeHTH(IKOBaHI 30cepeKeHi MOMEHTH TepTS B MIAPHIPHUX OMOpax Oaiku —
HaBeJeHi Ha puc. 6 — 7.
Ha puc. 6 mokazani momentn Tepts M, (t) (uepBona kpmBa) Ta M, (t) (cwHs kpuBa) 3HaifneHi B pe3ynbTaTi po3-

B's3aHHA TMPAMOI 3a1avi, a Takoxk MoMeHT Teptss M (t) (dopHi Toukm), sikuit OyB iZeHTHU(iIKOBaHUIA 3a BiTOMUMH 3HA-

YEHHAMH MPOTUHY W(t) (puc. 4 yepBoHa KpuBa), B3SITUMHU 3 PO3B’ A3KY MpsAMOI 3a1aui. MokHa criocTepiraty, mo KpuBi
M, (t) Ta M,(t) € 13epkabHO CUMETPUYHUMH BiZIHOCHO TOPU3OHTAJIBHOT OCi, 110 € HACIIAKOM CUMETPUYHOI ITOCTaHO-
1 2

BKH 3a1a4l.
3a3HauMMo, 10 ineHTHudikoBaHMit MOMEHT TepTs M (t) mpakTudHO chiBmagae 3 MOMeHTOM TepTst M, (1), mo cBin-

YHTH TPO e(EeKTHBHICTH po3pobieHoro Metony ineHTrdikawuii. [Tpu 3actocyBanHi 10 piBHsHHA (13) npouemxypu peryins-

pu3allii 3a I0OMOTOI0 Memody Hes' si3ku 0yno o0paHO MmapaMmeTp peryispuzaiii o = 10, mo s 1aHOi MOCTAHOBKH
3a7a4i € OJM3bKUM 10 onTUMaibHOro. CIlif 3a3HAuYWTH, IO TIPU PO3B’ A3aHHI KOPEKTHOI 3a1adi po3paxyHKOBHH ajro-
PHTM BUJA€ HyJbOBE 3HAUCHHS mapameTpa peryisipusauii (a = 0).

IepcnekTHBH MOJANBIINX A0CTiBKeHb. ABTOPH BBA)XAIOTh MEPCMNEKTUBHUM MPOBEICHHS HATYPHUX €KCIeprMe-
HTaJIbHUX JOCHiIKEHb 3 BU3HAUSHHS MOMEHTIB TepTs B LIAPHIpPHUX onopax GakH.

Bukinkae iHTepec BU3SHaY€HHSI MOMEHTIB TEPTS B IApHIPax 3 Pi3HOIO BEIMYMHOIO OTIOPY B JIBiH i mpaBiit omopax.

Po3pobennit MeTon ineHTHdikalii MOMEHTIB TepTs B LIAPHIPHUX OMOpax MoXke HaOyTH MOAAIBIIOrO0 PO3BUTKY
JUTs OITbII CKITAIHMX CXeM HaBaHTa)KeHHS MIApHIPHO oOmepTHx 0aJioK, a TaKoX Ul iHIINX BUJIB €JEMEHTIB KOHCTPYK-
L.

Takox y MOJaNbIINX AOCHTiIKEHHIX MOXIIMBO N0 aHaJoTii 3 [34] BUKoHaTH po3B’ si3aHHS 3a1adi TaciHHs KOJIMBaHb
6anku TUMOILIEHKa 3a JOMOMOrOK0 MOMEHTIB TepTs y IapHipHUX onopax. [Ticas uporo 3’ sBUThCA MepcleKTUBa Po3B’ A-
3aHHA 3a/adi yNpaBJliHHA HECTALliOHAPHUMH KOJMBAHHSIMH 32 JOTIOMOTOI0 TMHAMIYHO KEPOBAaHMX MOMEHTIB TepTd y
LIapHipax.

BucHoBkH. B po6oTi po3pobiieHo MeTon ineHTrdikalil MOMEHTIB TepTs B LIapHipHUX onopax Oanku TumonieHka.
Posrisnanacs cxema HaBaHTa)XEHHS OaJKM NIPH CUMETPUIHOMY PO3TALIyBaHHI OMOpP BiAHOCHO TOYKH TMPHKIIAJaHHS He-
cTaLjioHapHOT 30cepekeHol cuiIy. neHTudikallis npopoauIack 3a NPOrMHOM MEBHOT TOUKHM OaJKM K (YHKLIEO yacy.

[IpoBenennit uncenbHNIT €KCIIEPUMEHT Ta CITIBCTABJICHHS PE3yJbTaTiB pO3B’sA3aHHA MpsAMOi Ta oOepHEHOI 3amadi
Moka3aB e()eKTUBHICTb pO3POOIEHOr0 METOMY MPHU BiIHOBJIEHHI MOMEHTIB TepTA B IIAPHIPHUX OMOpax MpH HecTallioHa-
pHOMy HaBaHTakeHHi. [IpoBeneHo mocmimKeHHS BIUIMBY MOXMOOK BHUMAIKOBOTO XapakTepy Ha piBHI 5% y BuXigHMX
IDaHuX (IUisl IPOTHHY K (YHKLUIT Yacy) Ha pe3ynbTaT ineHTudikanii. Pe3ynsTaTn po3paxyHKiB Mokasany, Mo po3pod-
JeHni MeTox ineHTH(iKamii, 3aCHOBaHWI Ha BUKOPUCTAHHI MeTOAy peryispmsaiii TuxoHOBa, I03BoOJsi€ e(PEeKTUBHO
OTpHUMaTH CTiliKHii po3B’ 30K BiIMOBiHOT 00epHEHOI 3a/1aui HaBiTh Oe3 MornepeIHbOT 00POOKH BUXiTHUX JaHHX.
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V. A. VOSKOBOINICK, O. A. VOSKOBOINYK, A. V. VOSKOBIINYK, A. G. KHARCHENKO,
D. V. TRUDENKO

FEATURES OF WAVE TRANSFORMATION BY A PERMEABLE BREAKWATER

The influence of the permeability of a breakwater on the wave transformation is studied. It is assumed that the vertical breakwater, in contrast to an
absolutely rigid one, is characterized by a finite permeability and can absorb the energy of incoming incident waves. In this regard, the propagation of
surface gravity waves in a rectangular coordinate system is investigated. Traditional realized examples of wave energy selection and their
mathematical analysis are given. From the law of conservation of energy upon reflection from vertical walls follows the dependence for the reflection
coefficient as a function of the transmission coefficient. The results of experimental studies of the propagation of surface gravity waves and their
interaction with absorbing walls are presented. The dependences of the coefficients of reflection and transmission of the wave, as well as the
coefficients of dissipation of wave energy depending on the permeability of the vertical wall, the depth of the flow, and the length of the incident wave
are obtained. The integral and spectral characteristics of the wave field and pressure fluctuations on the streamlined surface of a permeable breakwater
are presented.

Key words: wave transformation, permeable breakwater, numerical and physical simulation, wave reflection and transmission, wave energy
dissipation.

B. A. BOCKOBIHHHK, O. A. BOCKOFOHHHK, A. B. BOCKOBIHHHK, A. I XAPYEHKO,
JI. B. TPYJIEHKO
OCOBJMBOCTI TPAHC®OPMAIIIL XBHJIb IPOHUKHUM XBUJIEJIOMOM

JlociimKkeHo BIUIMB IPOHUKHOCTI XBUIIEIOMY Ha TpaHchopmarito xBuii. [lepenbadaersbes, M0 BEPTHKAIBHUME XBUICIOM, Ha BIIMIHY BiZ aOCONIOTHO
JKOPCTKOT0, XapaKTePU3Y€EThCs KiHIIEBOIO MPOHUKHICTIO 1 MOXKE MOIJIMHATH €HEprilo Hadiralounx XBWIb. Y 3B’A3KY 3 LIUM JOCIIJHKEHO MOLIMPEHHS
MOBEPXHEBUX TPaBITAIlIHUX XBHIb Yy NPAMOKYTHIH cucTemi koopauHat. HaBeneHo TpaaumiiiHi peani3oBaHi NpHKIaau BinOopy eHeprii XBmi Ta ixX
MaTeMaTHYHUN aHami3. I3 3akoHy 30epe)keHHs eHepril Mpy BigOMBaHHI BiJl BEPTUKATIGHUX CTIHOK BHUILIMBAE 3aJEXKHICTD U1 KoedilieHTa BiAOHTTS K
¢dyHkuii koedinieHTa npoHUKHEHHS. HaBeneHo pe3ynbTaTu eKCIIepHMEHTAIBHUX JOCTiIKEHb IOMIUPEHHs TOBEPXHEBUX IPABITAlilHUX XBMIIb Ta iX
B3a€MOJII1 3 MOMIMHAYUMHU CTiHKaMU. OTPUMaHO 3aJIeKHOCTI KOS(ili€HTIB BiIOUTTS 1 MPOHUKHEHHS XBHJII, a TAKOXK KOS(ILIEHTIB TUCUIIAL] eHeprii
XBWJI B 3aJICKHOCTI Bill MPOHUKHOCTI BEPTUKAIBHOI CTIHKH, TTMOMHH ITOTOKY i JOBXHHHU MOYaTKOBOI XBmili. HaBeneHo iHTerpanbHi Ta CrieKTpaabHi
XapaKTEPUCTUKH MOJISI XBUJIb 1 KOJIMBaHb TUCKY Ha OOTIUHIN MOBEPXHI BOJONPOHUKHOTO XBUIIEIIOMY.

Kuro4osi ci1oBa: TparchopMaist XBHIIb, TPOHUKHUN XBUJIEJIOM, YHCEIbHE Ta (i3nYHE MOJCIIOBAHHS, BIIOUTTS Ta IPOHUKHEHHS XBUJIb, AUCH-
st XBHJIbOBOI eHepril.

Introduction. Coastal regions play an important role in the economic development of many countries of the world.
In these regions, construction and operation of a large number of hydraulic structures, berths, zones and recreation
centers is carried out. The main problem for the development of these regions and coastal waters is the protection of
coasts, harbors and maritime infrastructure. Means of protection should be highly effective, increased environmental
safety and should be the most reliable and, if possible, cheap. There are many types of coastal defense structures. These
are dams, groins, berms, breakwaters and artificial beaches, bays, harbors and others. Protective structures of active,
passive or complex type of action fully or partially protect coastal structures and the coastal zone [1 — 3]. These
structures are built in the form of solid, discontinuous and permeable walls, inclined dams and breakwaters, submersible,
floating and structures protruding above the sea surface. Depending on the type of structure, its location in the sea area,
the principle and mechanism of action, the wave field is partially or completely reflected from the structure, transforms
and penetrates through it, reducing wave loads on the protected objects. Coastal protection structures affect the
movement of bottom sediments, change the circulation of the coastal current and the ecological situation in the protected
water area. Breakwaters and dams are the most widely used coastal protection structures. Breakwaters are installed
parallel or perpendicular to the shore to ensure safe navigation in the harbor and protect the coastline from erosion.
Dams are built along the coastline to protect the coastline, reduce coastline erosion and the impact of surges and waves
on coastal infrastructure.

The effect of hydrodynamic pressure on the wall of the breakwater and oscillations of hydrostatic pressure lead to
significant loads on the structure. These structures are made massive and strong with large capital investments to
withstand such loads [4]. Environmental restrictions and the increasing cost of building of protection structures, such as
vertical or inclined breakwaters, require consideration of alternative solutions to traditional full protection structures. To
overcome the above problems, permeable breakwaters are used [5, 6]. Such breakwaters reduce the reflection of
incoming waves relative to a solid vertical wall, provide partial passage of waves of an acceptable level into the
protected area, and also allow the exchange of liquid between the open sea and the protected area. In addition, permeable
walls allow marine fauna to move freely and form currents between piles that affect the movement of bottom sediments
and pollution on the surface of the protected area. This significantly improves the ecology in the vicinity of permeable
walls.

There are several points of view on the assessment of the interaction of waves with vertical solid and permeable
breakwaters. One of them is the potential flow method, which is based on the calculation of the potential function for the
corresponding boundary conditions [4, 7]. This method is based on the equations of conservation of energy, momentum
and mass. In this theory, the wave load on the structure is determined by the maximum horizontal velocity of the fluid
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flow through the slots and pores of the structure with the high pressure gradient. Another method is based on the
principle of head loss as fluid flows through the structure [8, 9]. Wave propagation and diffraction studies are presented
in [10, 11]. The work [12] considers the selection of wave energy. The finiteness of the perturbation propagation
velocity is studied in [10]. General methods for studying wave propagation and diffraction are given in [10]. The
hydrodynamic characteristics of fully and semi-submerged vertical slotted breakwaters or walls have been theoretically
and experimentally researched in works [13 — 15]. Horizontal permeable breakwaters have been studied in works [16,
17].

Wave reflection and transmission also dissipation of wave energy are the main hydrodynamic parameters of the
efficiency of any breakwaters, including permeable breakwaters, which are used to protect sea coasts and coastal
infrastructure. It should be noted that the breakwater works well when its ability to reflect waves and dissipate wave
energy is high [18, 19]. In this case, the transfer of wave energy to the protected water area becomes minimal. Therefore,
the study of the characteristics of reflection and transmission of waves, as well as the dissipation of wave energy in
theoretical and experimental researches, are important and extremely relevant for understanding the effectiveness of
breakwater structures [4, 10].

The purpose of the work is to study the features of the interaction of gravity waves with permeable breakwaters and
to evaluate the effect of vertical slotted walls on the transformation of wave energy.

Formulation of the problem. The presence of a free surface ensures the application of an incompressible fluid
model with good accuracy. Disturbances on the surface of the water propagate mainly due to the extrusion of the liquid,
and not due to its dilatation (expansion-compression). Therefore, the vast majority of researches are based on potential
theory.

Let us assume that the liquid, bounded by the free surface and the bottom, is oriented in a rectangular Cartesian
coordinate system x, y, z , as shown in Fig. 1 for a section by a plane y = 0. It is assumed that the liquid is subject to the

action of the mass forces of the gravitational field F = pgé. , where p is the density of the liquid; g is the acceleration

of gravity; €, is the unit vector.

-_.-""T] ] k X

/%W

Fig. 1 — Geometry of the problem.

The free surface of a fluid at rest in an unperturbed equilibrium state occupies position z =0, and the bottom
surface is described by the equation -=2z H )(gg . The fluid can be unlimited, partially or completely limited in
the direction of coordinates x, y. We will assume that the fluid is inviscid, incompressible, its motion is irrotational,
and surface tension forces are not taken into account on the free surface. If waves arise on the surface of an initially
at rest liquid, then they can be considered irrotational, neglecting the forces of viscosity, with a sufficient degree of
accuracy. This follows from the Helmholtz theorem: the circulation along a closed curve is constant in time.

Under these assumptions, the wave motions of the fluid are described by the velocity potential ~ Jf¢, ywhich

satisfies the Laplace equation
) O D9 P9 g
Vip=—F+—+—=0, v=Vep (1
ox® oy 0Oz
in the area Q
xs(y, Z)Sx<oo, —0< y<oo, —H(x, y)SzSn(x, ¥, t).
The velocity potential must satisfy the following boundary conditions on the free surface:
— kinematic condition
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0, 2)

— dynamic condition

— bottom condition
0, 4)

— initial conditions
o(x, . z, t)|,:0 = fi(x, . 2),
o(x, y,2,1) S

o =f2(x7 y,Z).

t=0

Here ¢ is the time, 77(x, v, t) is deviation of the free surface, v is velocity vector, V is gradient operator,
- .0 _. 0 _ 0 L . . L .
V=¢,—+é 6—+e , x° ( v, t) is line of intersection of the free surface of the liquid with the shore,
F(x, 1), fi(x, y,z) and f,(x, y, z) are given functions, F(x, y, z)=0 everywhere, except for the region
where surface perturbations are given.

The above statement (1) — (5) refers to the case when at the moment of time ¢ =0 a disturbance is created on the
surface of the liquid in the area D and it is required to determine the subsequent movement of the liquid, in particular,
the shape of the free surface z = 77(x, v, t) and the components of the velocity vector must be determined.

Let us now assume that the components of the velocity vector v, the deviation of the free surface 7 and the

corresponding derivatives are small quantities, the squares and products which can be neglected compared to the linear
terms. In this case, equations (2) and (3) are simplified and take the form

on _op op
—L_Zr -y +—=0 at z=0. 6
o oz o T ©)
If we exclude from these equations 77, then we can obtain the condition
2
LU ae— (7
0z g o

Solution of the specific problems within the framework of the above model (1) — (5) presents great difficulties. The
above statement of the problem can only pretend to approximate correspondence to real wave processes.

Wave propagation in the shallow part is not considered, but approximations are applied that are based on the
smallness of the ratio of the vertical scale, namely the depth H = H_,, to the horizontal scale / (in the case of regular

waves, this is the wavelength / = 1) [20].
The average energy flux per unit length of the wave crest that passes through a fixed vertical surface parallel to the

crest is [21]
2

1t+T77 14
Fcp:?_[ L p7+p+pgz udzdt, ()
t

or taking into account the Bernoulli equation, in which it is assumed that the function f (t) is included in O0¢@/ Ot , then

from (8) we obtain

lt+T776(pa(p
Fo=-p~ [ [LLar. 9
? pT-!-_J;atﬁxZ ®

This formula is suitable for any irrotational wave motion, which is either linear or non-linear. In the case of a linear
periodic progressive wave, we have

wchk (d +z )
=—g————-*cos(wt —kx). 10
O shid ( ) (10)
Substituting (10) into (9) and neglecting some terms of higher orders, we obtain in the case of infinitely deep water

1 2 gT
Fy |daoo:Zpga Py

and in the case of shallow water
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1
Fy lyso=—pga’gd .

2
From the above expressions and the expression for the wave energy, one can obtain the propagation velocity of the
wave energy [22]
F 1 2
Ug=—2=—c,|1+ kd , (11)
o 2 sh2kd

c
where ¢, is the phase velocity. From (11) it follows that U = 71] for infinitely deep water and U, =/gd for shallow

water. This means that in deep water the energy propagates twice as slowly as the wave itself, and in shallow water at
the velocity of the wave itself.

The energy of the incident wave field is equal to the sum of the energy of reflected waves and the energy of
transmitted waves in accordance with the law of conservation of energy in the absence of absorption of wave energy by
a vertical permeable wall. This is characterized by the reflection &, and transmission k, coefficients of the wave. The

coefficient k, is the ratio of the energy of the reflected wave to the energy of the incident wave, and the transmission
coefficient k, is the ratio of the energy of the transmitted wave to the energy of the incident wave. In this case, the wave
transmission coefficient characterizes the resistance of the absorbent material. It follows from the law of conservation of

energy that \/kf + kt2 =1 under appropriate normalization.

Methods of experimental research. Experimental researches were carried out in a wave channel with a length of
about 50 m, a width and a depth of 1 m. The water level in the channel varied from 0.5 m to 0.7 m. The channel was
equipped with a shield generator of waves and an inclined wave absorber (at the end of the channel). Inside the channel,
at a distance of about 40 m from the wave generator, permeable breakwaters were installed in the form of vertical slotted
walls on a flat sandy base 0.2 m thick (Fig. 2, a). Thus, the water level at the location of the investigated breakwater
varied from 0.3 m to 0.5 m. The side walls of the channel were made of glass for visual studies.

Fig. 2 — Experimental stand (a) and piezoresistive wave height sensors (b).

The experimental stand was equipped with control and measuring equipment, a system for processing and
analyzing experimental data. Piezoresistive wave height sensors were installed along the longitudinal axis of the channel
in front of the slotted wall and behind the wall (Fig. 2, b), and miniature piezoceramic pressure fluctuation sensors were
located on the streamlined surface of the slotted wall. The pressure fluctuation sensors were installed flush with the
streamlined surface of the slotted wall and recorded the wave pressure that acts on the breakwater as a result of the wave
load. In addition, during the experiments, vibrations of the experimental setup and slotted walls were recorded using
piezoceramic accelerometers.

Simultaneously 8 wave height sensors, among which traditional capacitive sensors were used, as well as specially
designed and manufactured piezoresistive sensors [23, 24] were used in the experiments. Highly sensitive differential
piezoresistive pressure sensors were vibrothermo compensated. In these sensors, sensitive elements based on
microelectronic technology were applied to a thin quartz membrane, which bent under pressure, and the piezoresistive
elements changed their resistance. Amplified electrical signals were fed to multichannel analog-to-digital converters.
These sensors were installed in thin-walled tubes (Fig. 2, b), the lower ends of which were placed in water. Under the
influence of wave motion, the water column in the tubes changed and caused pressure oscillations inside the tubes,
which were recorded by piezoresistive sensors. The sensors had a resolution of up to 0.2 Pa or 0.02 mm of water column.
These sensors recorded both static and dynamic pressure. Piezoresistive wave height sensors were calibrated by both
absolute and relative methods.

The electrical signals of the wave height and pressure fluctuation sensors were amplified, filtered by appropriate
equipment, and fed to 16-channel analog-to-digital converters, which were connected to computers or recorded on 4-
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channel tape recorders. Processing and analysis of the experimental data were carried out on specialized one- and two-
channel spectrum analyzers and personal computers. Universal and special algorithms and programs of probability
theory and mathematical statistics [25] were used in the process of data processing and analysis.

The experiments were carried out with single-row slotted walls of different permeability, which were located inside
the wave channel parallel to the front of regular waves (Fig. 3). Vertical cylinders with a diameter of 0.05 m, between
which gaps were made, formed slotted walls. The permeability of such walls (the ratio of the area of the slots to the area
of the wall) varied from 0 % (solid wall) to 60 %.

Fig. 3 — Single-row cylindrical models of breakwaters with the permeability of 20 % (a) and 50 % (b) inside the wave channel.

The visualization of the wave motion and the features of the formation of jet and vortex flows between the
cylinders of the slotted wall and in the vicinity of the wall itself was carried out using colored dyes and inks. The ink
was introduced into the flow by means of miniature tubes and the ink movement trajectories were recorded by digital
cameras and video cameras. Video and photographic material was sent to a specially created computer graphics station,
where it was processed and analyzed using special programs [26 — 28].

Research results. The results of visual studies made it possible to evaluate the features of the wave motion, its
interaction with permeable breakwaters, and to determine the spatio-temporal characteristics of the reciprocating motion
of the fluid between cylinders of the slotted wall. So, Fig. 4 shows photographs of wave formation in the vicinity of
slotted walls with a permeability of 20 % and 50 %.

Fig. 4 — Wave heights in front of single-row slotted breakwaters and behind them with the permeability
0f 20 % (a) and the permeability of 50 % (b).

Studies have shown that an intense wave motion is formed in front of the slotted walls, depending on the modes of
wave motion, the design and permeability of the breakwaters. It was found that behind the walls the height of the waves
is much less than in front of them. The initial, reflected, standing and transmitted waves are observed on the wave
surface in different time intervals. These waves interact with the permeable wall, generate wave pressures on the
streamlined surface and alternating loads on the wall.

It is known that the efficiency of breakwaters or vertical walls, which are operated as coastal protection structures,
is determined by the features of the formation of waves reflected and passing through the breakwater, as well as the
ability to absorb or dissipate wave energy by the breakwater. The efficiency of such structures is determined by the
coefficients of wave reflection (%, ), wave transmission (%, ) and wave energy dissipation (%, ). The determination of
these coefficients in the research was carried out by measuring the wave heights in front of and behind the permeable
breakwater.

The height of the reflected wave was determined by two methods. The first method is to determine the height of the
reflected wave using two wave height sensors, one of which was at a wavelength distance (A ) from the breakwater, and
the other at a distance of 1.25 A4 from the breakwater. The first sensor measured the wave height ( 4, ) at the antinode of

the standing wave, which is formed as a result of the interference of the incident wave and the reflected wave. The
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second sensor measured the wave height ( 4, ) at the node of the standing wave (Fig. 5, a).
The height of the incident wave was determined as

h,, +h
ho=—an 16
: 5 (16)
and the height of the reflected wave was determined as
h, —h
ho=lanTn 17
. 3 (17)
Hence, the wave reflection coefficient was determined as
—h
k, :h—’:—h"” n, (18)
hi han + hn
. 80 05 10 15 207 rad 25
a b '

Fig. 5 — Schemes for determining wave heights by the two-point method (a) and the one-point method ().

Along with the two-point method, a one-point method was used to determine the height of the reflected wave from
measuring the height of a standing wave by a wave height sensor, which was located along the axis of the wave channel
in front of the breakwater at a distance of more than one length of the incident wave. At the same time, the height of the
incident wave was measured in test studies of the operation of the wave generator in the absence of a breakwater inside
the wave channel and the presence of wave absorption by wave absorbers. The height of the reflected wave was
determined by subtracting the height of the incident wave from the height of the standing wave, as shown schematically
in Fig. 5,b. Such a representation is possible when a standing wave is a superposition of the incident and reflection
waves, which have the same period and transfer velocity (velocities are oppositely directed). As a result, the velocity of
the standing wave in the longitudinal direction is zero and the standing wave performs only vertical oscillations. For this
method of determining the reflected wave height, the wave reflection coefficient was determined as

k,=—-. (19)

The wave reflection coefficients depending on the permeability of the slotted walls and relative depth are shown in
Fig. 6.
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Fig. 6 — Wave reflection coefficients depending on the permeability of the breakwater (a) and the depth (b).
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Fig. 6, a shows the measurement results of the wave reflection coefficients depending on the permeability of the
slotted wall for various depths, which are normalized by the wavelength (H /A ). Curve 1 was measured for relative
depth H/A=0.03; curve 2 was measured for H/1=0.06; curve 3— H/A=0.11; curve 4 — H/A=0.16; curve 5 —
H/A=0.22;curve 6 H/A=0.30 and curve 7— H /A =0.42 . The research results show that with an increase in the
permeability of the slotted wall, the wave reflection coefficients is monotonically decreased. In this case, the rate of
decrease in the coefficients is higher for walls of low permeability. A solid breakwater completely reflects the original
wave and the wave reflection coefficient for such a breakwater &, =1. As the dimensionless depth (H /A ) increases,

the wave reflection coefficients increase, as shown in Fig. 7, a. At the same time, the rate of increase in the coefficient
k, is much higher for a slotted breakwater of low permeability than for a breakwater of high permeability.

The measurement results of the wave reflection coefficients by the vertical slotted wall depending on the relative
depth for different breakwater permeability are shown in Fig. 6, b. Here, curve 1 was obtained for the solid wall with
permeability A =0%; curve 2 was measured for the wall with permeability A =10 %; curve 3 — for A =20 %; curve 4 —
for A =30%; curve 5 — for A =40 %; curve 6 — for A=50% and curve 7 — for A =60%. The research results show
that the changes in the wave reflection coefficients have the opposite trend to those observed in Fig. 7, a. So, for shallow
water conditions or very long waves, the wave reflection coefficient tends to zero. With increasing depth or decreasing
wavelength, the coefficient &, increases. The rate of increase of this coefficient is higher for the slotted walls of low

permeability than for the walls with higher permeability. In deep water H /A > 0.3, the heights of the reflected waves
relative to the incident wave are higher than for the conditions of wave motion in shallow water. The waves are
completely reflected from the breakwater for the solid wall A = 0% and the reflection coefficient takes the value &, =1
regardless of the depth or wavelength.

The transmitted wave height (%, ) was measured by wave height sensors behind the permeable breakwater at a

distance greater than the incident wave length, and the wave transmission coefficient was determined as
k,=—+. (20)

The wave transmission coefficients are shown in Fig. 7 depending on the permeability of slotted walls and relative
depth. Fig. 7, a shows the results of measuring the wave transmission coefficients depending on the permeability of the
slotted wall for various depths, which are normalized by the wavelength (H /A ). Curve 1 was measured for relative
depth H/A4=0.03; curve 2 was measured for H/41=0.06; curve 3— H/A=0.11; curve 4 — H/A1=0.16; curve 5 —
H/21=0.22;curve 6— H/A=0.30 and curve 7 — H/A=0.42. As the results of the study showed, the nature of the
change in the wave transmission coefficient has the opposite trend with respect to the change in the wave reflection
coefficient. It has been established that the wave transmission coefficient is increased with an increase in permeability
and a decrease in depth or an increase in wavelength.
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Fig. 7 — The wave propagation coefficients depending on the permeability of the breakwater (a) and the relative depth (b).

Changes of the wave transmission coefficient are shown in Fig. 7, b depending on the relative depth for different
permeability of the slotted wall. Curve 1 was obtained for the solid wall with permeability A =0%; curve 2 was
measured for the wall with permeability A =10 %; curve 3 — A =20 %; curve 4 — A =30%; curve 5 — A =40 %; curve
6 — A=50% and curve 7 — A =60 %. The wave propagation coefficient is decreased with increasing relative depth and
with increasing breakwater permeability. When the breakwater is a continuous vertical wall (A =0 %), then the wave
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does not transmit into the protected water area (k, =0).

The physical processes that occur during the interaction of waves with permeable protection structures have a big
influence on the values of the reflection and propagation coefficients of the wave, as well as on the relationship between
them. When a breakwater is installed in the marine environment, significant changes in the wave field occur.
Interference, diffraction and transformation of waves are observed, reflected and transmitted waves are appeared, and
wave breaking is occurred [17, 29]. The orbital velocities of wave motion are changed, turbulence is increased and
horseshoe and wake vortices are generated in front of the breakwater and supporting piles, as well as jet streams are
occurred between piles. This leads to an increase in friction between the surface of the breakwater and the moving
liquid, as well as dissipation of wave energy.

The law of conservation of energy of the incident gravity wave, which interacts with a permeable breakwater, is
expressed as follows:

E,=E.+E +E,, (21)

where E; is the energy of the incident wave ( E; = pgh,-2 /8), E, is the energy of the reflected wave (E, = ,ogh,2 /8),
E, is the energy of the transmitted wave through the breakwater (E, = ,ogh,2 /8), and E, is the energy of the wave

dissipation. Substituting into equation (21) the values E,., E, and E,, as well as dividing the components of this
equation by E;, we obtain:
1=(h, /B)* +(h | h)* +E, | E (22)
or
k,=1-(k? +k7) . (23)
The values of the wave dissipation coefficients depending on the permeability of the breakwater and the relative
depth are shown in Fig. 8. Here, the numbers of the curves correspond to those shown in Fig. 6 and in Fig. 7.
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Fig. 8 — The wave energy dissipation coefficients depending on the permeability of the breakwater (a) and
the relative depth (b).

As the results of the study showed, the maximum wave energy dissipation was observed with the larger breakwater
permeability when the relative depth was increased or when the wavelength was becoming shorter.

Conclusions. It has been established that vertical slotted walls, depending on the permeability, significantly affect
the wave field, generate reflection waves and transmission waves, and also lead to significant wave energy dissipation.
The dependences of the reflection and transmission coefficients of the wave, as well as the wave energy dissipation
coefficient, depending on the permeability of the slotted breakwater and the relative depth of the water area are
presented.

It was shown that the wave reflection coefficient was decreased with an increase in the breakwater permeability,
and the wave transmission coefficient, on the contrary, was increased. The wave energy dissipation coefficient had a
maximum value that was observed for greater permeability when the relative depth was increased compared to the
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wavelength. It was found that the wave reflection coefficient was increased with increasing relative depth, while the

wave transmission coefficient, on the contrary, was decreased.

It has been established that the tonal components, which correspond to the fundamental frequency of the wave

motion and its higher harmonics, prevail in the spectral power densities of the wave pressure fluctuations. In this case,

these components were observed in front of the breakwater and behind it, as well as in the spectra of near-wall pressure

fluctuations on the streamlined surface of the permeable breakwater.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

Bibliography

Sorensen R. M. Basic coastal engineering. — NY : Springer Science, 2006. — 356 p.

Khomytsky V. V., Voskoboinick V. A., Kharchenko A. G., Voskoboinyk O. A., Tereshchenko L. M., Voskobiinyk A. V., Nikitin I. A. Beach protection
by active shore protection structures // Ecological safety and nature management. — 2019. Vol. 32. — P. 60 — 77. DOIL: 10.32347/2411-
4049.2019.4.60-77.

Voskoboinick V., Khomitsky V., Tereshchenko L., Voskoboinick A. Wave loads on protective dam of the Marine channel of the Danube-Black sea //
Hydro-environment Research. — 2021. — Vol. 35. — P. 1 — 12. DOI: 10.1016/j.jher.2021.01.003.

Choopanizade M. J., Bakhtiari M., Rostami M. Wave transmission through the perforated half-depth block-made wall breakwater: An experimen-
tal study // Ocean Engineering. — 2020. — Vol. 215. — P. 107895. DOI: 10.1016/j.oceaneng.2020.107895.

Alkhalidi M., Alanjari N., Neelamani S. Wave interaction with single and twin vertical and sloped slotted walls // J. Mar. Sci. Eng. — 2020. — Vol.
8. —P. 589-1-23. DOI: 10.3390/jmse8080589.

Koley S., Panduranga K. Energy balance relations for flow through thick porous structures // Int. J. Comp. Meth. Exp. Meas. —2021. —Vol. 9. — P.
28 —37. DOLI: 10.2495/CMEM-V9-N1-28-37.

Venkateswarlu V., Karmakar D. Numerical investigation on the wave dissipating performance due to multiple porous structures // ISH J. Hydraul.
Eng. —2019. - Vol. 3. - P. 314 — 324. DOI: 10.1080/09715010.2019.1615393.

Lopez 1., Rosa-Santos P., Moreira C., Taveira-Pinto F. RANS-VOF modelling of the hydraulic performance of the LOWREB caisson // J. Coastal
Engineering. — 2018. — Vol. 140. — P. 161 — 174. DOI: 10.1016/j.coastaleng.2018.07.006.

Qiao W., Keh-Han W., Wenqi D., Yuqing S. Analytical model of wave loads and motion responses for a floating breakwater system with attached
dual porous side walls // J. Math. Prob. Eng. —2018. — Vol. 14. — P. 1 — 14. DOI: 10.1155/2018/1295986.

Selezov I. T, Kryvonos Yu. G., Gandzha I. S. Wave propagation and diffraction. Mathematical methods and applications — Singapore: Springer,
2018. —241 p. DOI: https://doi.org/10.1007/978-981-10-4923-1.

Andersen T. L., Eldrup M. R. Estimation of incident and reflected components in nonlinear regular waves over sloping foreshores // Coastal Engi-
neering. —2021. — Vol. 169. — P. 103974. DOI: https://doi.org/10.1016/j.coastaleng.2021.103974.

Selezov I. T., Savchenko S. A. Propagation of surface gravitational waves and interaction with obstacles in the extraction of wave energy. — Kyiv:
AVERS, 2014. - 214 p.

Kriebel D. L. Vertical wave barriers: wave transmission and wave forces // Proc. 23rd Coast. Engrg. Conf., ASCE. — 1992. — Vol. 2. — P. 1313 —
1326.

Isaacson M., Premasiri S., Yang G. Wave interactions with vertical slotted barrier // J. Waterway, Port, Coastal, Ocean Eng. — 1998. — Vol. 124. —
P. 118 — 126. DOI: 10.1061/(ASCE)0733-950X(1998)124:3(118).

Zhu D. Hydrodynamic characteristics of a single-row pile breakwater // Coastal Engineering. — 2011. — Vol. 58. — P. 446 — 451. DOI: 10.1016/J.
COASTALENG.2011.01.003.

Krishnakumar C., Sundar V., Sannasiraj S. A. Hydrodynamic performance of single- and double-wave screens // J. Waterway, Port, Coastal,
Ocean Eng. —2010. — Vol. 136. —P. 59 — 65. DOI: 10.1061/(ASCE)WW.1943-5460.0000025.

Koraim A. S. Hydraulic characteristics of pile-supported L-shaped bars used as a screen breakwater / Ocean Engineering. — 2014. — Vol. 83. — P.
36 —51. DOI: 10.1016/j.oceaneng.2014.03.016.

Poguluri S. K., Cho I. H. Analytical and numerical study of wave interaction with a vertical slotted barrier // Ships and Offshore Structures. —
2021.—Vol. 16. —P. 1012 — 1024. DOI: 10.1080/17445302.2020.1790299.

Zhang C., Li Y., Zheng J., Xie M., Shi J., Wang G. Parametric modelling of nearshore wave reflection // Coastal Engineering. — 2021. — Vol. 169. —
P. 103978. DOLI: 10.1016/j.coastaleng.2021.103978.

Whitham G. B. Linear and nonlinear waves. — NY : John Wiley & Sons, 1999. — 638 p. DOIL: 10.1002/9781118032954.

Le Mehaute B. An introduction to hydrodynamics and water waves. — NY: Springer-Verlag, 1976. — 323 p. DOI: 10.1007/978-3-642-85567-2.
Stoker J. J. Water Waves: The Mathematical Theory with Applications. — NY : John Wiley & Sons, 1992. — 567 p. DOIL: 10.1002/
9781118033159.

Voskoboinick V., Kornev N., Turnow J. Study of near wall coherent flow structures on dimpled surfaces using unsteady pressure measurements //
Flow Turbulence Combust. —2013. — Vol. 90. — P. 709 — 722. DOI: 10.1007/s10494-012-9433-9.

Voskoboinick V. A., Voskoboinick A. A., Turick V. N., Voskoboinick A. V. Space and time characteristics of the velocity and pressure fields of the
fluid flow inside a hemispherical dimple generator of vortices // J. Engineering Physics and Thermophysics. — 2020. — Vol. 93. — P. 1205 — 1220.
DOI: 10.1007/s10891-020-02223-3.

Bendat J. S., Piersol A. G. Random Data: Analysis and Measurement Procedures, 4th Edition. — N.Y. : Willey, 2010. — 613 p. DOI: 10.1002/
9781118032428.

Voskoboinick V. A., Voskoboinick A. V., Areshkovych O. O., Voskoboinyk O. A. Pressure fluctuations on the scour surface before prismatic pier /
Proc. 8" International Conference on Scour and Erosion (ICSE 2016) 12 — 15 September 2016 Oxford, UK. — 2016. — P. 905 — 910. DOI:
10.1201/9781315375045-115.

Voskoboinick A., Voskoboinick V., Turick V., Voskoboinyk O., Cherny D., Tereshchenko L. Interaction of group of bridge piers on scour / Z. Hu,
S. Petoukhov, I. Dychka, M. He (Eds.). Advances in Computer Science for Engineering and Education III. ICCSEEA 2020. // Advances in Intelli-
gent Systems and Computing. — Springer, Cham, 2021. — Vol. 1247. —P. 3 — 17. DOI: 10.1007/978-3-030-55506-1 1.

Voskoboinick V. A., Gorban I. M., Voskoboinick A. A., Tereshchenko L. N., Voskoboinick A. V. Junction flow around cylinder group on flat plate /
V. A. Sadovnichiy, M. Z. Zgurovsky (Eds.). // Contemporary Approaches and Methods in Fundamental Mathematics and Mechanics. — Under-
standing Complex Systems, Springer, Cham, 2021. — P. 35 — 50. DOI: 10.1007/978-3-030-50302-4 3.

Reddy M. S., Neelamani S. Wave transmission and reflection characteristics of a partially immersed rigid vertical barrier / Ocean Engineering. —
1992. — Vol. 19. - P. 313 — 325. DOI: 10.1016/0029-8018(92)90032-Y.

36

Bicnuk Hayionanvno2o mexuiynozo ynisepcumemy «XI1l». Cepis: Mamemamuune
MOOeniosants 6 mexuiyi ma mexnonoziax, Nel (8)'2025.



ISSN 2222-0631 (print)

References (transliterated)

1. Sorensen R. M. Basic coastal engineering. NY, Springer Science, 2006. 356 p.

2. Khomytsky V. V., Voskoboinick V. A., Kharchenko A. G., Voskoboinyk O. A., Tereshchenko L. M., Voskobiinyk A. V., Nikitin I. A. Beach pro-
tection by active shore protection structures. Ecological safety and nature management. 2019, Vol. 32, pp. 60-77. DOI: 10.32347/2411-
4049.2019.4.60-77.

3. Voskoboinick V., Khomitsky V., Tereshchenko L., Voskoboinick A. Wave loads on protective dam of the Marine channel of the Danube-Black
sea. Hydro-environment Research. 2021, Vol. 35, pp. 1-12. DOI: 10.1016/j.jher.2021.01.003.

4. Choopanizade M. J., Bakhtiari M., Rostami M. Wave transmission through the perforated half-depth block-made wall breakwater: An experimen-
tal study. Ocean Engineering. 2020., Vol. 215, P. 107895. DOI: 10.1016/j.oceaneng.2020.107895.

5. Alkhalidi M., Alanjari N., Neelamani S. Wave interaction with single and twin vertical and sloped slotted walls. J. Mar. Sci. Eng. 2020, Vol. 8, P.
589-1-23. DOI: 10.3390/jmse8080589.

6. Koley S., Panduranga K. Energy balance relations for flow through thick porous structures. Int. J. Comp. Meth. Exp. Meas. 2021, Vol. 9, pp. 28—
37.DOI: 10.2495/CMEM-V9-N1-28-37.

7. Venkateswarlu V., Karmakar D. Numerical investigation on the wave dissipating performance due to multiple porous structures. ISH J. Hydraul.
Eng. 2019, Vol. 3, pp. 314-324. DOIL: 10.1080/09715010.2019.1615393.

8. LopezI., Rosa-Santos P., Moreira C., Taveira-Pinto F. RANS-VOF modelling of the hydraulic performance of the LOWREB caisson. J. Coastal
Engineering. 2018, Vol. 140, pp. 161-174. DOLI: http://dx.doi.org/10.1016/j.coastaleng.2018.07.006.

9. Qiao W., Keh-Han W., Wengqi D., Yuqing S. Analytical model of wave loads and motion responses for a floating breakwater system with attached
dual porous side walls. J. Math. Prob. Eng. 2018, Vol. 14, pp. 1-14. DOI: 10.1155/2018/1295986.

10. Selezov I. T, Kryvonos Yu. G., Gandzha 1. S. Wave propagation and diffraction. Mathematical methods and applications. Singapore, Springer,
2018. 241 p. DOL: https://doi.org/10.1007/978-981-10-4923-1.

11. Andersen T. L., Eldrup M. R. Estimation of incident and reflected components in nonlinear regular waves over sloping foreshores. Coastal Engi-
neering. 2021, Vol. 169, pp. 103974. DOI: https://doi.org/10.1016/j.coastaleng.2021.103974.

12. Selezov L. T., Savchenko S. A. Propagation of surface gravitational waves and interaction with obstacles in the extraction of wave energy. Kyiv,
AVERS, 2014. 214 p.

13. Kriebel D. L. Vertical wave barriers: wave transmission and wave forces. Proc. 23rd Coast. Engrg. Conf., ASCE. 1992, Vol. 2, pp. 1313-1326.

14. Isaacson M., Premasiri S., Yang G. Wave interactions with vertical slotted barrier. J. Waterway, Port, Coastal, Ocean Eng. 1998, Vol. 124, pp.
118-126. DOI: 10.1061/(ASCE)0733-950X(1998)124:3(118).

15. Zhu D. Hydrodynamic characteristics of a single-row pile breakwater. Coastal Engineering. 2011, Vol. 58, pp. 446-451. DOI: 10.1016/J.
COASTALENG.2011.01.003.

16. Krishnakumar C., Sundar V., Sannasiraj S. A. Hydrodynamic performance of single- and double-wave screens. J. Waterway, Port, Coastal, Ocean
Eng. 2010, Vol. 136, pp. 59-65. DOI: 10.1061/(ASCE)WW.1943-5460.0000025.

17. Koraim A. S. Hydraulic characteristics of pile-supported L-shaped bars used as a screen breakwater. Ocean Engineering. 2014, Vol. 83, pp. 36—
51. DOI: 10.1016/j.oceaneng.2014.03.016.

18. Poguluri S. K., Cho I. H. Analytical and numerical study of wave interaction with a vertical slotted barrier. Ships and Offshore Structures. 2021,
Vol. 16, pp. 1012-1024. DOI: 10.1080/17445302.2020.1790299.

19. Zhang C., Li Y., Zheng J., Xie M., Shi J., Wang G. Parametric modelling of nearshore wave reflection. Coastal Engineering. 2021, Vol. 169, pp.
103978. DOL: 10.1016/j.coastaleng.2021.103978.

20. Whitham G. B. Linear and nonlinear waves. NY, John Wiley & Sons, 1999. 638 p. DOL: 10.1002/9781118032954.

21. Le Mehaute B. An introduction to hydrodynamics and water waves. NY, Springer-Verlag, 1976. 323 p. DOI: 10.1007/978-3-642-85567-2.

22. Stoker J. J. Water Waves: The Mathematical Theory with Applications. NY, John Wiley & Sons, 1992. 567 p. DOI: 10.1002/9781118033159.

23. Voskoboinick V., Kornev N., Turnow J. Study of near wall coherent flow structures on dimpled surfaces using unsteady pressure measurements.
Flow Turbulence Combust. 2013, Vol. 90, pp. 709-722. DOI: 10.1007/510494-012-9433-9.

24. Voskoboinick V. A., Voskoboinick A. A., Turick V. N., Voskoboinick A. V. Space and time characteristics of the velocity and pressure fields of
the fluid flow inside a hemispherical dimple generator of vortices. J. Engineering Physics and Thermophysics. 2020, Vol. 93, pp. 1205-1220.
DOI: 10.1007/s10891-020-02223-3.

25. Bendat J. S., Piersol A. G. Random Data: Analysis and Measurement Procedures, 4th Edition. N.Y., Willey, 2010. 613 p. DOI: 10.1002/978111
8032428.

26. Voskoboinick V. A., Voskoboinick A. V., Areshkovych O. O., Voskoboinyk O. A. Pressure fluctuations on the scour surface before prismatic
pier. Proc. 8" International Conference on Scour and Erosion (ICSE 2016) 12 — 15 September 2016. Oxford, UK, 2016. pp. 905-910. DOI:
10.1201/9781315375045-115.

27. Voskoboinick A., Voskoboinick V., Turick V., Voskoboinyk O., Cherny D., Tereshchenko L. Interaction of group of bridge piers on scour.
(Z. Hu, S. Petoukhov, I. Dychka, M. He (Eds.). Advances in Computer Science for Engineering and Education I1I. ICCSEEA 2020). Advances in
Intelligent Systems and Computing. Springer, Cham, 2021, Vol. 1247, pp. 3—17. DOI: 10.1007/978-3-030-55506-1 1.

28. Voskoboinick V. A., Gorban I. M., Voskoboinick A. A., Tereshchenko L. N., Voskoboinick A. V. Junction flow around cylinder group on flat plate.
(V. A. Sadovnichiy, M. Z. Zgurovsky (Eds.)). Contemporary Approaches and Methods in Fundamental Mathematics and Mechanics. Understand-
ing Complex Systems, Springer, Cham, 2021. pp. 35-50. DOI: 10.1007/978-3-030-50302-4_3.

29. Reddy M. S., Neelamani S. Wave transmission and reflection characteristics of a partially immersed rigid vertical barrier. Ocean Engineering.
1992., Vol. 19, pp. 313-325. DOI: 10.1016/0029-8018(92)90032-Y.

Received (naoditiwna) 10.03.2025

Bigomocrti nipo aBtopis / Information about authors

Bockobiiinuk Bonooumup Anamoniiioguy — NOKTOp TEXHIYHUX HAYK, CTAPIINA HAYKOBHHA CITIBPOOITHHK, 3aBidy-
Bay BIAJUTY TiAPOAMHAMIKH XBHIILOBUX Ta PYCJIOBHX MOTOKIB, [HCTUTYT Trigpomexaniku HAH Ykpainu, m. Kuis; Ten.:
(+38044) 371-65-57; ORCID: http://orcid.org/0000-0003-2161-6923; e-mail: vlad.vsk@gmail.com.

Voskoboinick Volodymyr Anatoliyovych — Doctor of Technical Sciences, Associate Professor, Head of the De-
partment of Hydrodynamics of Wave and Channel Flow, Institute of Hydromechanics of the National Academy of Sci-

Bicnux Hayionanvrnoco mexuiynozo ynisepcumemy «XII». Cepis: Mamemamuune
MoOentosanns 6 mexiyi ma mexnoaozisx, Nel (8)'2025. 37



ISSN 2222-0631 (print)

ences of Ukraine, Kyiv; tel.: (+38044) 371-65-57; ORCID: http://orcid.org/0000-0003-2161-6923; e-mail: vlad.vsk
@gmail.com.

Bockoboiinuk Onexcandp Anamoniiioguy — KaHIUIAT TEXHIYHUX HAYK, CTapIINA HAYKOBHI CIIBPOOITHUK BifIi-
Jy TiApOAWHAMIKM XBHWJIBOBHX Ta pYCIOBHUX TMOTOKiB, IHcTmTyT TrigpomexaHiku HAH Vkpainm, M. Kuis; Ttem.:
(+38044) 371-65-57; ORCID: http://orcid.org/0000-0001-8114-4433; e-mail: alexandr.vsk@gmail.com.

Voskoboinyk Oleksandr Anatoliyovych — Candidate of Technical Sciences, Senior Research Fellow at the Depart-
ment of Hydrodynamics of Wave and Channel Flow, Institute of Hydromechanics of the National Academy of Sciences
of Ukraine, Kyiv; tel.: (+38044) 371-65-57; ORCID: http://orcid.org/0000-0001-8114-4433; e-mail: alexandr.vsk@
gmail. com.

Bockobiiinux Anopii Bonooumuposuu — xauaunaT TEXHIYHUX HAYK, CTapUIMK HAyKOBUH CHIBPOOITHUK, CTapIINii
HAYKOBHH CHIBPOOITHUK BiIAiMy TigpoOiOHIKM Ta KepyBaHHA IPUMEKOBHM ImapoMm, [HcTuTyT rigpomexanikm HAH
VYxpainu, M. Kuis; ten.: (+38044) 371-65-57; ORCID: https://orcid.org/0000-0001-8045-8625; e-mail: andrew.vsk@
gmail.com.

Voskobiinyk Andriy Volodymyrovych — Candidate of Technical Sciences, Associate Professor, Senior Research
Fellow at the Department of Hydrobionics and Boundary Layer Control, Institute of Hydromechanics of the National
Academy of Sciences of Ukraine, Kyiv; tel.: (+38044) 371-65-57; ORCID: https://orcid.org/0000-0001-8045-8625;
e-mail: andrew.vsk@gmail.com.

Xapuenko Anamoniii I'puzopoeuu — TONOBHUN 1HXXEHEP-EIEKTPOMEXaHIK BiIIUTY TIAPOAMHAMIKH XBIIIBOBHX Ta
pycioBux motokiB, IHctutyT rinmpomexaniku HAH VYkpainu, ™. Kui; ten.: (+38044) 371-65-57; ORCID:
http://orcid.org/0000-0002-5832-7714; e-mail: Anatoliy.kharchenko62@gmail.com.

Kharchenko Anatolii Grygorovych — chief electromechanical engineer of the Department of Hydrodynamics of
Wave and Channel Flow, Institute of Hydromechanics of the National Academy of Sciences of Ukraine, Kyiv; tel.:
(+38044) 371-65-57; ORCID: http://orcid.org/0000-0002-5832-7714; e-mail: Anatoliy.kharchenko62@gmail.com.

Tpyoenxo /lenuc Bonooumuposuu — acmipant kapeIpu MOCTIB, TYHEIIB Ta TiAPOTEXHIYHKUX cropyn, HarioHams-
HUH TpaHCTIOPTHHUN yHiBepcHUTeT, M. KuiB; Tem.: (+38044) 280-79-78; ORCID: https://orcid.org/0009-0001-3720-1952;
e-mail: tdv.83@ukr.net.

Trudenko Denys Volodymyrovych — PhD Student of the Department of Bridges, Tunnels and Hydrotechnical Struc-
tures, National Transport University, Kyiv; tel.: (+38044) 280-79-78; ORCID: https://orcid.org/0009-0001-3720-1952;
e-mail: tdv.83@ukr.net.

Bicnuk Hayionanvno2o mexuiynozo ynisepcumemy «XI1l». Cepis: Mamemamuune
38 MOOeniosants 6 mexuiyi ma mexnonoziax, Nel (8)'2025.



ISSN 2222-0631 (print)

UDC 532.517 DOI: 10.20998/2222-0631.2025.01(8).04

V. A. VOSKOBOINICK, A. M. ONYSHCHENKO, O. A. VOSKOBOINYK, A. V. VOSKOBIINYK,
D. V. TRUDENKO

INTERACTION OF SURFACE GRAVITY WAVES WITH PERFORATED SCREEN

The paper examines the interaction of surface gravity waves with cylindrical marine structures within the framework of a finite depth fluid model. The
problem is considered in a potential formulation. The impact of a perforated screen as a protective element around a cylindrical structure on reducing
force loads on it and changing the deflection of the free surface of the water was investigated. The dependence of wave diffraction on screen
perforation and its position relative to the cylinder was established. Wave diffraction research methods and their application to solving problems are
discussed. Analytical solutions were built and calculations were made on this basis, which allow investigating the influence of the geometric
proportions of the structure on the lateral force, in order to establish the minimum and maximum wave loads. The dependence of the total scattering
power and the scattering diagram on the physical and geometric parameters of the model was established. It is shown that the perforated screen has the
properties of a wave absorber, that is, it can be used as a protective element.
Key words: surface gravity wave, cylindrical marine structure, perforated screen, analytical solution, diffraction theory.

B. A. BOCKOBIHHHK, A. M. OHHLIJEHKO, O. A. BOCKOBOHHHK, A. B. BOCKOBIHHHUK,
JI. B. TPYJIEHKO 5
B3AEMO/ISI IOBEPXHEBUX I'PABITALUIMHUX XBUJIb 3 IEP®OPOBAHUM EKPAHOM

VY cTaTTi pO3rNIAAAETHCS B3aEMO/IiS TIOBEPXHEBUX TPABITALIMHUX XBWIb 3 LMJIIHIPUYHUMH MOPCBKHUMHU CTPYKTYPaMH B paMKax MOJENI PiJUHU CKiH-
4yeHHoi rmbuHn. IIpoGiaema po3risaeThes B MOTEHIIHHIN mocTaHoBL. Jloci/UKeHO BILIHB ep(OpPOBAHOTO eKpaHa SIK 3aXMCHOTO €IEMEHTa HaBKOJIO
LITIHIPUYHOI KOHCTPYKIIT HAa 3MEHIIECHHS CHIOBUX HABaHTa)XCHb Ha Hel Ta 3MiHY IPOTHHY BIIBHOI MOBEpXHi BOJH. BCTAHOBIICHO 3aIe)KHICTh AUD-
paxuii xBui Bix nepdoparii ekpaHa Ta HOro MoJjoXeHHs BiTHOCHO IuiHApa. OGroBOPIOIOTHCS METOIM IOCIIKEHHS AudpaKiii XBWIb Ta 1X 3aCTOCY-
BaHHS JI0 PO3B’s13yBaHHs 3a4a4. Ha X OCHOBI MOOy/0BaHO aHAIITHYHI PILICHHS Ta IPOBEACHO PO3PAXyHKH, SIKi JO3BOJISIIOTH JOCIIIUTH BIUIHB reOMe-
TPHYHMX NPOMOPIiH KOHCTPYKIT Ha MOMepeyHy CHITy, 100 BCTAHOBUTH MiHIMaJbHE Ta MAKCUMaJIbHE XBUJIbOBE HaBaHTAXXCHH:. BcTaHOBIIGHO 3a1ex-
HICTh NOBHOT NOTY>KHOCTi PO3CiIOBaHHS Ta JiarpaMu pO3CilOBaHHS Bij (i3MKO-reOMeTpUYHUX MapameTpiB mozelni. [lokasaHo, mo nephopoBaHuii ek-
paH Ma€ BIACTUBOCTI MOTJIHHAYA XBHIIb, TOOTO HOr0 MOXKHA BUKOPHUCTOBYBATH SIK 3aXHCHHUI €IICMEHT.

KurouoBi ciioBa: noBepxHeBa rpapiTaliiiHa XBHJIs, HHIIHAPUYHA MOPChKa CTPYKTYpa, nepopoBaHmil eKpaH, aHATITHYHE PIlICHHsI, TEOPisl JH-
(dpakuil.

Introduction. Various types and forms of coastal protective and wave-absorbing structures are widely used during
the construction of coastal hydrotechnical structures to improve the environmental protection and ecological conditions
of the coastal infrastructure. These structures protect the beaches from scour, and the shores from soil erosion. They
absorb and reduce wave heights and their load on coastal hydrotechnical structures, improve shipping conditions and the
operation of port and wharf facilities [1 — 5].

In many scientific centers, laboratories and design organizations, considerable efforts are focused on determining
the optimal shapes, sizes, structural elements and locations of wave energy absorbers. For this, dams, breakwaters,
single- and multi-layer porous plates, screens, pile structures and other permeable marine facilities are used [6 — 9].

In this research, the problem of the interaction of surface gravity waves with vertical cylindrical obstacles of large
transverse dimensions is considered. In reality, marine structures are subjected to various loads: buoyancy forces,
gravity, wind forces, thermal internal forces, some functional loads, flow forces. However, in mathematical modeling it
should be taken into account that the most significant dynamic effect is caused by the interaction of waves with
structures [10]. Mathematical methods of investigating wave diffraction problems are discussed in monograph [11].

Exact solutions of the problem of diffraction of surface gravity waves on a circular column, located on a cylindrical
base of variable and constant depth, were obtained and analyzed in paper [12] within the framework of the theory of
shallow water. A correction for a liquid of finite depth is made with calculating the lateral force and the moment of
forces. Research [13] shows the correspondence between the theoretical calculations of loads on a circular cylinder
according to [14] and the data obtained experimentally.

The interaction of monochromatic waves with a horizontal porous elastic membrane placed horizontally in water
was investigated in the paper [15] within the framework of the two-dimensional theory of hydroelasticity. Due to the fact
that the wave number in the region above the membrane is complex, energy dissipation occurs. On the basis of the
considered model, the coefficients of transmission, reflection and dissipation of waves were calculated. The theoretical
model and numerical calculations were confirmed by a number of conducted experiments, which showed a close
correspondence between theory and practice.

The linear potential theory of wave diffraction on a vertical circular cylinder with a perforated horizontal annular
plane in a liquid of finite depth was considered in research [16]. The mechanism of reducing the loads on the cylinder
with the help of a porous ring plate compared to an impermeable ring was investigated.

The work [17] is devoted to the study of the perforation parameter of a thin permeable wall. Using an experimental
physical model, the horizontal force component, wave transmission and reflection coefficients were calculated.
Recommendations for using the formula for finding resistance coefficients and inertial effect have been introduced. A
complete estimate of the porosity parameter was presented.
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In work [18] was considered the theory of a porous wave generator. An analysis of small-amplitude surface gravity
waves in a liquid of finite depth, generated by horizontal oscillation from a porous vertical plate, was carried out. The
influence of parameters of the wave effect and porosity effect on the wave surface and hydrodynamic pressure was
discussed in detail.

The design optimization of the multilayer porous wave absorber in research [19] was achieved using a controlled
artificial neural network (ANM) and an analytical model, confirmed by CFD and experiments. The analytical model was
established using a matched eigenfunction expansion method (MEEM) by applying a boundary condition with a
quadratic relationship between the pressure drop and the velocity of fluid movement at the porous screens. Input key fea-
tures of the multi-layer porous wave absorber were selected through the parametric study along with the reflection coef-
ficient as a target feature.

The interaction of regular waves with a concentric system consisting of an inner solid and an outer perforated
cylinder was experimentally studied in research [20]. The effect of perforation on wave loads on the inner cylinder was
determined y varying the value of the screen permeability coefficient.

In the work [21] theoretically investigated the interaction of waves with a system of permeable circular cylinders
protruding above the water. The side of each of them was permeable and thin. It is shown that the perforation of the
structures leads to a significant change, namely the reduction of the hydrodynamic loads acting on the cylinders, as well
as the rolling of the waves.

The interaction of short-crest waves with a system of two concentric cylinders, the inner one of which is
impenetrable, and the outer one is perforated, is theoretically considered in the article [22]. The effects of force loads,
deflection of the free surface and diffraction from the wave number, design parameters and porosity of the outer cylinder
were analyzed.

Setting of the task. In a linear formulation within the framework of a fluid model of finite depth, using the Darcy
equation for a perforated screen, the problem of wave diffraction is formulated.
Fluid in the task is considered ideal, incompressible, and its motion is irrotational. The liquid occupies areas

QO:{r,¢9,z|r210;0£¢9<27r;—H0SzSO},
Ql:{r,(9,z|aSr<lo;0S9<27r;—H0SZSO}

in accordance with the diagram in Fig. 1.

Fig. 1 — Geometry of the task.

Let us introduce velocity potentials ¥ =V® in each considered region of the problem under consideration in
accordance with the above assumptions.
Let a perforated absolutely thin hollow cylinder of radius /, surround a rigid cylindrical body of radius a . Both

cylinders are installed on an impenetrable bottom and a plane sinusoidal wave with velocity potential is streamed to
them.

o -8 chky (z+Hy) Jilkoreos+ar)
" @ chkyH,

where k, is the wave number, A is the amplitude of the incident wave, @ is the cyclic frequency. Due to the

b

stationarity of the process, the multiplier ¢ is dropped in the future: D =¢ (.6, z)e’w , j=0,1.

Bicnuk Hayionanvnoeo mexuniynozo ynisepcumemy «XIl». Cepis: Mamemamuune
40 MOoOeniosants 6 mexuiyi ma mexnonozinx, Nel (8)'2025.



ISSN 2222-0631 (print)

The unknown functions of the velocity potentials must satisfy the Laplace equation (1) in each of the regions under
consideration. The boundary conditions at the bottom and on the free surface of the water are expressed by dependencies
(2) and (3), respectively. The boundary condition of impermeability on the cylinder is expressed by dependence (5). The
conjugation condition when passing through a perforated screen corresponds to (4) and expresses the equality of
velocities and Darcy’s filtration law. It is believed that the permeable cylinder is made of material with very small pores.
This allows us to make the assumption that the normal component of the velocity through the perforated screen is
linearly proportional to the variable pressure on both sides of it (correctly at low Reynolds numbers).

The task in the internal €, and external Q, areas has the form:

or 106 1 8% 1 6% H
et ———t———|$, =0, y=—2, j=0,1. 1
(8}’2 ror r* 06* 2822J¢'/ 4 a / M
5¢
=0 at z=-H,, (2)
62
o6,
Y g =0 at z=0. (3)
0z
0 0 bw
ﬂ o =ikyGy(fy— ), Go=—1 at r=l, 4)
or  Oor Hk
a;‘ 0 at r=a, )

where G, is Chwang parameter, perforation coefficient.

The Sommerfeld condition of wave attenuation at infinity must also be fulfilled
hmf[ j , limg, =0.
r—o r—o©

The statement of the problem is given in dimensionless values, which are entered as follows:

* * * * t H * / *
Pl kS ke, o =2, £ NED LR (6)
a \/gHo a a\/gH, H,

The values of H; and a are saved as trace parameters. The drop-down field will be written as follows
o i4 Ch7k0 (Z + HO) eikorcosH (7)
" @ chyk,H,

The potential in the outer region is the sum of the potentials of the incident and scattered fields: ¢, = ¢, + 4, .

Solving of the problem. Solutions in regions are sought by the method of separation of variables and have the
form:
| A chyky(z+H,) z cos yu, (z+Hy)

T (kor)+ D 4,

H,(HZ) (i,unr) ,
@ chykyH, n=0 cos yu, H,

0
_ .m+
& = z cosmb| &,

m=0

cosyu, (z+H,) ,
z cosm Hrg)W[an‘]m (llunr)+ CmnNm (l/unr):l s

where J,(x), N, (x), H,(nz)(x) are cylindrical Bessel, Neumann, and Hankel functions of the second order,

respectively.
The dispersion relation is sought from the conditions on the free surface and has the form:
1 k
l=cykoHothykyHy =0, ¢=———, o* ==thyk,H, ,
y o H, 4

I+ cyu, Hotgyu, Hy = 0.
where u, are the real positive roots of the last equation at n >0, x4, =—ik,.
The ratio between the roots is as follows:
My _ 18y Hy
W g Hy
Substituting the solutions into the conjugation conditions and the boundary condition leads to an infinite system of
equations.
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e, ik, %%ZIOHO)J;” (kolo )+ ni)wnAmn %;;;fo)]_],@ (ittyly) =
=§wn cos;;:;;;? (BT (ittydo )+ Coa Ny (i) s
ii COSCZ: WZ;% [ B (it2,10)+ G Ny (it ) | =
it AL (1)1 5, ST 12 1)

Z oS )//1,, z+ Ho
n=0 cos %I’lnHO
iy ——————————

The operation of finding unknown coefficients can be simplified by using the orthogonality of the functions
cosyu (z+H,) and cosyu,(z+H,) on the interval (—~H;0), due to which we will obtain new dependencies, from

|: mn m l/unZO +C N (l:unlo)]}o

mn= m

cos +H
7t (4 Ho) [B Iy, (im,a)+C,, Ny, (ip,a ] 0.

which it follows that 4,, = B,, =C,,, =0 at n> 0. Thus, the solutions of the problem have the form:

chyky (z+H,) & [ 4 2 }
= e i"VET (ko) + A HP (kor cosmd , 8
¢0 Ch}/kOHO ’;) m » m(O) m0* L m (0) ()
h k +H
MZ[B,"OJ (ko) + CooN,, (ko) ]cosmo) )
chykyHy 120

where the unknown coefficients are:
A o I (koly)A1+iGyJ,, (koly ) A2

L4 , 10

m0 a)gml H? (kolo)AlﬂGoHr(nz)(kOlO)Az "

B, =26 "N (K a)Jm (kolo ) Hu” (kolo) =1, (Kol ) H, (Kolo ) (1)
LA mo H,? (k()lo)Al+’G01L1(2)(1‘010)Az

c =-AG e my (koa)—" I (kolo) H o (kolo )=, (kolo ) H, (Kolo ) (12)
mo Ty 0Tm m o4 H, (kolo)Al“GoH(Z)(1‘010)Az

IT[

Al=N,, (k()a)[']r,n (kolo ) +iGo T, (Kolo ) :I_J;n (koa) |:Nr’n (kolo ) +iGoN,, (Kol )J ’
A2 =J,, (koa) Ny, (koly)— T, (kolo ) N,y (Koa) .

Numerical calculations. The important for the applied nature is the theoretical study of loads on structures created
by a wave field on the basis of the considered task. The question of how far from the column to install protective screens
in order to minimize the force effect of the wave field becomes especially acute. The behavior of the field itself, both
near the cylinder and in the far zone, should also be of interest. It should be taken into account that diffraction
phenomena are strongly manifested on complex obstacles. In this case the field emitted from some elements of the
structure affects the diffraction of waves on other parts of it. This relationship leads to a very complex picture of the
wave process.

The deviation of the free surface relative to the undisturbed state 7, the value of the maximum horizontal

component of the force F on the cylinder, the total scattered power (the energy flow of the scattered field) Q, as well

as the scattering diagram (the energy flow depending on the angle) O, in the far zone are determined from the formulas:

1 00 dE 0P 0P
=——— F = || Prids lim , =—=- ——ds, 13
=% ” lim, 0="r=Jlr 55 (13)
where 7 is the radius vector of the unit normal to the surface, 8—8_ is derivative along the normal to the surface. In this
7
problem, the considered surface is the side surface of an imaginary cylinder, the elementary surface of which is
0D,

ds =rdzd@ (r is fixed), the pressure is determined from the linearized Bernoulli equation: P =— p—j.

ot
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Dimensionless quantities are entered as follows:
% * F * d s P s«
n:l’F: ’dszS’P: ’Q:Lz
A pgadH, Hya pgH, pgHy\gH,A
Due to the symmetry of the wave field pattern relative to the OX axis, and taking into account the values of the
velocity potentials in the regions under consideration, we obtain the following formulas for the quantities under
consideration in a dimensionless form:

(14)

n=iie”, f=—iog,, =01, (15)
o B 1 27 0
F,=Fe", F =-—oia| [ ¢cos0ddo,
4 0 —H,
~ iawr
F == e thykyH, | ByoJ, (koa)+CioN, (kya)]. (16)
0

The total scattered power in the far zone, taking into account the asymptotic expansions of the Hankel function of
the second order and its derivative, takes the form:

0= c, Qoe—ZikOr i

hykyH 2ykyH
where C, = thyky °(l+ rkoHy

1
— - group velocity.
2 vk sh2;/k0H0J grotp Y

0

o :% S ("1, (17)
0 m=0

The scattering diagram in the far zone is calculated by the formula:

1 0P, ~ dikgr Ao
=——— | iopy—rdz, =C,e ™0y,
Dy e 71_[ Po or 0y =0C, Oy
where

~ 2 & i o "
h=— ; > a,e 2 cosm@y a,e 2 cosnf. (18)
0/ m=0 n=0

Analysis of results. On the basis of analytical and numerical calculations of the problem, it was established that the
presence of a perforated screen affects the behavior of the wave process and the interaction of waves with the structure.

The deflection of the free water surface was calculated in the direction of wave propagation (Fig. 2). Dotted lines
indicate the deviation of the free surface in the absence of a screen. Moreover, its value in the presence of a perforated
screen decreases in the inner region and has a significant decrease behind the structure.

Thus, it is possible to talk about the selection of the distance between the cylinder and the screen, when waves of a
certain length will be captured by the structure, which will lead to their attenuation in a certain direction during their
further propagation.

¢

YKl
:-l-l_:

E .. kuﬂ =2

/ 1 //Gy=0.5
, 3 . //ﬂ§\ fv”\ 0
6 4 g 0 "\4 6 °\ / ¥
\/ \\‘/ 1N _//{j/ / \j 8 1
N

: *| 5 Loy

Fig. 2 — Deflection of the free water surface in the direction of wave propagation.

The analysis of the maximum value of the horizontal component of the force on the "column-screen" structure
shows the following. The load curve on a single column is the upper contour curve of the horizontal component of the
force that acts on the column when there is a screen (Fig. 3). With an increase in the perforation coefficient, the force
load graphs follow an enveloping pattern (Fig. 3, ») and have an extreme character.
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Fig. 3 — The maximum value of the horizontal component of the force, which acts on the column.

The number of such extremes per segment value of the wave number has a direct dependence on INO and does not

depend on G, . As the distance ], increases, the density of extrema increases. At [, — 0 the first extremum follows to
the maximum value of the loads on a single column, and the rest follows to infinity (Fig. 3, @). The sharp peaks of power

loads are the greater when the coefficient is the smaller (Fig. 3, b).

The dependence of the maximum value of the total scattered power in the far zone from the wave number is shown
in Fig. 4. Maxima are varied from the distance from the screen to the cylinder (Fig. 4, a) and the Chwang parameter
(Fig. 4, b). As can be seen from the graphs, peaks appear at small wave numbers, which are explained by the geometric
complexity of the structure. Moreover, they are increased with increasing distance (Fig. 4, a) and decreasing perforation
(Fig. 4, b). With a further increase in the wave number, the total scattered power decreases in comparison with the unit

cylinder, to which the thick solid line corresponds here and in the following.
Qo
E
pleHy24*

o
3
pleHy)4

0.01 0.5 1 1.5 2 kot

Fig. 4 — Dependence on the wave number of the maximum value full scattered power in the far zone.

At small wave numbers (Fig. 5, a), the presence of a perforated screen increases the scattering diagram both in the
rear zone and in the front zone of the wave, and it also increases with increasing distance. As the wave number is
increased, the scattering diagram lengthens in the direction of wave propagation. The number of petals is increased
(Fig. 6, a). The scattering diagram also is lengthened due to the reduction of perforation (Fig. 5, b).

5 =1
90 ) Fgt =0.2 ES
' - IU
a

0;

—
pleH 4

Fig. 5 — Scatter diagram in the far zone during variation distances from the screen to the cylinder (a) and the Chwang parameter (b).
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Calculations show that with some parameters of the system, it is possible to observe the strengthening or
weakening of the wave process in the front zone. Thus, at constant values, the energy flow decreases if the screen is
located at a distance that is a multiple of half the radius of the cylinder, and increases when the distance is a multiple of
the radius (Fig. 6, b).

Ny L
0 0.125 0.25 é:’

pleH, A

a

Fig. 6 — Scatter diagram in the far zone when the distance from the screen to the cylinder changes.

Forward =0 (a) and reverse 8 =z (b) scattering are constructed in Fig. 7 and Fig. 8. As can be seen from the
graphs, the presence of a perforated screen increases the stream of energy in the direction of wave propagation at all k.

The reverse scattering has such a property for long waves. Its value decreases in comparison with a single cylinder.
Research of the behavior of forward and reverse scattering from the position of the screen relative to the cylinder
are presented in Fig. 9 for values of wave numbers kya =1 (a) and kya =3 (b). As can be seen from the graphs, with an

increase in the distance /, from O to 3 radii, forward scattering increases in both cases in comparison with a single

cylinder, and also increases with an increase of perforation. Perforation has the opposite effect on reverse scattering and
reduces its value in almost all positions of the screen (Fig. 9, b).

Qi O b 5
;? io % %=1 . GGﬂ: 3
p(gH, 24’ 3 pleH, 4 - P I CIate
}’ 0.0 ','\‘ ;"I = I ,_ —_——
1| 1§ b
' 0.4 —rils =
i #1 r
0.5 03 } A ’ (,oa-co
0 = e 0 . =1 .
0.001 0.5 1 1.5 2 Kot 0.001 0.5 1 1.5 2 kot
a b

Fig. 7 — Dependence of forward and reverse scattering on the wave number with variation of the perforation coefficient.
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Fig. 8 — Dependence of forward and reverse scattering on the wave number depending on the position of the screen relative
to the cylinder.
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An analysis of the diffraction of surface gravity waves on a cylindrical structure surrounded by a perforated screen

was carried out. The analysis of the total dissipated power, scattering diagrams, forward and reverse scattering was

carried out. It is shown that the perforated screen has the properties of a wave absorber, that is, it can be used as a

protective element.
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Fig. 9 — Dependence of forward and reverse scattering on the distance between the screen and the cylinder with variation of the
perforation coefficient.

Conclusions. The problem of the theory of diffraction of surface gravity waves on a vertical column, which is sur-

rounded by a cylindrical perforated screen, is solved. Analytical solutions were built and calculations were made on this

basis, which allow investigating the influence of the geometric proportions of the structure on the lateral force, in order

to establish the minimum and maximum wave loads. The analysis of the total dissipated power, scattering diagrams,

forward and reverse scattering was carried out. The dependence of the total scattering power and the scattering diagram
on the physical and geometric parameters of the model was established. It is shown that the perforated screen has the

properties of a wave absorber, that is, it can be used as a protective element.
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H. C. TOPOJEIIbKA, I. B. CTAPOBOHT, B. H. OJIIHHUK

TFEHEPAIIIA AHTUCUMETPUYHUX XBUJIb B ITPYKHOMY XBHUJIEBO/I PI3HUMU BUJIAMU
HABAHTAXEHHS

CraTTs NpHUCBsYCHA aHATi3y e)eKTHBHOCTI 30y/DKEHHS XBHIBOBOTO IIOJISI IPU BUMYIICHHX KOJMUBAHHAX MPYXKHOTO HAIMIBIIAPY 3 BUIBHUMHU OiYHUMU
HOBEPXHSIMH [IPH PI3HUX BUJAaX HaBaHTAXXCHHs. PO3IIISIANNCs aHTHCHMETPHYHI KOIMBaHHs. PO3B 530K MOCTABICHOI IPaHUYHOI 3a1a4i Oy10 mobymo-
BaHO METOJIOM OJHOPITHHX PO3B’s3KiB. BIANOBIJHO 10 IIOIO METOY, XBHIILOBE II0JIE IIPEACTABILIETHCS PSIOM [0 CUCTEMI HOPMAIBHUX XBHJIb (3 Jiii-
CHHMH, YHUCTO YSIBHUMH i KOMIUIGKCHUMHU XBHIIbOBUMH YHCIIAMH), KOJKHA 3 SKHX 3aJJ0BOJIbHSE TPAHUYHUM yMOBaM Ha OiuHUX moBepxHsx. [Ipu Buko-
HaHHI 00YHCIICHb BPaXOBYBAINCh BC1 HOPMAaIbHI XBUII 3 JiIHCHUMH, YUCTO YSBHUMH i 0 20 map 3 KOMIUIEKCHIMH XBUJILOBUMH duciaMu. Kpurepiem
SIKOCTI OTPHIMAHOT'0 PO3B’s3Ky OyB KOHTPOJIb TOYHOCTI BUKOHAHHS I'PAHMYHHUX YMOB Ha Topli HamiBapy. OcHOBHa yBara B poOoTi OyJia 30cepemkeHna
Ha OLHLI e(eKTHBHOCTI 30y/KEHHs XBUIILOBOTO IOJISI B HAIBLIAP] NPU PI3HUX BHIAX HABAHTA)KEHHs HA HOTO TOPII Ta HAa PO3MOILTI eHeprii Mix 0i-
JKYYHMH XBIJISIMU Pi3HUX HOPSIKIB B 3aI€KHOCTI BiJl 4acTOTH. B po6oTi OynI0 BCTaHOBIEHO, IO HABITH B YaCTOTHOMY [iala30Hi, B IKOMY IIOLIUPIO-
€ThCS TUIBKU OZIHA OXy4a XBHWIISI, €HEPTis, sSKa «3aKauyeThCs» B HAIliBIIAD, 3aJICKHUTH BiJl 4aCTOTH. Taka 3aIeXHICTh 00yMOBJICHA UCIEPCIHHUM Xa-
pakTepoM HOpPMaJbHHX XBHJIb B Iuapi. [Ipu ¢ikcoBaHiil aMIUTiTy i HAaBAHTAXEHHS 32 PaXyHOK 3MiHH PO3MO/LTY MEPEeMIllIeHHsI TOYOK IO TOPIIO Ha-
iBIIAPY i3 3MiHOIO YAaCTOTH MOTIPIIYETHCS CTYMIHb Y3rOJUKEHOCTI TUIY HAaBaHTaXXEHHS 1 ()OPMU KOJIMBaHb. [1py 301IbIIEHH] YaCTOTH, KOJIU B XBHJIBO-
BOMY MOJIi 3’SIBJISIFOTHCS O1XKYyUi XBHJII BUILUX MOPSIIKIB, XBUJILOBE T0JIE CTAE LIE CKIAHIIIMM. B po6OTi oka3aHo, 1110 iCHYIOTh YaCTOTHI Jliarna3oHu, B
SKHX TiNIBKM OJJHA ODKy4a XBHIIS IEPEHOCUTh OCHOBHY YaCTHHY €HEprii, sika HaJXOAUTh B HamiBIIap. Po3riisaanick BUMyIICH] KOJMBaHHSA [IPH HAaBaH-
Ta)XEHHI 3rUHAJBHIM MOMEHTOM i Iiepepisyrouoto cuiioro. [lokasano, 1m0 eeKTHBHICTD 30y/KEHHS XBUJILOBOTO TOJIS CYTTEBO 3aJI€KUTh BiJl BUIY Ha-
BaHTAXKEHHS. 30KpeMa, BCTAHOBIICHO, [0 CIPHIHATINBICTD HAIliBIIapy B 00JACTI HU3bKHX YAaCTOT IIPU HAaBaHTA)XCHHI NepPepi3alIbHOI0 CHIIOI0 3HAYHO
BHIIIE, HIXX TIPU HABAHTAXKCHHI 3TMHAIIBHIM MOMEHTOM.

KuiouoBi ciioBa: HepyliHiBHUIT KOHTpOIb, XBWIi JlemOa, nucnepcis, BUMYILECHI KOITHBAHHS, EHEPreTHYHHUI aHai3, NPYXHUI XBUIIEBI, METOA
OJHOPIZHYUX PO3B’S3KiB, HOPMAJIbHI XBHIIi, CHEPreTUYHO JOMiHYyI04a MOJIa, BIACHA YaCTOTA.

N. S. GORODETSKA, 1. V. STAROVOIT, V. N. OLIYNIK
GENERATION OF ANTI-SYMMETRICAL WAVES IN AN ELASTIC WAVEGUIDE BY DIFFERENT
TYPES OF LOAD

The article is devoted to the analysis of the efficiency of excitation of the wave field during forced oscillations of an elastic half-layer with free lateral
surfaces under different types of loading. Antisymmetric oscillations were considered. The solution of the boundary value task was constructed by the
method of homogeneous solutions. According to this method, the wave field is represented by a series in a system of normal waves (with real, purely
imaginary and complex wave numbers), each of which satisfies the boundary conditions on the lateral surfaces. When performing calculations, all
normal waves with real, purely imaginary and up to 20 pairs with complex wave numbers were considered. The quality criteria of the obtained solution
was the control of the accuracy of the boundary conditions at the end of the half-layer. The main attention in the research was focused on the assess-
ment of the efficiency of excitation of the wave field in the half-layer under different types of loading at its end and on its distribution between moving
waves of different orders depending on the frequency. It was found in the research that even in the frequency range in which only one moving wave
propagates, the energy that is “pumped” into the half-layer depends on the frequency. This dependence is due to the dispersion nature of normal waves
in the layer. At a fixed load amplitude the degree of consistency of the load type and the shape of the oscillations deteriorates with a change in fre-
quency due to a change in the distribution of point displacements along the end of the half-layer. With increasing frequency, when higher-order mov-
ing waves appear in the wave field, the wave field becomes even more complex. The research shows that there are frequency ranges in which only one
moving wave carries the main part of the energy entering the half-layer. Forced oscillations under bending moment and shear force loading were con-
sidered. It is shown that the efficiency of excitation of the wave field significantly depends on the type of loading. In particular, it was found that the
susceptibility of the half-layer in the low-frequency region under shear force loading is much higher than under bending moment loading.

Key words: non-destructing testing, Lamb waves, dispersion, forced oscillations, energy analysis, elastic waveguide, method of homogeneous
solution, normal mode, energy dominant mode, own frequency.

Beryn. Tpanumiitauit yriempa3sgykosuti KOHmMpoas TPOBOJUTHCS IUISIXOM TIOCIIJOBHOTO MPO3BYYyBaHHS KOHCTPY-
Kiii 6e3nocepeaHpo min abo mops 3 AaTINKOM. [Ipu TecTyBaHHI BETUKUX CTPYKTYP MATIYUK CKAHY€ BCIO TIOBEPXHIO, IO
BUMarae 3HaUYHMX 3aTpaT. ANBTEPHATUBHAM MEMOO0OM € YAbMpa3gyKoGUlli KOHMpOb 3 UKopucmanHam xeuns. e edek-
TUBHHUI METOJ] TUCTAHLIHHOTO OOCTEXEHHS KOHCTPYKLIH, P SIKOMY T€HEPYEThCSI XBHIIA 110 BCii ITOBEpXHi 0e3 ckaHy-
BaHHS «TOYKA B TOYKY», 10 3HAYHO MiJBUINYE e(heKTUBHICTH KOHTPOJIO.

Jnst KOHCTPYKLIN TUIY niacmun HAHOUIBII IIHPOKO BUKOPUCTOBYIOTHCS x6uii Jlemba Ui BUABICHHS IMOLIKO-
JUKEHb, OCKIJIbKM BOHHU Jy’K€ Yy TJIMBI J0 TEPELIKO Ha IUIAXY HolupeHHs. LI XBUIIl iCHYIOTh B miacmuH4amux cmpyx-
mypax 1, B 3aJISKHOCTI BiJl Mamepiany 1 ceomempii KOHcmpyKyii, MOXXYTh MOIIMPIOBATUCH HA 3HAYHI BixcTaHni. HaBiTh B
Marepianax 3 BUCOKHM KOoe@iyieHmom 3amyxansi, HAIPUKIIaJl, KOMIIO3UTaX apMOBAaHUX BYTJIELIEBUM BOJIOKHOM, XBHJII
Jlemba mommMprOIOThCS HAa 3HAYHI BIJCTaHi, MO J03BOJsE oOcTe:KyBath Benmuki obmacti [1]. Ille ommiero mepeBaroro
XBWIb JIeMOa € MOIIMBICTh BUSABIISITH BHYTPILIHI JeEeKTH 32 paxyHOK 3MiHU npocmoposoi cmpykmypu noas. HanesHo,
poboTa [2] € oHi€I0 3 MEPIIMX, B SIKil OyJI0 3aIPONOHOBAHO BUKOPHCTOBYBATH XBili JleMOa [yt HEpyHHIBHOTO KOHT-
poxro. HasiBHiCTE IedeKTy OIiHIOBaIach Ha OCHOBI aHANI3Y aMILTITYIU NEpEeMIllleHHs, YaCTOTH, XBIIIOBOTO YHCIIa, Ya-
Cy OTPUMAaHHS PO3CISHOTO Bix AeheKTy CHTHATY Ta iHIINX XapaKTePUCTHUK XBIUIH JlemOa.

B mopanemoMy Oyio ormyOIiKOBaHO 3HaYHY KUTBKICTH pOOIT, B SIKMX aHANI3YBAMCH pi3HI Ae(eKTH, BHUSIBICHI Ha
OCHOBI aHaJi3y nouMpeHHs xBuib Jlem6a. Meroau 3HaxomkeHHs qedekTiB 3a gonoMorow XBuib JlemOa cranu 3arajb-
HONPUIHATHMH JJIsl MOHITOPHHTY SIK METaJeBUX KOHCTpyKuii [1], Tak i komno3utis [3]. He3Baxaroun Ha BUCOKY edek-
TUBHICTb 1 YyTJIMBICTh XBUJIb JlemOa 1o nedekriB, TecTyBaHHS 3 X IOIMOMOTOI0 YCKIIQJHEHO, OCKUIBKU BiOUTI Bix Jie-
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(hexTy curHanm BaXkko iHTeprnperyBatu. Lle 00yMoBIIeHO, IepI 3a Bce, ducnepciilinoio IPUpOIOoI0 MO 1 6azamomodo-
6010 cmpyxkmyporo. I'pyTioBa MBHUIKICTh XBIJII (IIBUAKICT IIEPEHOCY €HEPril) 3aJIe)KHUTh Bill YACTOTH, 1 AKIIO ToJe 30y-
IOKYETBCS UUPOKOCMY208UM IMAYILCOM, TO Pi3HI 9acTOTHI CKIamoBi OyIyTh MOIIMPIOBATHCH 3 PI3HOI MIBUAKICTIO, a
hopMma iMIynbCy Oye 3MIHIOBATHCH TP MOMIMPEHH] B3OBXK IUIACTHHM, IO 3HAYHO YCKJIATHIOE KOHTPOIb. KpiM Toro,
HEOOXiJHO BPaxoBYBaTH, IO I Oy/b-sIKOi YAaCTOTH ICHY€ IBa PEXUMH KOJUBAHb (CuMempuuui i aHmucumempuymi
xeuni). ToMy, HaBiTh IPH TAPMOHIYHNAX KOJMBAaHHIX HA HU3BKUX YaCTOTaX, B JAIBHBOMY IOJi OyIyTh MOIIMPIOBATHCH
JIBI XBUJII — CUMETpHUYHA 1 aHTUCHUMeTpuuHa. [Ipy 301IbIIEHHI YaCTOTH B XBHJIBOBOMY HOJI 3 SIBISIIOTBCS MOOU BUUUX
nopsi0Kis, MO 11¢ OUIbINE YCKIaHIOE IHTEPIIPETAIII0 3aPEECTPOBAHUX CUTHAIB.

OcHOBHI NPO0OJIEeMH, SIKi BUHUKAIOTh TP 3aCTOCYBaHHI HEPYHWHIBHUX METOJIB KOHTPOJIIO Ha OCHOBI XBWJIb, IOJIS-
raloTh B HEOOXIJHOCTI CIIOYATKY 3I€HEPYBaTH KOHTPOJIBHY XBHJIIO, IPUHHATH PO3CISHUN Ha e(eKTi CUrHaj 1 po3poou-
TH METO/U aHali3y OTPUMAHOr0 CHrHaly. 31eOUIBIIOro yBara NpHIUIIach aHaJli3y pO3CisIHOro Ha JedeKTi 1o, M-
TaHHS BIUIMBY HaBaHTA)XEHHS, SIKE T€HEPY€E KOHTPOJIBHY XBUIIIO, 1 €()EeKTHBHICTH 30y/PKEHHSI XBHIILOBOTO MOJIS NPAKTH-
YHO HE JOCIiIKyBaluch. [Ipu poMy CITiZ 3ayBakKUTH, IO TUCIIEPCiHI BIACTUBOCTI XBHJIb IPOSBISIOTHCS HE TLTBKH
MIpH TIOITUPEHHI, aJe i B TOMY, III0 €HepPTis, Ky MOKIINBO «3aKavyaTH» B XBUIIEBIN, TAKOX 3aJIeKUTH Bix yactoth. [Ipote
JUIIE B KUTBKOX poOOTax Ha OCHOBI PO3B’s3aHHSA MOAETHHUX 3a7a4 PO3TIAaI0THECS 0COOIHMBOCTI 30y IKEHHS XBIIIFOBO-
O IOJIA 3aJJaHUMU HaBaHTa)XEHHAMH. B [4] aHami3yBanoch XBUIBOBE IHOJIE IIPU CUMETPHYHUX KOJIMBAHHAX MPY)KHOTO
HamiBIIapy, 30y/PKeHe HOpMallbHUM HaBaHTXKEHHSM Ha TOPLI MPH BIJCYTHOCTI JOTUYHOTO HAIPY>KEHHS. AHaJIOriyHa
3a/1a4a, TaKoX JJIs1 CHMETPHUYHUX KOJMBaHb, Oyna po3B’s3aHa B [5] mpu 30y/HKeHHI HamMiBIIapy piBHOMIPHHM OCHOBHM
MepeMilieH M (smiwana 3a0aua). B [6] BUMyIieHI KOJUBaHHS 30y KYBaIUCh HEPIBHOMIPHIM HAaBaHTKCHHSIM 1 HEpi-
BHOMIpHHUM MepeMilieHHsM. B nux poborax Oyno npoBeaeHo aHaii3 po3noily eHeprii, 0 «3aKadyyeThCs B HalliBIIap,
MDK PI3HUMH MOJIaMH, SIKi MOIIMPIOIOTHCS, 1 BCTAHOBJICHO YAaCTOTHI Jlialla30HH, B SIKMX SHEPreTUYHO JOMIHYE TiIbKU
onHa Moza. OLiHKa eHeprii, 0 «3aKadyeThCs» B HaMiBIIAP, HE PO3TJIsiiaiacs.

AHaJti3 ocTaHHIiX gociikens. Bubip yactoTH i criocoby renepartii KOHTPOIBHOI XBHIII € BU3HAYAIBHUM 17151 ee-
KTUBHOTO 30Yy/DKEHHS XBUJIBOBOTO IMOJIA 1 «3aKauyyBaHHS» MAaKCUMAaJIbHOI CHEPTii B KOHCTpYKIito. J[Jist iHTepmperattii po-
3CISIHOTO Ha JIe(eKTi CUTHAITY BaXIIUBO PO3IUIUTH Oidicyui Xeuni Pi3HUX MOPSIKIB, OCOOIMBO B 00JIACTI BIIIHOCHO BUCO-
KHUX 9aCTOT, i BCTAHOBHUTH eHep2emuiHo OOMIHyowy X6uiro Ha AaHii 4acToTi. OcoOMMBOCTI 30yIKEeHHS O1KYUNX XBUIIb
B 00J1aCTi BIJTHOCHO BUCOKHX YaCTOT 1 BUUICHHS HaHOUIBII €HEPreTUYHO 3HAYYIOT XBHIII BUBYAJIOCH HA MOJICIBHUX 3a-
Jladax Mpo BUMYIIEH! KOJMBAaHHS HAMiBIIApy AJS CHMETPUYHHUX KOJIMBAHb MPU AMHAMIYHUX [4] 1 3MiIIaHUX TPaHUIHUX
yMoBax Ha Topi [5], [6]. AHTHCHMETPUYHI KOTUBaHHS HE PO3TIISIANNCE.

B naniit poGoTi Ha OCHOBI PO3B’SI3Ky MOJEJIFHOI 33/1a4i IPY BUMYIICHUX aHTUCHUMETPHUYHUX KOJIMBAHHSX HaIliB-
1I1apy BCTAHOBJIEHI YAaCTOTHI Jlialla30Hu, B SIKUX Iepiia i Ipyra ObKydi XBuiI OyAyTh HalOIIbII €HEPTeTHYHO BUPAXKEHI.

IocTranoBKa 3agauyi. Posrmanaerscs mMoodenvra 3a0aya Ipo BUMYIICHI TAPMOHIYHI KOJIMBAaHHS MPYKHOTO 130TPO-
ITHOTO HamiBLIApy (| y| <1, 0 <z <), OiuHI TOBEpXHi SIKOTO BUIbHI BiJl HANIPYXKEHb, a Ha TOPLI NPUKJIAICHE JMHAMIYHE
HaBaHTaXeHHs. DI3WYHI BIACTHBOCTI CEPEIOBUINA 3aMAI0ThCs Koe@iyienmom [lyaccona v i MomyneM 3cyBy 4 . B mo-
JIANIBIIOMY BC1 BEJIMYMHM HOPMOBAHI Ha IOJIOBUHY IIUPUHHU HamiBiuapy H .

Heo0xinHO 3HaWTH XBHIBOBE TOJIE i ( ¥, z) , IKE 3a/I0BOJIBHSIE BeKMOPHOMY pigHANHIO Jlame:

2
yAﬁ+(,1+ﬂ)graddivﬁ=p‘Z—§‘, (1)

t

IPaHUYHHAM yMOBAM:

Oy (il,z)zO, z'zy(il, z)=0, z2>20 (2)

1 30yIDKy€eThCSl HABaHTaXKEHHSM Ha TOPIII, SIKE PO3KIIANAEThCS Y psio Pype:
0. (3. 0)=2uf () =263 (-1)" fisin By, 7., (3.0)=2up(y) =2u (-1) cos By 3)

k=1 k=1

Po3riIs1aeThesl aHTHCUMETPUYHE XBHIILOBE T10JI€ BIIHOCHO miouud Y = 0.

Mertoa po3B’sizanns. B naniit poOoTi st po3B’sI3aHHS MOCTABICHOT TPAHUYHOI 3a7a4i BUKOPHUCTOBYBABCS Mmoo
O0O0HOPIOHUX pP036’°513Ki6, Y BIATIOBITHOCTI JIO SIKOTO XBHIJIBOBE I10JIE IPEJICTABISETHCS PSIOM 10 CHCTEMi HOPMAaJIbHHUX
XBHJIb (3 ZliﬁCHHMH, YUCTO YSABHUMU i KOMIIJICKCHUMH XBHJIBOBUMU '-II/ICIlaMI/l), KOXXHa 3 AKUX 3aJ0BOJIbHAE€ I'PAHUYHUM
yMOBaM Ha O1YHHMX MOBEPXHAX. Take MPeICTaBICHHS MICTHTh HECKIHUCHE YHCIIO KOMIUICKCHUX KOe(Ii€HTIB, 3HAUCHHS
SIKMX 3HAXOJATHCS NIPH BUKOHAHHI TPaHUYHUX YMOB Ha TOPLi HamiBIIapy.

Bekrop nepeminieHHsl, SIKUi BiAIIOBIJa€ HOPMaJIbHIN XBUJII 3 XBHJILOBUM YHUCIOM &, Ma€ BUTJISL

h ®+p; sh
—i&|p shp,y & +p; shpy 0"

g2 chpay £ +p3 chpyy | e @
? chp, 2p;  chp

T chp, 2 chp
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HanpysxeHHs1, M0 BiMOBIIAIOTH MM ITEPEMILIICHHSM, 3HAXOAATHCS 13 3akoHy I yka. 3aralbHUM po3B’SI30K TPaHUY-
Hoi 3amadi (2) — (3) 3anumemMo y BUTTIAII:

3 gz . i&;z
2 f ()= 2 €0 (&50) 077, 2u0(x)= 1€, (&) 4577, )
j=1 p=
se C; — KOMIUICKCHI aMILTITY 1M HOPMAJIbHUX XBHIIb, & &; — KOPEHI AMCIEPCIHHOIO PiBHSHHSL:

2 th
A(&) =& pythp, - (262 -0 4—j=o,
1

JE -9, gz,

p; (&)= j=12. (6)
—i,/Q§ -&, E=9,.

Po3B’s130k cuctemu (pyHKUIOHAIBHUX PIBHAHB (5) MOOYIOBaHUN MemoOdom KOoLoKayiti, y BIAMOBIIHOCTI 0 SIKOTO
rpaHu4Hi yMOBH (3) BUKOHYBJINCh B N TOYKax. 3arajbHa KUIBKICTh TOYOK BH3HAYaJIach TOUHICTIO BUKOHAHHS TPaHUY-
HUX yMOB (3) 1 HopiBHIOBaa 3arajbHill KiJIbKOCTI HOPMAJIBHUX XBWJIb, SIKI BPaXOBYBaIX JUIs onucy noist. IIpu npomy
BPaxOBYBAIHCH BCi JiHCHI 1 YUCTO YSBHI KOPEHI AUCHEPCitHOTO piBHSHHS (60), a TaKOXK 0OMEKeHa KUTBKICTh Map KOM-
TUIEKCHUX KOpeHiB. TOYKM KOJIOKalii po3TalioByBalInCh MO MOBepxHi z =( pIBHOMIPHO, BOJHOYAC TOYKM KOJIOKAIil
JUIs. HOPMAJIBHUX 1 TIOTUYHUX HanpyskeHb He criBnagany. [Ipu BpaxyBanHi 20 map KOMIUIEKCHUX KOPEHIB JUI BUKOHAH-
Hsl TpaHnYHUX yMOB (3) moxubka Ha nepeBuinyBana 0.5% 3agaHoro HampyxeHHs. B poGOTI po3risgaoThes 1Ba BUAN
HaBaHTa)KCHHS.

Hopwmanbhe HanpykeHHs (3rHHAJIBHUA MOMEHT)

O-zz(y30):2/lsln(%j’ sz(yso):() (7)

1 HaBaHTa)XEHHS 32 paXyHOK JOTHYHUX Harpyr (IiepepizanbHa cuia)

Ty

0,=0, 7, = 2,ucos7. ®)

CepenHiii 32 nepio NOTIK MOTY)KHOCTI, SKMH «3aKauy€eThCs B HaIlBILAp
Lo
io
W:?,uj(azz Im(u,)+7,, Im(uy))dy. )
-1
CepenHiii 32 Iepio NOTIK MOTYKHOCTI, SKHH IEPEHOCUTHCS O1KYYMMH XBHUJISIMU, BU3HAYA€THCS BUPA30M:!

K . h
— (k). plk) 12~ 12
WZ - ZEZ > EZ ) _7|Ck| : J. [azz (5]{7 y)uz (§k5 y)_sz (§k5 y)uy (5](7 y)j|dy 5
k=1 —h
’
k 202(22_2)\2 (gk)

ER = polC,[ 03 (& -0 )=+ (10)
[MopiBHSIHHS eHeprii, sika «3aKauyeThCs» y HaIiBILAp, 1 €Heprii, sika MOLUIMPIOETHCS B TOPIS (3aKOH 30epeKeHHs!
eHeprii), € J0IaTKOBUM KPUTEPIEM ITOCTOBIPHOCTI OTpUMaHUX pe3yibraTiB. [y naHOi rpaHMYHOT 33134l 3akoH 30epe-

JKEHHSI €Heprii BUKOHYBaBCs 3 TOUHICTIO 99.91% BimHOCHO eHeprii, 0 HAAXOAUTh y HaMiBIIAp.

AHani3 pesyabtatiB. Hacammepen po3ristneMo HopMaiibHe HaBaHTaXeHHS (7).
Puc. 1 BimoOpaxae 4YacTOTHY 3aJIe)KHICTb HOPMOBaHOI BEJIMYMHHM EHEPrii, sKa «3aKadyeThCs» B HaImiBLIAp

E=w/ (2a),u) . Ha puc. 1 BuaHO 3HauHY 3aJEeXHICTH CIIOKMBAHOI HamiBIIapoM eHeprii Bix wactotu. [Ipu dikcoBaniit

aMILTITY 1l HABaHTAQ)KCHHS YaCTOTHA 3aJIC)KHICTh CHeprii 00yMOBJICHA 3MiHOKO IIBHUAKOCTEH TOYOK ITO TOPIIIO HAIIBIIAPY.
Ha puc. 1 Buninumo nBa intepBanu. [lepmmii — 10 KpuTHYHOT YacTOTH 1yt Apyroi xBmii (Q, = 7 /2 ), KoM B HamiBIIA-

Pl MOJKe MOIIUPIOBATUCH TIIBKK OJ{HA O1XKyda XBHJISL, 110 MEPEHOCHTh SHEPrii0 B JalibHE Toe. B oMy niana3oHi 3ae-
KHICTh CHIO)KMBAHOI eHeprii Moxe OyTH 0OyMOBIJIEHA 3MIHOIO CTYIEHS Y3rO/KEHOCTI HaBaHTa)XEHHs Ta (GopMH KOJIH-
BaHb. Taka cuTyalis UijIKOM MOXJIMBa, OCKUIBKH PO3MOJIUT epeMillieHHs! (IIBUAKOCTEI) B HOPMAJIbHUX XBHJISIX ICTOTHO
3aJIOKHUTh BiJl 4acTOTH. Jlpyruil 4acTOTHUMII Aiana30H — KOJIM B HamiBIIApi 3 SBISIIOThCA ODKYYl XBHJII BHIMX MOPSIKIB.
Ha npomy iHTepBaii 4acTOT MOXHA BUIUIMTH JBa JOKajdbHi MakcuMyMHu. Ilepmuii — Ha wacToTi Q, =77 /2, 5Ka € Kpu-

TUYHOO YAaCTOTOIO JJIs APYroi XBUIIL, 1110 IOLMPIOETHCS, IPYIUil — Ha yacToTi Q, =4.3.

Ha nepumii norssiy JiokajabHI MaKCUMYMH, SIKi IPEACTaBIIeHI Ha pHc. |, MOXKYTh BKa3yBaTH Ha HasBHICTb pe30HaH-
CHMX CHTYyalill B 33JaHOMy 4acTOTHOMY aiana3oHi. [Ipore 3pocTanHs eHeprii, sKa «3aKayyeTbCs» y CUCTEMY 3 PO3IOi-
JICHUMH TIapaMeTpaMH, Mo)ke OyTH OOyMOBIIEHE JBOMa YMHHHMKaMH. 30UIbIICHHS «3aKadyBaHOI» eHeprii Moxe OyTH
OB’ s13aHe SIK 13 OJIM3BKICTIO YaCTOTH 30BHIIIHHOIO HaBAHTAKEHHS 10 BJACHOI YACTOTH CHCTEMH, TaK 1 3 IIABHIIEHHIM
CTyIIEHS y3TOKEHOCTI HABAaHTAXXCHHSA Ta (DOPMHU KOJHBAHB, SIK Bke Oyno 3a3HadeHo. LmrocTpariito BIUTUBY ODKydHX
XBWJIb PI3HHUX MOPSIKIB Ha PO3IIOALT CITOKUBAHOI €HEPTii MK XBHIISIMH JAfOTh JaHi, IpeACTaBIeH]I Ha puc. 2.
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Puc. 1 — YacroTHa 3a1ekKHICTh CEPEAHBOrO 32 MEePiof MOTOKY Puc. 2 — [IpoueHTHUI pO3MOILNI CEpeTHBOTO 3a NEePio MOTOKY
MOTY>KHOCTI, SIKHH «3aKady€ThCs» B HAMIBIIAP pH 30y HKEHHI TOTY>KHOCTI MK ODKYYHMH XBHJISIMH Pi3HUX MOPSIIKIB B 3aJIEK-
IOJISl STUHATBHUM MOMEHTOM. HOCTI Bix yactotu. HoMep kpuBoi BianoBigae HoMepy OiKydoi

XBHIII.

Homep kpuBOi BifiNOBi1a€ HOMEPY XBUIII, 110 MOIIUPIOETHCS. [TouMHAIOYHM 31 CBOET KPUTHYHOI YacTOTH, Ipyra HO-
pMasibHa XBWIA 30UIBLIYE CBOIO €HEPIrOEMHICTD 1 Ha PHC. 2 YITKO BUAUISIFOTHCS YaCTOTHI Jiana3oHu, Jie 1isl XBUIIS Iiepe-
HOCHUTh MaKCUMYM €Heprii. SIBuile TOMiHyIO4OTo Xapakrepy ojHiel O1>Ky4oi XBWIIi B IEBHUX YaCTOTHHUX Jiana3oHax J10-
Ope BioMe i BiIMiYaJioch B 0araTboX poOOTaX JJis Pi3HHX THINB HaBaHTaxeHs [4], [5], [6], mpoTe Ha CHOTOJIHI 3arajb-
HOT'O MOSICHEHHS TAaKOT'0 PO3MOALTY €Heprii MiX pi3HUMH ODKy4YMMH XBWISIMH HeMae. EHeprisi, IKy IepeHOCHTh KOXKHa
Oi>Ky4a XBHIISL, € 0OOYTKOM ABOX MHOKHHKIB (10). Ilepmnii — KBagpaT aMIUTITY i1 XBHIIi. AMIUTITY1a 3aJI€XKNTh BiJl Tpa-
HUYHUX YMOB Ha TOPIIi 1 3HAXOAUTHCS 3 PO3B’ 3Ky TPAaHUYHOI 3a1adi. J{pyruii BU3HAYAE€THCS AUCTICPCIHIMU BIACTHBO-
CTSIMH 11 KOOKHOT ODKy4oi MOIM 1 HEe 3aJIeKUTh BiJ BUAY HaBaHTaXeHHs. [Ipyu mboMy 3alIeXHICTh IOTOKY IOTY)KHOCTI
BiJl YACTOTH JOCHUTH CKJIAHA i BU3HAYAETHCS K MOB3AOBKHIMH 1 TMOTIEPEUHUMH CKJIAOBIMH HOPMAaJIbHOI XBHWII, TaK i
B3a€MOI€I0 [IUX CKIAMOBHX (BiAnoBigHO 10 A’ (5))

[ToBepratounch 1O PO3NOALTY eHepril Mk ODKyYUMH MOJaMH, BiI3HAYMUMO, LIO JPyra MOja HalOUIbIll eHepreTuy-
HO BUpax<eHa B Aianas3oHi 1.8 <), <5.2. Jlume B okoii yactotu 2, =4.2 eHepris Ipyroi MOIHU 3MEHLIY€EThCS 1 10Cs-
rae cBOTO MiHIMyMY Ha Iilf 9acToTi (puc. 2). Xo4a qpyra MoJa 3aUIIAETECS EHEPTeTUIHO TOMIHYIOUOK0 B 3a3HAUYCHOMY

YaCTOTHOMY Jialla3oHi, ane ii iHTeHCUBHICTD 3MIHIOETHCS, IO OOYMOBIICHO SIK 3aJI€KHICTIO ii aMIUTITYIH BiJl 9acTOTH,
TakK i 3MiHOIO CTYIICHIO Y3TOKEHOCTI HAaBAaHTAXXCHHS Ta (POPMU KOJIMBAHb.

E E/E
5 Tp —
1 PR ' 1
' 4 1 N 1
1 ’ ' t 1
1 , 4 [ v
4 0.8 i -1 [ N
[} ’ o ~
1 ’ "o N
1 ’ il N
\ 4 by N
l 4 1\ N
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O 1 1 1 1 Q O Q
2
1 0 3 4 5 0 3 4 5 2
Puc 3 — YacToTHa 3aJI€XKHICTh CEPEAHBOTO 32 MEPIOJ IIOTOKY Puc. 4 — [IponieHTHHH PO3MOALT CEPEAHBOTO 32 MEPIOJ TIOTOKY
MOTY>KHOCTI, SIKHH «3aKady€ThCs» B HAMIBIIADP pH 30y HKEHHI MOTY>KHOCTI MK ODKYYHMH XBIISIMH Pi3HUX HOPSIKIB
TIOJISI TEPEPi3aTbHOK0 CHIIOK0. B 3aJIC)KHOCTI B yacToTH. Homep KpHBOi BinoBigae HoMepy

Oixy9oi XBHIIL.

[Monanbiie nornuOiIeHHsT YSIBIEHh PO OCOOIMBOCTI 3rMHAIBHOTO JAe(OPMYBaHHS HAMiIBIIAPY MOXHA OTPHUMATH

NIPU PO3IJIsi/ll HABAHTAXKEHHS TUITY CHIIH, 1110 Tiepepi3ye. B naHoMy BUMaaKy Lie peanizyeThCsi 33 aHHIM PO3MOJLTY J10-
TUYHHX HAIpyXeHb Ha Topii (8).
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Ha puc. 3 BimoOpaxeHa 3a1€XKHICTh CEPEIHHOTO 3a MePiojl MOTOKY HOTYKHOCTI BiJ yactot E =W/ (2 )7, a)) .

[Ipu mopiBHAHHI MaHWX Ha puc. 1 1 puc. 3 mepIr 3a Bce CIIifl 3BEpHYTH yBary Ha Te, [0 eHepreTUIHa CIPUHHATIIN-
BiCTh HamiBIIapy B 00J7acTi HU3BKHUX YaCTOT MPH HABaHTAKEHHI MEpepi3aibHOI0 CHIIO0 3HAYHO BHIIE, HIXK MPH HaBaH-
Ta)KeHHI 3rMHAJBHUM MOMEHTOM. HacTylmHUM NpPHHIMIIOBO Ba)KIMBMM MOMEHTOM € T€, LIO NpH 3MiHi TUIy HaBaHTa-
KEHHS JIOKAJIbHUI MAKCUMYM €HEPrOCIO)KHBAHHS, KNI CIIOCTEPIraeThes Ha pUC. | Ha KPUTHYHIM 9acTOTi Apyroi MOIH
(Q, =7/2), 3uuk. lle miaTBepIKy€e NPUILYIIEHHS, 1O el MakcuMyM OyB OOYMOBIICHUH BHCOKUM CTYIEHEM Y3IO-

JOKEHOCTI XapaKTepy HOPMAaJIbHOTO HABAHTAXXEHHS Ta PO3INOJUTYy HANPYXEHHsS y Apyriid XBwii. Y TOH ke yac Opyrui
JIOKaJIbHUM MaKCUMYM Ha 4acToTi (), =4.5 30epircs, xoua 4acToTa I[bOr0 MaKCUMyMY MifBUIMIack. OCKiNbKU Apyruii

MaKCHMYM 3pPOCTaHHSI €HEPTrOCIOKHBAHHS KOJIMBAJILHOT CUCTEMH OJNM3BKUI JUIS PI3HUX BHIIB HABAaHTA)XEHb IPH HE3HA-
YHii 3MiHI IHTEHCUBHOCTI, TO, OYEBHIHO, BiH OOYMOBJICHHI OJM3bKICTIO YaCTOTH 30BHIIIIHHOTO HABAHTAXKCHHS IO TICB-
HOI XapakTepHoi (BJacHOT) YacTOTH HariBIIapy. BiIMIHHICTD B XapakTepi HaBaHTaKEHHS MPOSBISETHCS 1 IPU PO3TIISLII
eHepreTYHoi e(heKTUBHOCTI pi3HUX ODKY4YHMX XBWIb. Ha puc. 4 HaBeZeHO YacTOTHY 3aJIeKHICTh EHEPreTHYHOI eheKTH-
BHOCTI ODKy4nX XBWJIb Pi3HHX mopsakiB. Homep kpuBoi Biamosinae Homepy 0ixy4oi xBuiti. OcoOIMBICTIO JaHOTO T'pa-
(hika € myxe pizke 30UTBIICHHS €Heprii, sika MePEHOCUTHCS APYTO0 OIKYUIOI0 XBHIICIO, B OKOJI KPUTHYHOI YaCTOTH IS
i€l momu. [Ipu moganeImoMy 3pocTaHHI YaCTOTH €HEPTOEMHICTH APYTOi MO TMaAae, i JOMIHYIOUOO BHSBISETHCS TIEp-
mra Mona. Jist mpyroro BUMAAKY MpUKIaJeHe HABAHTAKEHHS € JOTHYHUM, a, BIMOBIIHO O pHC. 3, €HEepris mepmoi Ho-
pMaJIbHOT XBHIJII BU3HAYAEThCSA NOTUYHUMH HAIPYXXEHHSMH, TOMY, IMOBIpHO, came mepiia OikKyda XBHIIS B Jiana3oHi
yactor 1.8<Q, <5.2 Oyne eHepreTHyHo JoMiHyrouoto. [Ipore B okomni uactotu €2, = 4.2 mepuia 6ixyua XBUIS CTPIM-

KO BTpauae CBOIO €HEprito, 1 Apyra ObKyda XBWIISL cTa€ JOMiHYI0UO0. SIK BKe 3a3Ha4anoch, TaKMi XapakTep 3MiHHU I10-
PSIKY €HepreTHYHO JOMiHyIouoi XBWJII, HaliMOBipHiIIe, 0OyMOBIEHHUI OJNM3BKICTIO YaCTOTH 30BHIIIHBOTO HaBaHTa-
’KE€HHS J0 BJIACHOI 4aCTOTH HaIiBHIapy. 3ayBa)KUMO, 10 YacToTa Q, =4.2 He € KPUTUYHOIO YaCTOTOIO AJIS XBHJIb, 1110

MOUIMPIOIOTHCS, TOMY B OKOJIi 11i€1 4acTOTH, IMOBIPHO, BIIOyBa€ThCsl 3HAUHE 30Y/PKEHHS XBUIIb 3 KOMIUIEKCHUM XBUIIBO-
BUM YHCJIOM. X04Ya Iii MOJIM €HEPrii0 He MIePEeHOCATh, IPOoTe TX 30yIHKEHHS 3HA4YHO NepeOyJ0By€e XBUIILOBE T10JIE€ B OKOJI
TOPLIS, IO IPU3BOAMUTH O 3MIH B PO3IOJIiII €HEPrii, siKa 3aKauyeThCsl B HAITIBILAP, MK ODKYYHMH XBHIISIMH.

IlepcneKkTUBU MOJAJBIINX AOCTiTAKeHb. ABTOPH BBaXKAlOTh, 1[0 NOAAIBIINN HAIPSIMOK JOCIIIKEHb e()eKTHBHO-
cTi 30y/DKEHHSI IPYKHUX XBHJIEBOJIB OB’SI3aHUH 13 BCTAHOBJICHHSIM BIUIMBY KoediuieHTta [lyaccona Ha eHepriro, sika
«3aKavyeThCs». BimoMo, M0 Mpu aHTHCHMETPUYHUX KOJNMBAaHHAX HaIiBIIapy B 00JaCTi YacTOT, J¢ MOIITUPIOIOTHCS JIBi
HOpMaIbHI MOJH, iCHY€ KpaiioBuil pe3oHaHc. Lleit pesoHaHC 00yMOBJICHHI 3HAYHUM 30YIKEHHAM HEOIHOPITHIX XBUIIb,
10 TIPHU3BOAMTE IO CYTTEBOI MEpeOyIOBH XBHIHOBOTO MOMA. YacToTa KpaOBOTO PE30HAHCY 1 HOTO HOOPOTHICTH 3Mi-
HIOIOTBCS 3 KoediuienToM [lyaccona. [Ipu npomy pesoHaHc Mae Micue Tinbku st v > 0.32 . YacTtoTa KpaiioBoro peso-
HaHCY € BJIACHOIO YaCTOTOIO CHCTEMH, TOMY Ha Lilf 4YacTOTI MOXIIMBE 3HAYHE 3POCTAHHS €HEprii, IKa «3aKauyeThesD» B
CHCTEMY.

BucnoBku. IIpencrasiena po6oTa € HAyKOBUM HIiATPYHTSIM 7SI CTBOPSHHSI METOIUK aKTUBHUX METOIIB HEPYHHi-
BHOT'O KOHTPOJIIO, SIKI IPYHTYIOThCSl HA BUIIPOMIHIOBAHHI Ta MPUAMaHHI aKyCTUYHUX CHTHANIB. | eHepalisi 30H/1yBaJIbHO-
rO CHTHAJIy 3 3aJaHMMH XapaKTePUCTHKAMH i PO3yMIHHS OCOOIMBOCTEI MOMIMPEHHS XBUIb B IPYKHHUX TiJaX € KIH0YO-
BUMHU MOMEHTAaMH IIPH 3aCTOCYBAHHS aKTUBHUX METO/IB KOHTPOJIIO.

B po6ori nokazaHa 3HayHa YacTOTHA 3AJIEKHICTh €HEPTii, SKa «3aKauyeThbCs» B NPYXKHINA HaMIBIIAp MPU BUMYIIIe-
HHUX aHTUCHMETPUYHMX KoJuBaHHAX. Takuii edekt, mepur 3a Bce, 00yMOBIIEHHUH 3aJIeXKHICTIO (opMH HOpMaJIbHOT MOAX
BiJl 4acToTH. B 00acTi BUCOKHMX 4acTOT, KOJIM B HaliBLIAPI IMOIIUPIOETHCS JEKIIbKa HOPMAJIbHUX XBUJIb, BiI0YyBa€ThCS
0oOMiH eHeprii M’k MOJlaM{ Pi3HMX HMOPSJKIB, 10 B CBOIO YEPry YCKIIAIHIOE YaCTOTHY 3aJIeXHicTh. JlaHi mono oOMiny
€HEepri€ro MiXK MOJIaMH 1 BCTAHOBJICHHS €HEPreTHYHO JIOMIHYI04O01 MOJIH, HEOOX1THO BpaXOBYBaTH IIPH PEECTPALli] XBUIIb
IIPY BUKOPHCTaHHI BUCOKOYACTOTHHUX 30ypeHb. [lokasaHo, 10 JIOKaIbHI eKCTPEMYMH, B 3aJIeKHOCTI €Heprii Bix yacTo-
TH, MaIOTh MiCIle Ha BIIAaCHUX YacToTax cucteMu. KpiMm Toro, B poOOTi, HA OCHOBI MOPIBHSHHS BUMYIICHUX aHTUCHMET-
PUYHUX KOJHMBaHB B MPYXKHOMY HaIliBIIapi, BCTAHOBIICHO CYTTEBI BiAMiHHOCTI €(h)eKTUBHOCTI 30YI’KEHHS XBHIHOBOTO
TIOJISL TP PI3HHUX BHIAX 30BHILIHBOTO HAaBaHTAXKEHH:. 30KpeMa 3Hai[IeHO, 1110 TPU HaBaHTa)KeHI NPYKHOTO XBUIICBOLY
MepePi3aIbHOI0 CHUIIOK B 00JIaCTi HM3BKUX YacTOT, CPEKTHBHICTh Iepeaadi eHeprii B JajabHE MOJIC 3HAYHO BHUIIE, HIXK
IpY HaBAaHTa)KCHHI 3THHAIBHMM MOMEHTOM. Takuil eekT oOyMOBIICHHH CTyNEHEM Y3rOJDKEHOCTI HaBaHTaKEHHS Ta
(dbopmu KoIMBaHb. AJle A IWTaHb, SIKI BHHUKAIOTh P PO3IJIAAI HABEJCHUX KiJIbKICHUX JaHUX, HEJOCTATHBO 3pO3yMilli
1 BUMAararoTh IOJaJIbIIOr0 aHalli3y, 0COOIMBO B OKOJI 4acTOTH €2, =4.2.
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B. T. T'PIHYEHKO, B. T. MALTUIIYPA

JACKPETHO-AHAJIITUYHUIA METO/I PO3B’SI3AHHSI 3AJIAY MATEMATHUYHOI ®I3UKU

OOroBOPIOIOTHCS MOXKIIMBOCTI crienn(iyHOTO MiAX0AY 10 PO3B’I3aHHA 3a7a4 MAaTeMaTHYHOI (i3UKH, SKI ONHUCYIOThCS JIHIHHUMHU Au(pepeHiaTbHUMA
piBHSAHHAMH. [ TAaKOTO THITy PiBHSIHb HAKOIHYEHO 3HAYHUH 00’€M pO3B’I3KiB KOHKPETHHX 3aJad Iy TaK 3BaHUX KAHOHIYHHX 00JacTeil. 3araipHoI0
XapaKTEePHOIO OCOOIUBICTIO TaKUX 00JIaCTell € Te, MO 1X IPaHHIl € KOOPIMHATHOO IOBEPXHEIO B JEKAPTOBUX, LITIHAPHIHUX, CHEPUIHUX KOOPAUHA-
tax. Came B TaKUX KOOPJMHATHUX CUCTEMAX JUIsl JIIHIHHUX PiBHSAHb HAKOIMYEHO 3HAYHMI JOCBiA B MOOYAOBI YaCTUHHHUX pO3B’s3KiB. CTATTs MPHUCBS-
YeHa JOCIIPKEHHIO MOXKIJIMBOCTEH BHKOPHCTAHHS TAKMX BIIOMHX YaCTHHHHX PO3B’SI3KiB IIPH BHPIIICHHI 3a[a4 MOIIYKY KUIbKICHUX XapaKTepUCTUK
(i3MYHEX TOJIB B 001acTsIX DOBUIBEHOI (opMu. AHANI3 HASBHHX aHATITHYHHX PO3B’S3KIB JUIS KAHOHIYHHX OoOJIacTell 103BOJSIE CHOPMYITIOBATH HOBE
MIOHSTTS 3arajbHOTO PO3B’SI3KY IPAHUYHOI 3a/1aui JUIsl IEBHOTO KJACy YK€ HeKaHOHIYHUX obnacreil. CnenudivHoo pucoro Takux obsactei € Te, mo ix
rpaHnYHi MOBEPXHI (OPMYIOTHCS SIK YaCTHHU KOOPANHATHUX [OBEPXOHb B YKa3aHUX KOOPAMHATHHUX CHCTEMax. IIpH [[bOMy NPHHIUIIOBO BAXKIIHBOIO €
Ta 00CTaBHHA, IO JUISL JIHIHUX PIBHSAHB € CIIPaBEIMBUM IPHHIMII CYIEPHO3HLI], KOJIH Oy[b-sKa CyMa YaCTUHHHX PO3B’SI3KIB € TaKOXK PO3B’SI3KOM
rpaHuYHOl 3amadi. JlOCHi/KeHHs 3arajbHHUX PO3B’S3KiB MPAaHHMYHUX 337ad Ul HEKaHOHIYHMX OOiacTell BKadye Ha MOMIIMBOCTI IOOYIOBH TaKUX
PO3B’sI3KiB pi3HOI (hopMHU AT KOXKHOI KOHKPETHOI 3a/a4i. BHUKOpHCTaHHS TakuX 3araibHHUX PO3B’SI3KIB BiIKPHUBA€ IIEBHI MOXKIMBOCTI I 3MEHIICHHS
00’€eMiB 00YHCITIOBAIIBHUX NPOLEAYP NIPU BUKOHAHHI OOYMCIICHD Y BUNAJKY 3aa4 JUIs 3aralbHUX HeKaHOHIYHUX obyacTeil. IIpu nboMy BUKOPHCTOBY-
€TbCS ifiesl MOy 3aJaHol 00JacTi Ha YaCTHHHI CKIAAoBi. B onHiil i3 HMX IJIs MMpPEICTAaBICHHS IOJsI BUKOPUCTOBYETHCS aHATITHYHHN 3araabHHI
PO3B’SI30K, a B pemITi obnacTeil BUKOPUCTOBYIOTBCS TPaJUIiiHI MXOAU OO AUCKpPETH3allii, HAPHKIAA, METOJ CKIHYeHHHX eleMeHTiB. IIpuBeneHo
TBEPJDKEHHS IIPO MOXKIMBOCTI BUKOPUCTAHHS Pi3HUX (OPM 3araJbHOro po3B’s3Ky Ta IPEACTaBICHI KOHKPETHI NPUKIaan o0uncieHb. OOroBoproeThCs
MUTAHHS NPO Pi3HI ATOPUTMHU I OOYUCITIOBAIBHUX MPOLIELYP PH BUKOHAHHI IPAHUYHHUX YMOB i YMOB CIIPSDKEHHS Ha JI0JATKOBHX MOBEPXHSX.

KorouoBi ciioBa: rpaHnyHi 3a7adi, NiHIHHI PIBHSAHHS, 3aTaJbHUN PO3B’S30K IPAHUYHOI 3a/1adi, yMOBH CIIPSDKCHHS, CepeAHbOKBAJPaTUYHA all-
POKCHMaIlis, TOTOYKOBA allpOKCHMAllisl, KAHOHIYHA 00J1acTh, piBHsHHS Jlamaca.

V. T. GRINCHENKO, V. T. MATSYPURA
DISCRETE-ANALYTICAL METHOD OF SOLVING PROBLEMS IN MATHEMATICAL PHYSICS

This paper discusses a specific approach to solving problems in mathematical physics as described by linear differential equations. For this class of
equations, a substantial body of solutions has been developed for particular problems within so-called canonical domains. A common feature of these
domains is that their boundaries coincide with coordinate surfaces in Cartesian, cylindrical, or spherical coordinate systems. Significant experience has
been accumulated in constructing partial solutions for linear equations in these coordinate systems. The focus of the article is on exploring the potential
of using these known partial solutions to solve problems involving the determination of quantitative characteristics of physical fields in domains of ar-
bitrary shape. An analysis of existing analytical solutions for canonical domains enables the formulation of a new concept: a general solution for
boundary value problems defined on a class of non-canonical domains. A distinctive feature of these domains is that their boundary surfaces are made
up of segments of coordinate surfaces from different coordinate systems. A key aspect of this approach is the superposition principle, which holds for
linear equations: any linear combination of partial solutions is also a valid solution to the boundary value problem. The study of general solutions in
non-canonical domains reveals the possibility of constructing multiple solution forms tailored to specific problems. Employing such general solutions
presents opportunities to reduce the computational effort required for problems in general non-canonical domains. This is achieved through the concept
of domain decomposition: one part of the domain employs an analytical general solution to represent the field, while the remainder is treated using tra-
ditional discretization methods such as the finite element method. The article also addresses the use of various forms of the general solution and pre-
sents specific calculation examples. Additionally, it discusses different algorithms for handling boundary and interface conditions on auxiliary sur-
faces.

Key words: boundary value problems, linear equations, general solution of a boundary value problem, conjugation conditions, mean-square ap-
proximation, pointwise approximation, canonical domain, Laplace equation.

Beryn. IIpu BupimenHi 6aratboX MpoOIeM MamemMamuiHo2o MOOeNO8aHHs QI3uyHUX Npoyecié TIO9aTOK JOCIIi-
JOKCHHS TIOB’13aHO 3 ()OPMYJIFOBAHHSAM SPaHu4HUX 3a0ay JJis PiBHSAHb B YaCTUHHMX noxigHux. [Tomaneina pobGora crpsi-
MOBaHa Ha MOUIYK Menmody Po3B’si3aHHs 33/1adi, 9aCTO MOB’S3aHOTO 3 BUKOPUCTAHHSAM JIOJaTKOBHX TilOTe3, mo Oa3zyBa-
JIMCSL Ha TIOTIEPEIHIX 3HAHHIX BIAHOCHO CHIPYKMYPU WYKAHO20 NoJiA. MOXIMBICTD NPAMO20 AHATIMUYHO20 PO36 A3KY
Oysa Benukow yaaucto [1]. Bukopucrants vucenvrux memodis, OB’ SI3aHUX 3 BiIMOBOIO Bil BUKOPHUCTAHHS MOHATTS
MOXiTHOT 1 IHTerpasa, BUMarajio BeJIMYE3HUX 3aTpar.

3 MOSBOK KOMIT'FOTEpa CUTYAIlisl MPUHIUIIOBO 3MiHMIIACS. 31 3pOCTaHHSAM MOTYKHOCTI OOYHCITIOBAIEHUX 3aC00IB
Bce OijblIe 3a/a4 MaTeMaTuuHoi (Pi3UKu MOriu OyTH po3B’s3aHi 3 MPAKTHYHO NOTPIOHOIO TOYHICTIO. MOXIIMBO, NepIii
KpOKHU B (hOpMYBaHHI HOBUX KOMIT IOTEPHUX PO3ALIIB B MPUPOTHUYMX HAayKax Oylu 3po0ieH] B obuucmiosanvhiil 2iopo-
Oounamiyi [2]. Cxkiamanocst BpaKeHHS, 1[0 HEMOCTYIHI U KITBKICHOTO aHaTi3y 3a1advi, copMyIIbOBaHi 3 BUKOPHCTaH-
HSIM (yHIaMEHTAJIBHUX JOCSTHEHb MAaTEeMaTHYHOTO aHali3y, CTalOTh MPOCTHUMU IIPH 3aMiHI HenepepsHux mooeneti Mo-
Oensimu ouckpemnumu. IIpobnemu, 1110 BUHUKAIOTh NPU TaKill 3aMiHi, OKpeclieHi B IIUTOBaHOMY A0BinHUKY. Lli mpobme-
MU HE 3HUKAIOTh [PU BUKOPUCTAHHI 3aMIPOTMIOHOBAHOTO YUCENbHO-AHANIMUYH020 nidxody. OCHOBHOIO HOr0 MepeBaro €
3MEHIIEeHHS 00’ €My O0UYHUCIICHb.

OcHOBHA iest po3MIMPeHHsS] MOKJIUBOCTEl aHAJITHYHUX MeTOdiB. J0Ope BiZOMO, 1[0 MUTAHHS MPO MOIIYK 3a-
raJIbHOTO PO3B’A3KY PIBHSAHHS B YACTWHHHX IMOXITHUX HEe Ma€ ceHCy. OfHAK TaKWid 3aralbHUIl BUCHOBOK HE € CIIpaBe-
JIMBHM, SIKIIIO MOBA HJe MpO MMOCTAaHOBKY I'PaHMYHUX 33714, KOJIM HEOOXiHO pO3IIIAaTH BCi TPU KOMIOHEHTH — PiB-
HSIHHS1, TPAaHU4HI yMOBH Ta (hopMy 00JIaCcTi iCHYBaHHS LIyKaHOTO (i3MYHOTO ToJis. B IbOMY BHIIAJIKy CHTYyALlisl 3MiHIO-
€Tbcsi. Po3riisiHEMO, HapHKIIA/l, HAHMPOCTIIY TBOBUMIPHY BHYTPIILIHIO TpaHUYHY 3324y sl pignsanus Jlannaca B kpy-

© B. T. I'pinuenxo, B. T. Manumypa, 2025
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31 BigHocHo motenmiany ¢ (r, 8) = ¢(r, —0). Liei Buxiauoi indopmanii roctaTHbo M1 TOrO, W06 MOXKHA OYII0 ChHO-

PMYJIIOBaTH Take TBEPIKCHHS: BUPA3

©
o(r,0)= Z A,r" cosn@ (1)
n=0
Ma€ BIIACTUBOCTI, SIKi JO3BOJISIIOTH HA3BAaTH WOTO 3a2abHUM PO36 SA3KOM 2PAHUYHOL 3a0ayui meopii nomenyiany ons Kpy-
aa.

Take TBepKEHHsI MOXKHA OOTPYHTYBATH THM, 11O caMe Lied Bupa3 Mae OyTH 3aCTOCOBAHO IPH MOLITYKY MOTEHIaTy
3a OyAb-SKHX TPAaHUYHUX YMOB Ha MOBepxHi. IIpn npomy BHOip TOIAaTHUX CTENEHIB paAiadbHOI KOOPAWHATH B YaCTHH-
HUX PO3B’sA3KaxX BINMOBia€ caMe BHYTpimHiM 3axa4i. [[pHHIAIIOBO Ba)IIMBO Te, IO MOXIIUBICTh 330BOJBFHUTH T'PaHH-
YHI YMOBHU BHIUIMBAE i3 TOTO, 110 cHcTeMa (pyHKIiH

cosnd, (n=0,1,..., )

€ TIOBHOIO 1 OPTOTOHANIFHOIO Ha TpaHuIi Kona [3].

[pouenypa Bu3HaueHHs KoedilieHTIB HecKiHYeHHOTO psiay (1) Oyne mpocroro s mepuioi Ta Apyroi rpaHU4YHOL
3ajaui. Y BUIAJKY 3MilIaHUX YMOB KOe(illieHTH psily MalOTh BU3HAYATHCS 3 HECKIHYEHHOT CUCTeMH anreOpaidHux pis-
HSIHB. Y3arajbHIOIYH el IPOCTHH MPHUKIIAA, BU3HAYUMO SK 3arallbHUA PO3B’SI30K OyIb-iKO1 TpaHMYHOI 3a1a4i, TaKHi
Ha0ip YaCTUHHUX PO3B’SI3KiB B 00J1aCTi iCHYBaHHS TI0JISl, SIKUH J1a€ MOKJIMBICTh BUKOHATH JIOBIJIbHI I'PaHWYHI YMOBH Ha
TpaHUII.

IloGynoBa po3B’A3Ky KOHKpeTHOI 3aaaui. J{ns imroctpamii Toro, Hacki-

\ Y2 Yy JbKH TaKU{ MiAXiZ PO3LIMPIOE MOKIMBOCTI MOOYAOBH aHAJITUYHHX PO3B’S3KIB
TiHIHUX TPaHUYHUX 3a/lay, PO3TISTHEMO 3HOBY IPAaHHYHY 3a/1ady Teopil IOTeH-

iajy, ajne Bxke JJIst OUIbII CKiIaaHoi obyacTi, nokaszaHol Ha puc. 1. ObnacTp ic-

HYBaHHS I10JIs1 — BUAUJICHUH YOTUPUKYTHHK. 3T1IHO 3 OCHOBHOIO ifie€ro o0y 1o0-

BU 3araJibHOTO PO3B’S3Ky IPAaHMYHOI 3a/1ad4i )i TaHOrO KOHKPETHOTO BHUITAKY,

b X,  Teplla BUMOra MOB’A3aHa 3 MOOYJ0BOI0 CUCTEM YACTHMHHHUX PO3B’s3KiB, IO 3a-
0e3MeuyyoTh MOXKJIMBICTh BUKOHAHHS JOBUTBHUX MPAaHUYHHUX YMOB Ha CTOPOHAX
YOTUPUKYTHUKA. OCKUIBKH MOOYJOBA €MHOTO PO3B’SI3KY JAJIS BUKOHAHHS LIUX
X1 YMOB HEMOXKITHBA, TO HMPUPOAHO TMPEICTABUTH IIYKAHWH PO3B’SI30K y BHTILAIL
CYMH YOTHUPBOX CKJIQJIOBUX, KOXKHA 3 KX BIAINOBiJIbHA 32 BUKOHAHHS T'PaHHU-
YHUX YMOB Ha OZHIH i3 CTOpiH YoTHpHKyTHUKA. 1100 3aiiicHNTH BinmOBiqHY TO-

Puc. 1 — CxnagHa o6macTs.

OyJI0BY CITiJl BBECTH BIJTIOBIZHI YOTUPH OeKapmosi KOOPOUHAmHI cucmemu y BIIMOBIIHOCTI 10 uncia ctopin. Ha puc. 1
MOKa3aHo JIBi 13 Takux cucreM. 1[p0ro mocTaTHbo, MO6 MPOITICTPYBATH CYTHICTh METOLY. TaKMM YHMHOM, MAEMO:

(P(xa y):(/’l (xls)’l)"‘% (xza J’2)+¢3 (x3,y3)+(p4 (x4,y4). @)

OckinibKY MOBa ijie ITpo SIKICHUH aHaji3 nmpoOsieMH, 0OMEXUMOCS SIBHUM BHPa3OM JIMILE AJIS NEPIIUX JBOX CKJIa-
JOBUX:

2] (xl’ J’1): ZAn Sin(%)ﬁjexl{—%)ﬁj,

n=1

& . (mx mr
9 (%2, 3,)= D B, Sm(szjeXP(—Thj- 3)
m=l1

TyT HeoOXisHO HajgaTh MeBHI KOMEHTapi BIJHOCHO BJIACTHBOCTEH 1 (pizmyHOro 3Mmicty mux Bupasis. [lepmr 3a Bce
CJTiJT 3a3HAYHTH, 1[0 KOKHA CKJIAIOBA B IUX PsAAax 30epirae BIACTHBICT OyTH YaCTHHHUM PO3B’sI3KOM piBHSAHHA Jlama-
ca i Ip¥ JOAATHOMY 3HA4€HHI NOKa3HUKIB CTereHi B ekcrioHeHTax. OnHak ¢i3uyHi MipKyBaHHS, NOAIOHI 10 BKa3aHUX
BIZTHOCHO 3arajbHOro po3B’si3Ky (1), TOBOPSTH MPO HEOOXiAHICTH came Takoro BUOOpy 3HakiB. CHpaBeUIMBICTb TPUH-
LUy MaKCUMYMY JUIsl pO3B’SI3KiB IPaHHYHUX 3a/1a4 JUIs piBHsIHHS Jlaruiaca Takok BKa3ye Ha HEOOXIJHICTh TAKOTO BH-
0opy 3HaKiB B MOKa3HMKAX EKCIOHEHT [4]. Pemra ckinagoBux B 3aranbHOMY po3B’s3Ky (2) BU3HAYa€ThCS aHAIOTIYHO 3
BUKOPHCTAHHSIM YaCTHHHHX PO3B’SI3KIB Y BIAMOBIHUX KOOPAMHATHUX CHCTEMaX.

CJ1iz 3BepHYTH yBary Ha Ille OJIHY Ba)XKJIMBY XapaKTEPUCTHUKY, Ky HEOOXiJHO BPaxOBYBaTH MpH MOOY/I0BI 3araib-
HUX PO3B’s3KiB. BaxkmBo, mo0 4acTHHHI po3B’sSI3KM OyIIM MPUCYTHI B TIPEICTAaBICHHI 3arallbHOTO BUPA3y B YCiX TOYKaX
ICHyBaHHS TOJIsI BUXiZHOI 3a1a4i. Hanpuknan, nepia i3 npencrasieHux GyHKIIH B (2) € 10 cyTi po3B’sI3KOM nepioout-
HOI 3a0aui meopii nomenyiany 03 NiGNIOWUHU (xl 20, —o<y < oo) , @ ODKE € PO3B’SI3KOM 1 JJIsl TUX TOYOK Y| > da,
SIKi HaJIe)KaTh 00JIacTi iCHyBaHHS NOJs. BUrisgae ocTaTHRO OYEBHIHO, IO MPOIeaypa No0yIoBy po3B’s3kiB (3) 3a0e3-
Tevye BUKOHAHHS I[i€1 BUMOTH IS BCIX CKJIAIOBUX B BHpa3si (2).

Oprani3zaiis nporeaypyu BUKOHaHHS IPaHUYHAX YMOB BUTJISIAE TOCUTH MPOCTO. PO3rIsiHEMO rpaHUYHY YMOBY Ha
croposi x; =0, 0< y; <a. SIKmo Ha Wil CTOPOHI 3a1aHO 3HAUCHHs MOTeHuiany neHo dyrkuiero ¢(0, y)=F(y),

Bicnuk Hayionanvnoeo mexuniynozo ynisepcumemy «XIl». Cepis: Mamemamuune
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TO III€I0 PIBHICTIO OPOJDKY€EThCS (DYHKI[IOHATIBHE PIBHSIHHS TaKOTO BHUTIISLY:

ks . nw
ZAnsm ayl :F(Jﬁ)—(l’z(xzaY2)—¢’3(x3aY3)—¢4(x4aY4)- “4)
n=1

3BHYAITHO, AJIS TONANBIIOTO PO3TIALY IOTO PIBHAHHA KOOPIMHATH B BHUpPAa3ax B MPaBiil 4aCcTHHI MAarOTh OyTH T1e-
pepaxoBaHi 710 KOOpAMHATH ¥; 3a BimoMumu Qopmynamiu [5]. Taxuit BUrian GyHKIIOHAIBHOTO PIBHAHHA BKa3ye Ha JiBa

MOXIJIMBHX [IUISIXH HOTO TIEpEeTBOPEHHS Ha anreOpaiuHi piBHAHHS (B JaHOMY BUIAJKY y BUTJISI HECKIHUCHHHUX CHUCTEM).
[Mepu 3a Bce st popMyBaHHSI TAKOTO PIBHSAHHS MOXKHA CKOPHCTATUCh BIIACTUBOCTSIMU TPUTOHOMETPUYHHX (YHKIIH B
JIBIH YacTHHI 1 3MIHCHUTH 3BUYaiiHe o04KCIeHHs KoedilieHTiB pady @yp’e. OueBUIHO, 110 Taka MPOoLeypa MoB’si3aHa
3 OOYHCIIEHHSM BEJIHKOi KUTBKOCTI iHTerpaiiB. 3 iHmOro 60Ky, HAKOMTMYEHHH JOCBi BUKOPUCTAHHS JUCKPETHHUX PSJiB
®Dyp’e nae MOXKIMBICTh 00UNUCITUTH KOe(DIlliEHTH aJredpaiyHOl CUCTEMH MPOCTO BUOPABIIH BiIIOBIIHY KiIBKICTh TOYOK,
B SKHX LI PIBHAHHA Ma€ BHKOHYBaTHCh. Taka IOTOYKOBa mpoueaypa (GpopmyBaHHsA anreOpaidyHoi cUCTEMH BHUIIIAAAE
0COOIMBO MPHUBAOIMBOIO Y BUTIA/IKY, KOJIH IUIAHYETHCS BUKOPUCTOBYBATH aHAJITHYHI pO3B’SI3KU SK YaCTHHY 3arallbHOTO
PO3B’SI3Ky B 3af1adi 3 JUCKPETHOIO allPOKCHMAII€I0 BHYTPIIIHBOTO MO Y BHYTPIMIHIX TOYKaX 00JacTi, sIK Mpo 1Ie Mmije
MOBa B ITOJAJIBLIIOMY BHKJIA].

BaxxnuBicTh i€l BUMOTH TIPOLTIOCTPYEMO TIPH PO3TIIS-
Il HactynHol 3axadi. @opma o6acTi iCHYBaHHS OIS TIOKa-
3aHa Ha puc.2. Cama mocTtaHOBKa Li€l 3aaavi MOB’s3aHa 3
HOIIYKOM MOXKJIMBOCTI PO3IIMPEHHS KJIacy 3ajad IpH aHa-
JITHUYHOMY ONHKCY IIYyKaHOTO TMOJsL. Take pO3IMHMPEHHS
HIOB’sA3aHe 3 BUKOPUCTAHHAM Memooy 4acmKogux oonacmeti
1 B MOJajbLIOMY Yy MOOYAOBI 3arajibHOTO PO3B’SI3KY JUIs
ckianHoi obmacti. Ilpm mpoMy MOXYTh BUHHKHYTH AESKi
YCKJIAJHEHHS TP MPAaKTHYHIA peamizamii 1miei inei. B maHo-
a My BUNaaky (puc.2) dopma obnacti BU3Ha4YEHA CYLILHOO
KPHUBOIO, KOTPa CKJIAIAE€THCS 3 YACTHHH KOJIa TA YaCTHH CTO-
piH npsMokyTHHKA. OcoOIMBICTH 1aHOI 00JIACTI ITOJISIrae y
x TOMY, 110 Ti ii 4aCTHHH, JJIsI SKUX JIETKO 3aCTOCYBaTH OITHU-
b CaHy BHWIIE TEXHIKY (OpMyBaHHS 3arajlbHOTO pPO3B’SI3KY

Pric. 2 — DopMma 06aCTi iCHYBAHHS MO TpaHUYHOI 33712, IEPETUHAIOTHCS, IO € TIPOOIEMOIO.

Ha mepmmii morssin e He € mpo0IeMoro0, OCKIIBKY B JAaHOMY BHITAAKY Ha TPAHUIIL, IOKa3aHil IITPUXOBUM BiIpi3-
KOM, CJIiJi BAKOHYBaTH HE TPaHWYHI YMOBH, a YMOBH CHPSDKEHHS IMOJIB. SIK BKazyBaJOCh paHilie, HEOOXiIHOIO YMOBOIO
npu GOpMYBaHHI 3araJlbHOTO PO3B’S3KY € HAasBHICTh MPUCYTHOCTI BiANOBITHUX BUPA3iB YACTHHHHUX PO3B’SI3KiB PiBHIHHS
B yciii o0iacTi icHyBaHHs 1ykaHoro mouisi. [Ipu moOymoBi po3B’si3KiB B KPYroBiil 00nacTi AJisi BUKOHAHHS TPAaHUYHUX
YMOB Ha 4acTHHI kosla —6, < @ < §, ZOCUTBH JIETKO BKa3aTU NOBHY 1 OPTOrOHANBHY CHCTEMY (YHKIIIH

nr8 . nnb
cos—, sin—-
0 0

Onnak moOOymOBaHI 3 BUKOPHCTAHHSIM TaKMX KyTOBHX OOMEXEHb YAacTHHHI PO3B’SI3KM HE € YaCTHHHUMH
PO3B’SI3KaMH IS TPUKYTHOI 00JIACTi 31 MITPUXOBUMHU CTOpPOHAMHU. €IMHUI CIOCiO JAOCIATTH TOro, mo0 Best oomacth 11
Oynia TIOKpUTA HE3aIC)KHIMH YaCTHHHHMH PO3B’SI3KaMH, MOJIATAE B TOMY, 1100 BUKOPHCTOBYBATH PO3B’S3KH THITY 4ac-
TUHHUX PO3B’A3KiB B (1), TOOTO po3B’s3KiB AJIsl TOBHOTO KpyTa:

0
o) =" (4, cosnd+B,sinnd)-r". (5)
n=0
Jpyroro ckiaioBoro 3araibHOro po3s’sizky B oounacrti Il € Bupas:

— mMzXx . MTX mry
(péu) = z C,, cos 7 2 +D,, sm—l 2 lexp 5 2, (6)

m=0

Ipouenypu auckperu3auii 3araabHUX po3B’si3KiB. Po3ristHyTHI IpUKITax HATTIIIHO BKA3ye HA 1€ OAUH BaXKIIHU-
Bl acleKT NpoOJIeMH MOIIYKY aHATITHYHUX PO3B’S3KIB [l HEKAHOHIUHKMX oOJnacTteil. Po3risiHeMo crovaTKky po3B’s30K
(1) ans xaHOHIYHOI OOMACTI. SIKIIO TTOBHOIO MipOI0 BHKOPHUCTATH BIACTUBOCTI MOBHOTH Ta OPTOTOHAIBHOCTI CHCTEMH
TPUTOHOMETPUYHUX (YHKLIH B IIbOMY BHpa3i, TO MOIIYK 3HaueHb KOE(DIli€eHTIB psny 4, HOPUBOAUTH IO PO3B’SI3aHHA
HECKIHYEHHOT MOCIIZOBHOCTI CUCTEM, OJIHOTO PIBHSHHS 3 OJIHIEI0 HEBIIOMOIO, IO € TUIIOBUM TIPH anpoKCHMAallii, 3a/1a-
HOI rpaHUYHUMH yMOBaMu GyHKIIT, psaom Dyp’e. [Ipu npoMy arpokcumaltisi 3MIHCHIOETBCS IUIIXOM MiHIMi3ayii cepe-
OHbOKBAOpamuuHo2o eioxuneHus Mix psaagoM @yp’e i 3amaHoro ¢yskmieto. [Ipu peaizamii IbOr0 MPOIECy OTPUMAHHS
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PO3B’SI3Ky CJIiJl BAKOHATH JOCHUTH 3HaYHUIT 00’ €M ToTepeiHiX o0unCeHb iHTerpaiiB. B Toif xe yac, B porieci BUKOpH-
CTaHHS NOMOYK060i anpoxcumayii 3amaHol (YHKIII CKIHUCHHHMM Ha0OpPOM TPHUTOHOMETPUIHHX (YHKIIA HEOOXiTHO
PO3B’sI3yBaTH JIiHIHHI CHCTEMH PiBHSIHB 3 YHCIIOM PiBHSHB, KOC]ILIEHTH NPH HEBIIOMUX B SKUX OOUYHCIIIOIOTHCS 3HAYHO
npocrime. Yucao piBHSIHb BU3HAYAETHCSI BUOPAHUM KPOKOM JHICKpeTH3alii. 3 PO3BUTKOM KOMIT IOTEPHOI TEXHIKU TakKe
JIMCKpeTHe nepeTBopeHHst Dyp’e Bce mmpIiie BAKOPUCTOBYETHCS MPH PO3B’A3aHHI HAYKOBHX 1 iIH)KEHEpHUX 1poodiiem [6],
JIAFOYU MOXKITUBICTH 3MEHILIEHHS 00’ €My 00YHCIICHb.

[ToBepratouuch 0 TPaHUYHOI 33/1a4i, TeOMETPisi 00JIacTi ICHYBaHHS SKOT MMOKa3aHa Ha PUC. 2, CIIiJl 3BEPHYTH yBary
Ha HACTyNHy npobieMy. Di3uyHi rpaHUYHI YMOBH B 33]a4ui BU3HAYCHI JIMIIIE HAa YacTHHI Kpyra. B Toii ke yac ckiamoBa
3arajibHOTO PO3B’s3KY (5) MICTHTH YaCTHHHI PO3B’S3KH PIBHSHHS B MOJSIPHIX KOOPAWHATAX, BU3HAYCHI IS BCi€l IO

Kpyra. B npomy Bumazaky npu auckperusanii neperBopennss Oyp’e ciin Bkasatu 3HaueHHs 11 QyHKii (pl(” ) (r, 9) B

YacTHHI KoJIa, IO3HaYeHIN Ha pucC. 2 )KUPHUMH ToukaMu. Ha meprmii morisig Taka BUMOTra 34a€ThCsl TAKOIO, 1110 HE MOXKE
OyTH BUKOHaHa 1, BIJIIIOBIIHO, 3aTralbHIH PO3B’S30K 3a/adi AJIsl YaCTUHM Kpyra HEe MOXHA NoOyayBat. TpaauiiiiHo e
00MEKeHHS He CTOCYEThCSl YACTUHHOTO BUMAJIKY MiBKoJa. JIoriyHmil aHani3 cuTyarlii, 110 BUHUKJIA B 3aralbHOMY BUTIa-
JIKY, Ja€ MOXKJIMBICTh 3alPONOHYBATH HACTYIMHUH miaxia. IIpy OIiHII KUTBKICHUX XapaKTEPHCTHK IOJIsl B 00JacTi MU
MIPOBOAMMO PO3paxyHKH JIMIIE B TOUKAX 3pi3aHOI0 Kpyra.

M [Ipu 1boMy 00MIBI CKJIQ/IOBI 3arajbHOIO BHpa3y JUIs IIy-

KaHOTO MOTEHLIaly ¢y =(p1(”)+go§”) MICTATh YaCTHHHI

po3B’si3ku piBHsHHA Jlaruiaca B ycix TOYKax 3pi3aHOro KoJja.
ry 2 Kpim Toro, 1eil 3arajdpHUH PO3B’A30K 3aJ0BOJIBHAE TPAaHWYHI
YMOBH Ha KPYTOBIi YacTHHI TPaHHMI 1 YMOBHU CIPSDKEHHS OB
Ha CTOPOHI IPSIMOKYTHHKA y, =a. 3BiACH TeopeMa IIpo €IH-

HICTH PO3B’SI3Ky IpaHWYHMX 3a/1ad [uisil piBHAHHS Jlammaca mo-
a 3BOJISIE 3pOOUTH BHCHOBOK ITPO MOKJIMBICTB JIOBUTBHOTO BUOOPY

3HAYCHb s PYHKIIIT (01(1[ ) Ha He}i3UIHINA JaCTHHI TPaHUI TPH

0, 0O, (opMyBaHHI piBHAHB [JI BU3Ha4YeHHA KoediuieHTiB 4, 1 B, .

TBepKeHHs BUIIISIAE MapaJIOKCaTbHUM. AJle, MPaKTHYHO pea-
J3yI04M OOYMCIICHHS, CIiJ] MaTH Ha yBas3i, 110 3BHYaiiHO MOBa
Hie mpo NOBUIBHICTH Ui iHTerpoBanux ¢yHKuii. Kpim Toro,
d cimizr OpaTH 10 yBary, 1o MOBHA TOTOKHICTh PO3B’SI3KiB MOMKITH-
Ba JIMIIE NPU BpaxyBaHHI HECKiHUCHHUX psiniB. [Ipu mpaktuy-
Prc. 3 — LunisapHu, 1o NepeTHHaoThes. HOMY BUKOPHCTAHHI CKIHUCHHHUX BiIPi3KiB ps/IiB IIEBHA 3aJI€XK-

HICTb BiJI JOBUILHHUX 3Ha4eHb Oy/€ MPOSIBISTHCH 1 MOUIYK ONTUMAIBLHOTO MPOJIOBKEHHS MOYKE BUMaraty IeBHUX 00umC-
JIIOBAJIbHUX EKCIIEPUMEHTIB.

KonkpertHi obuncnerns Oyiio mpoBeneHO IS 3afadi BHIIPOMIHIOBAHHSA 3BYKY IHJIIHAPAMH, IO TEPETUHAIOTHCS
(puc. 3). O04ncIIeHHsS BUKOHAHO JUIS JIBOX BUIAJAKIB IPOJOBXKEHHS T'PaHMYHMX YMOB Ha IITPUXOBHUX IUISTHKAX KT —
TpaHWYHI YMOBH JJIsl HOPMAJIBHOI OXiTHOT MpUitMaiucsl piBHUMH HyI0 abo oquHuUMi. [1pu penykuii cucteMu 3 1Baais-
ThMa KoedilieHTaMH [yl KOKHOTO IMJTIHApa OfeprKaHi KUIbKICHI OLIHKY InykaHoi QyHKUiT Ha QI3MYHKUX IUIIHKAX rpa-
HUILI PAaKTHYHO HE BiApi3HsutHCs. JleTanbHuid aHaii3 miel KOHKPETHOI 3a/1adi Ta psiy iHIIUX, IPH PO3B’sI3aHHI SIKMX BH-
HUKae Noji0Ha mpobiieMa, mpoBeicHO B [7, 8]. B maHOMYy KOHKPETHOMY BHIAJKy BUKOPHUCTAHHS 3arajibHOTO PO3B’S3KY
3aJa4l y BUIJISL

o0

pP=p +D= z Afll)Hfll) (kr;)cos (nb, ) + ZAZ(Q)HI(I) (kr,)cos (16,) (7)
n=0 =0

3 J[iana3oHoM 3MiHM KyTiB 6, 1 6, Big 0 10 27 3yMOBJIEHO HEOOXiIHICTIO BUKOHATH YMOBY IE€PIOJUYHOCTI UIyKAHOTO
PO3B’S3Ky B 00JIacTi HABKOJIO MWIiHpiB. B mpuBenenomy Bupasi (7) dyskmii H ,(,}) (kr) € Qyukyiamu Xankens nepuioco

POOY.

BuxopucTanHs 3arajJibHUX po3B’sA3KiB NpH aHAJI3i 3aaa4 1715 o6JacTeii 3arajbHoro Buay. [Ipuseneni uie
MIpKYBaHHS PO3KPUBAIOTh CYTHICTh HPOLENYP, O 3a0€3Meuyr0Th NOOYI0BY aHATITUYHIX METO/IB PO3B’I3aHHS rPaHH-
YHUX 3a/1a4 [yl HEeKaHOHIYHMX olOuyacteil crienianbHol ¢popmu. HacTynHe nuTaHHS BUIISAA€ TOCUTD JIOTTYHUM. SIK BH-
KOPHCTATH TaKi 3arajbHi PO3B’I3KH sl BUPIIICHHS MPOOIEMH 3MEHIIICHHS 00CATY OOUNCIICHB TIPH BUKOPUCTAHHI METO-
IIiB THITY Memody CKIHUeHHUX eleMeHmi8 TSl 001acmell RPaKmuyHo 008inbHoi hopmu. 1l THOTO PO3TIITHEMO TPAaHUIHI
3aadi s o0JacTell TOBUTBHOI reoMeTpil, MPeICTaBICHUX Ha puc. 4 1 puc. 5.
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Ha puc. 4 npexncraBineHo reoMeTpiro 0bacTi HaKpECIeHo], K KOJIUCh TOBOPHUB J1. Eiiiep, TOBUIBHUM PyXOM PYKH.
Jo peui, B auckycii 3 /. bepnyani BiH 3arepedyBaB MOKINBICTE po3KiacTy B pag Dyp’e came takoro tumy ¢yskuii [9].
PosrissHemo BHyTpimIHIO 3a1auy Aust piBHSHHS Jlamnaca mis niel obnacti. TpaaumiiHuHA miaxin 10 BUPIMIEHHS Takoi 3a-
Jlaui nepenbayae BUKOPUCTAHHS OJTHOTO i3 MeTOAIB nmuckpernzalii. [Ipu npoMy Best 00sacTh iCHYBaHHS MOJIsI TIOKpUBa-
€TBCS CITKOIO 3 BUOpaHuM MacmrtaboM. Lle nmpu3BomuTh 10 GOpMyBaHHS CHCTEMH PIBHSHB 3 BEJMKHM YHCIIOM HEBiZO-
MHX. B TO# ke yac, MO)KHa BUKOPUCTAaTH BiTHOCHY IPOCTOTY MOOYIOBH 3arajbHOIO PO3B’sA3Ky TPaHMYHOI 3a7adyi, Ha-

. . . * ™ v . v
MIPUKIIA, U BAIUTEHOI 0obnacti S . B Hilf moOyayBaTh 3araibHU# po3B’SI30K 1 IPOBECTH HOTO Y3TOKEHHS 3 TOYKAMH
PO30UTTS B 3anuIKy 00acTi. Takuil miaxix MOXKe 3HAYHO CKOPOTHTH 00’ €M OOYHCIICHb.

14 S*

Puc. 4 — O6nacte, HaKpeciieHa JOBUIEHIM PyXOM PYKH. Puc. 5 — BupineHHs 4acTHHY iCHyBaHHA Mo S .

30BHILIHI rpaHUYHI 3a]a4i, TOOTO 3a7a4i B 00JaCTsX, 10 BKIIOYATh TOUYKM Ha HECKIHYCHHOCTI, MAlOTh MIEBHY CIie-
udiky. Tak, A7 30BHINIHBOT 'PAaHUYHOI 3a7avi JUisi 0araTOKYTHHKA HE BJIAEThCS TaK JIETKO MOOYIYBaTH 3arajibHUM
PO3B’s130K, sIK Iie OyJIO TMoKa3aHo paHimie. | e skpa3 noB’si3aHO 3 THUM, 10 HE BIAETHCS MiIIOpaTH YaCTUHHI PO3B’SI3KH
TaK, MO0 MaTH MOXIIMBICTH 3a0€3MeUNTH TOBHOTY PO3B’SA3KYy HA IpaHMUIl 1 3a0e3MeYNTH BUKOHAHHS PIBHSIHHS B YCIH
o0JacTi icHyBaHHs ToJis. AJie 3arajibHa i/iesi BAKOPUCTAaHHS 3arajbHOr0 PO3B’sI3KY ISl 30BHIIIHIX 33/1a4 MOXe OyTH pe-

. . . .. * .
anizoBaHa. Ha puc. 5 mokasaHo, sk BitOyBaeThCs BUAIICHHSA YaCTHHH 00J1acTi iCHYBaHHA IOJA S , IS SIKOT MOXJIMBO
noOyAyBaTH 3arajbHUI PO3B’SI30K — 1€ 30BHIIIHICTH KOJIa, KOTPE OTOUYyE 3a1aHy rpanuito. Came B 1iii 001acTi Jerko
OyIyeThCst 3araibHUM pO3B’SI30K, 110 A7 piBHAHHA Jlamnaca Mae BUMIIAA:

o(r,0)=) (A, cosnb+B,sinnd)r". 3)

n=0

BucHoBku. BuknaneHi MipKyBaHHS CTUMYITIOIOTBCS 3aralbHOIO i7Ie€r0 — SIK HaOYTi 3HAHHS MIPU PO3B’S3aHHI BiTHO-
CHO MPOCTHX 3324 MO’KHA BUKOPUCTATH MPH PO3B’sI3aHHI 3a7a4 OUIbLI CKJIaJHUX. 3BUYAIHO, ITPU MOJATIBIIOMY CyTTE-
BOMY 3POCTaHHI MOTY>KHOCTi OOYHCITIOBAIFHUX CHCTEM TaKOTO THITy €KOHOMisi MOke OyTH HeaktyambHO0. OnmHaK, aji-
TOPUTMIYHICTb 1 MPOCTOTA MOOYAOBH 3arajibHUX PO3B’S3KiB MOXKYTh CIIPHUSTH BUKOPUCTaHHIO Takoro migxoxy. Ciin ta-
KOX 3a3HAYUTH JOCUTH 3aralbHAHN XapakTep Meroxny. s imroctpamnii Horo cyTHOCTI 0yJI0 BUKOPHUCTAHO TPAaHWYHI 3a]1a-
yi g5 piBHsHHS Jlaruaca. OnHak BUKiaaeHi iel MoXyTh OyTH TOCHUTHh €(peKTHBHO BHKOPUCTaHI MPU PO3IIISAL 1HIIUX
PIBHSHB, BKITIOYHO 3 pigHAHHAMU I enbMmeonbys, PIBHAHHSIME €JICKTPOJUHAMIKH Ta TEOPil IMPYKHOCTI.
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L. A. JUKAJT/IA/IOBA, O. €. KAMIHChKHH

MATEMATHUYHE MOJEJIOBAHHS TA AHAJII3 KEPOBAHOCTI CUHT'YJIAPHUX I'BPUJTHUX
CUCTEM B ITPUKJIATHUX 3AJTAYAX

V craTTi fociipKeHo cuHrysipHi riopuaai cuctemu (CI'C), siki XapakTepU3yIOThCs MOETHAHHIM Ju(epeHianbHo-anreOpaiiHoi CTPYKTypH Ta ribpu-
JHOI IMHAMIKYU 3 IEPEeMHKAHHIM MK Pi3HHMH peXuMaMH. HaBeneHo MaTeMaTHYHY MOJelb, OOIPYHTOBAHO MiAXOAHU 0 aHATi3y CTIHKOCTi Ta KepoBa-
HOCTI Ta IIPOBEJICHO Y¥CeNbHE MOieoBaHHs. Taki CHCTEMH NPUPOIHIM YHHOM BHHUKAIOTh Y CKJIAJHHUX TEXHIYHUX 3aCTOCYBAHHSX — BiJl eHEPreTHKU
110 GIOMEIMYHUX MPUCTPOIB — € MOBeIiHKA 00’ €KTa 3MIHIOETHCS BHACIIIIOK aBapiii, mepeMHUKaHb a00 BHYTPIIIHIX CTPYKTYPHHX 3MiH. 3al[POIIOHOBAHO
Matemarn4Hy Mozens CI'C Ha OCHOBI MaTpHIIb, IO 3aJIEXKATh BiJl JUCKPETHOTO PEIKUMY, 1€ MATPHIISL MOXE OyTH BUPOPKEHOIO, IO 3yMOBIIIOE CHHTY-
JSIPHICTB cucTeMH. [IpoBesieHo aHali3 KepOBaHOCTI Ta CTaOUIBHOCTI TAKHX CHCTEM i3 BpaXyBaHHSM cHElH(iKH — HasBHOCTI anreOpaitHX 0OMEXEHb,
IMITYJIBCHUX peakiiil i HeyHIKaIbHOCTI pO3B’sI3KiB. PO3IIIIHYTO MPUKIIa] CHCTEMH 3 JBOMA PEXXKHMAMHU: PETYJIIPHUM (3 OBHOIO THHAMIKOIO) Ta CHHIY-
JSIpHUM (i3 3aMOPO’KEHUMH 3MIHHHMH), IPOAEMOHCTPOBAHO 3MiHY MOBEJIHKH CHCTEMH IIiJ 4ac MepeMUKaHHs. 3alpOIOHOBAHO IMiIXOIM IO aHANI3y
CTIMKOCTI i3 3acTOCyBaHHsM riopuaHux ¢yHKuii JIsmyHnoBa, MetoniB BeiiepiTpacca Ta anre6pailyHuX KPUTEPIiiB KEPOBAHOCTI, IO BPAXOBYIOTh CTPYK-
TYpHY BHpOUKeHicTh. IIpoBelieHO umcenbHE MOJCNIOBAaHHSA 3 BHKOpUCTaHHAM Python, peaiizoBaHO alrOpHTM KEpYBaHHS y BHIJISIl 3BOPOTHOTO
3B’s13Ky 110 ctany. OTpuMaHi pe3yJbTaTh MiATBEPIKYIOTh eeKTUBHICTh Moeni y BinoOpakenHi auHamiku CI'C, 103BOJISIOTH TOCTIUTH BIUIUB CHH-
TYJISIPHOCTI Ha €BOJIIOLIIIO CTaHy Ta MiJKPECTIOITh HEOOXiJHICTh TOYHOTO aHAJI3y NpHU po3poOui cTparerii kepyBaHHs. ['padiku UIIOCTPYIOTH THIIOBY
MOBEIHKY CHCTEMH IIPH TIePeMUKaHHI, 30KpeMa aJanTauiio 10 anredpaiyHux oOMeXeHb Ta BIUIMB Ha KepOBaHicTh. IIpeacTaBieHa Mosenb i pe3ybra-
TH MOJICJIIOBaHHS MOXKYTb OyTH BUKOPHCTaHI 1 po3poOKM O€3MEeYHUX Ta aAaNTUBHHUX CUCTEM KepyBaHH: y cdepax, A€ CHHTYJSpHI riOpuaHi CTpyK-
TYpPH € HEBII'EMHOIO YaCTHHOIO 00’ €KTa yIpaBIiHHI.
Ki11040Bi cj10Ba: CHHTYIISIPHI CHCTEMH, TIOpUIHA JUHAMIKA, CHCTEMHU KePyBaHHs, CTIHKICTb, KEPOBAHICTb.

1. A. DZHALLADOVA, O. YE. KAMINSKY
MATHEMATICAL MODELING AND ANALYSIS OF CONTROLLABILITY OF SINGULAR HYBRID
SYSTEMS IN APPLIED PROBLEMS

The article investigates singular hybrid systems (SHS), which combine differential-algebraic structures with hybrid dynamics involving mode switch-
ing. A mathematical model is presented, approaches to stability and controllability analysis are substantiated, and numerical simulation is performed.
Such systems naturally arise in complex engineering applications — from energy systems to biomedical devices — where the system behavior changes
due to faults, mode transitions, or internal structural variations. A mathematical model of SHS is proposed based on matrices, which depend on the
discrete mode), with potentially being singular, leading to a differential-algebraic formulation. The controllability and stability of such systems are
analyzed with a focus on the specific challenges of differential-algebraic formulation — including algebraic constraints, impulsive responses, and non-
uniqueness of solutions. A case study of a two-mode system is presented: one regular mode with full dynamics, and one singular mode where certain
state variables become constrained. The transition between modes demonstrates the shift from dynamic to algebraic behavior. Approaches to stability
analysis are proposed, including hybrid Lyapunov functions, Weierstrass decomposition, and algebraic controllability criteria that account for matrix
singularity. Numerical simulation is performed in Python using a state-feedback control law. The results confirm the model's capability to accurately
capture SHS behavior, explore the effects of singularity on state evolution, and highlight the need for careful control design under mode transitions.
Plots illustrate the characteristic response of the system, particularly adaptation to algebraic constraints and loss of controllability. The proposed model
and simulation outcomes offer a basis for developing robust and adaptive control strategies in systems where singular hybrid dynamics are intrinsic to
the control process.
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Beryn. ¥V cydyacHuX 3aadax MOZAENIOBAHHS Ta KEPYBaHHS BCE YACTIILe 3yCTPIHAIOTBCS CUHEYIAPHI 2iOpUOHI cuc-
memu (CI'C) — cuctemu, sKi TOE/IHYIOTh Y co0i HeocoOmuBI Ta anrmepHi JUHAMIKH, IEPEMUKAHHSI MK PSKUMaMH, a
TaKoX TUCKpeTHI moxii. Taki Mojesni NpUPOAHO BUHHMKAIOTh Y MEXaTPOHIlll, eIEKTPOSHEePreTUIli, 010MEJUYHNUX CUCTE-
Max, TPaHCTIOPTi Ta PoOOTOTEXHil. [XHi KiTF0UOBi 0COGIMBOCTI — HEYHiI(OPMHICTh AMHAMIKH, CTPYKTYPHA HEOIHOPI-
HICTb Ta HasBHICTh CUHTYJISIPHOCTEH (HAIIpUKIIaJ, Aerpajallis MaTpUlll IPU KepyBaHHI a00 CIIOCTEPEKEHHI).

[Toyarox BUBUEHHS TakuxX cucTeM npumnazae Ha 1950 — 1960-1i poku, Koy B MeKax aHalli3y eNeKTPHUYHMX Kil 3
iZlealbHIMH KOMITOHEHTaMH (IHAYKTHBHOCTI, €EMHOCTI, iZIealIbHI JpKeperna cTpyMy) OyJio BHSBIIEHO, 110 KIACHYHMHA MMij-
X1 1O OTMHCY MTUHAMIKH 3BHYAHUMU OupepeHyianvHumu pieHaHHAMY HE 3aBXKIU 3acTOCOBHUH. [le mpu3Beno 10 BUHUK-
HEHHS TOHATTS OugepenyianvHo-anieedpaiuHux pieHsaHs, y SIKAX HE BCi 3MiHHI MArOTh MOXiJHI, a OESIKi MiIMOPSAKOBY-
IOThCS JIUIIe anredpaiuauM criBBigHOmeHHM. Y 1980-X pokax me#t minxin OyB hopMati3oBaHUA y paMKax meopii CuH-
eynapHux cucmem (abo CHCTEM 3 OMUCOM Yy MIPOCTOPi CTaHiB uepe3 mampuyro E , 10 Moxke OyTH BUpOIKeHO0). OTHIM
i3 MPOBIAHUX JOCIIAHUKIB HOTO Tepioay craB Lunwen Dai, sikuii 3akiaB (GyHIAMEHT JJIs aHAII3y CTablIbHOCTI, Kepo-
BaHOCTI Ta CLIOCTEPE)KYBAaHOCTI TakuX cucteM [1].

VY momamnbIi ASCATHIITTS, 3 PO3BUTKOM aBTOMAaTH30BaHUX Ta BOYJOBAaHMX CHCTEM, OCOOIMBY yBary HoYai MpH-
BEPTATH 2IOpUOHI OUHAMIYHI cucmemu, SKi TIOENHYIOTh Oe3MepepBHY TUHAMIKY 3 JUCKPETHUMH MOMISIMHU — MEPEMUKaH-
HSIMHM MDXK PEXHUMaMHU, JIOTIKOI0 KOHTPOIIIO0 abo peakiieto Ha noporosi 3HaueHHs. Y 1990-x 1 2000-x pokax pobGortu Ta-
KHUX HAYKOBIIB, ik Daniel Liberzon 1 Jodo Hespanha, cipusiin CTAaHOBJICHHIO TIOPUIHOTO KEPYBaHHS SIK OKPEMOTO Ha-
npssMmy. CHHTE3 IMX ABOX Taiy3ei — Teopii CHHTYJISIPHUX CHCTEM 1 ribpuaHoi quHamiku — Binoyses y 2000-x i ocobmmBo
akTHBHO po3BuBaBcs micis 2010 poxy. CporojHi CHHTYJISIpHI TIOPHIHI CUCTEMH € aKTYaJbHUMH ISl OIHUCY CKJIQJHUX
TEXHIYHUX 00 €KTIB, TAKMX SIK MIKpOMEpEXi 3 JHMHAMIYHOIO TOIIOJIOTi€I0, aBTOHOMHI MOOIIBbHI TUIATGOPMH 3 TEpEMH-
KaHHSM PEXHUMiB poOOTH, a TAKOXK Y XIMIYHIA TEXHOJIOTIi Ta 610MEINIHUX TPUCTPOSIX, € CHCTEMA MOXKE MTEPEXOANUTH 3
oHOTO (HYYHKIIOHAFHOTO CTaHy B iHIINH 31 3MiHOIO BHYTPIIIHBOI CTPYKTYPH.
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AHAJI3 0CTAHHIX TOCTIIKeHb. Y J0CTIHKEeHH] [2] aBTOpH PO3IJIsLAal0Th MPOOJIEMH CTIHKOCTI Ta cTabuTi3arii 1is
KJIacy HEeMepepBHUX CUHTYJISIPHUX TOpUAHUX cHUCTeM. BOHM MPOMOHYIOTh HOBI HEOOXI/IHI Ta JOCTaTHI YMOBHU AJIS pery-
JISIPHOCTI, BIJICYyTHOCTI IMITYJIBCIB Ta CTOXaCTHYHOI CTIHKOCTI TAKUX CHCTEM, BUPAKEHI Yepe3 cucmemy Cmpoux JHIHUX
mampuunux Hepisnocmeti (LMIs). Kpim Toro, npencTaBieHo YMOBH iCHyBaHHs 3BOPOTHOTO 3B’SI3Ky MO CTaHy s cTaOi-
nizanii cucremMu. Pe3ynpraTi migkpiruieHi YMcebHUM NPUKIIAI0M, 10 JEMOHCTPYE epeKTHBHICTD 3aIIPOIIOHOBAHOTO ITi-
JIXOLY.

Y poborti [3] Oyio mociimKeHO B3aEMO3B’ 30K MiX Oighyprayicto I ongha B CHHTYIAPHO 30YPEHUX HENIHIHHUX CHUC-
TeMaX eNeKTPOIOCTadaHHs Ta OidypkanisaMu, iHdykosanumu cuneyaspricmio (SIB), y BiINOBITHUX TU(epeHITiaTbHO-
anrebpaidHUX PIBHAHHAX. ABTOPH MMOKa3ylo0Th, o sBHIIe SIB y cucremi nudepenmiansHo-anreOpaiqHux piBHIHb MOXKE
CUTHaJII3yBaTH Npo HasiBHICTH Oidypkauii ['onda B cuHryssipHO 30ypeHiil crucTeMi 3BUYaiiHUX TU(EpeHIiaJbHUX PiB-
HsIHb. AHaJi3 0a3yeThcs Ha TEOpil JIHIHUX MAaTPUYHHUX OJNIBIIB Ta MOJIHOMIB 3 MAPAMETPUYHO 3aJICKHUMH Koe]ilieH-
tamu. [IpeacTaBiaeHo Kibka YMCENbHUX MPUKIIAIIB TS UTFOCTpAIlii pe3ysIbTaTiB.

VY nocnimkenHi [4] po3risiHyTO Mpo0ieMy aHallizy CTIHKOCTI [UIsi KJIacy CHHTYJISIPHUX TIOPHIHHX CHCTEM 3 Iepe-
MUKaHHSIMH Ta iMIysbcamu. i KOKHOT MiICHCTEMH PO3POOJICHO BIAMOBIAHUI KOHTPOJIEP, MICHIS YOr0 00rOBOPIOETHCS
eKCHOHeHYIAIbHA CMINKICMb 3aTPOITIOHOBAHOT CHCTEMH SIK JUTS JIHIMHUX, Tak 1 IS HETiHIWHUX BUNAIKiB. Pesymbratn
3aCTOCOBYIOTBCS 10 OpraHi3auii KOHTPOJIO CHHTYJISIPHHX CHCTEM, a 3alpOIIOHOBAaHI TEOPEMH HAJAIOTh BKa3iBKU ILOJ0
MIPOEKTYBaHHS KepyBaHHs. [[Ba YnCeNbHI MPUKIAIN JeMOHCTPYIOTh €PEKTUBHICTH 3aIPOITOHOBAHMX ITiTXO/IB.

CuHTYISIpHI TIOpUAHI cucTeMH 3 6e3IepepBHOI0 TMHAMIKOI YaCTO BUHUKAIOTH Y MPAKTUYHUAX 3aCTOCYBaHHSIX, TO-
My HaJiHUH aHaJi3 CTIMKOCTI TAKHX CHCTEM € KPUTHYHO BAXKITUBUM LTSI 3a0e3edeHHs Oe3MeKd i MpOTHO30BaHO1 ITOBe-
JHKH y CKJIQJHUX CLEHAPiAX 3 IEPEMHUKAHHAM PEKUMIB. Y KOHTEKCTI €HEPreTHYHUX CHCTEM, SIKi BCE JacTille XapakKre-
PU3YIOTBCS CKIIAIHOIO TIOPUIHOIO CTPYKTYPOIO Ta BUCOKOIO Yy TJIMBICTIO 10 TApaMETPUYHUX 3MiH, TOCIiKEHHS 0ighyp-
KayiuHux seuwy y nudepeHianbHo-anredpaiuHiX CTPYKTYpax 03BOJISIE IPOTHO3YBATH HECTAOUIBHICTS 1 3amodiraT Ka-
TacTpo(iuHUM BiIMOBaM y PEXKHMIi peasbHOTO 4acy.

IocranoBka 3aga4i. Cunryssipsi riopugni cucremu (CI'C) — e ckinagHuiil kinac AMHaMi4HUX cucteM [S], siki no-
€HYIOTh y COOI:
— 1mdepeHmianbHO-anTeOpaiuHy CTPYKTypy, [Ieé MaTpHus NpH MOXimHIH F£ € BHPOIKeHOIO (TOOTO
det(E£)=0);
— ri0puAHy AMHAMIKY, 10 BKJIIOYA€ NEPEMUKAHHS MK JUCKPETHUMH pEKUMaMK a0o ITiICuCTeMaMu;
— KCpPOBAHICTh, sIKa MOXKE OyTH 4aCTKOBO a00 MOBHICTIO BTpaveHa B ISIKUX PEKUMaX [6].

MaTtemMaTH9HA MOJIeJIb. PO3MIIsIHEMO CHHTYISpHY TiOpHIHY cucTeMy y dhopmi:
E,x(t)=Ayx(t)+Byu(t), y(t)=C,x(t), c €S,
ne x(t)e R" — Bektop crany cucremu; u(t)e R™ — BXiguuii curnan; y(¢) e R” — uxinnuii curnan; o (1) — auckper-

Ha 3MiHHA cTaHy (pexkuM poboTu cuctemu); E, € R"™" — cunrynspHa (MOKIMBO BUpOUKeHa) Matpuust; A, B, C, —
MaTpHLli, U0 BiANOBIIAI0Th MOTOYHOMY PeXUMY T € S .

Axmo det(£) =0, To cucrema € CHHTYIIpHOO (AudepeHiarsHO-aIre0paidHoro).

PosrisiHemo, K mparroe gaHa MoJeNb. Y IITaTHOMY PEXUMI (PeryssipHOMY), CHCTEMa MOBOJIUTHCS SK 3BHYaliHa
JiHIHA cHCTeMa 3 TIOBHOIO JMHAMIKOIO — BCI CTaHH 3MIHIOFOTHCS BiJIIOBIIHO /10 30BHILIHIX BIUIMBIB Ta KEPYBaHHS.

[Tix yac nepeMuKaHHs pexXuMy (HAIPUKIIA[, Y BUNAJKY aBapii, BTpaTH KOMIOHEHTa ab0 aKkTHBALlil 3aXUCTYy) CHC-
TeMa MePeXOANUTh y CHHTYJSIPHUHA PeXHUM, J¢ YaCTHHA 3MiHHUX OLIbIIe HE Ma€ IMOXigHOI (TOOTO HE MOXe 3MIHIOBATHCS
JIOBUIBHO). Y TakoMy pexuMi 30epiratoThcs anreOpaiuHi 3ajJeKHOCTI MK 3MIHHHMH, 1 CTaH MOXe "3aMOpPOXKYBaTHCh'"
a00 3MIHIOBATUCH JTUCKPETHO.

KepyBaHHS MOXKe MPOJOBXKYBATH MisITH, SIKIIO BOHO BPAXOBYE CTPYKTYPY CHHTYJISIPHOCTI (HANpHKIaa, odupae no-
MyCTUMI HaIpsIMU BIUTUBY HA CHCTEMY).

KnacuuHi migxomau 10 aHalizy CTIHKOCTI (nidxio JIanynosa, cnekmpaivHi Memoou) HEMOXKIUBO 3aCTOCYBaTH Ha-
npsimy [7] daepes:

— HasABHICTh HEYHIKaJIbHNX PO3B’A3KIB (BHACIIIOK BUPOIKEHOCTI E_ );

— MOXITUBICTh MUTTEBUX IMITyJIECHUX peakiliii (3yMOBICHHX CTPYKTYpPOIO TU(epeHIIiaTbHO-aNTre0paiqHoro
PiBHSIHHS);

— TepeMHKaHHS MK PeKHUMaMH, SIKi MPU3BOASTH IO TUCKPETHOT JUHAMIKH.

i ananmizy HeoOXigHO BpaxOBYBaTH iHBAapiaHTHI HMIAMPOCTOPH, PETYILIPU3AINI0 CHCTEMH [8], a TaKOoX 3acToCy-
BaHHS TIOpUIHUX MoJieliel y ipocTopi noaiid. ToMy € HeoOXiTHUM pO3IIIAAaTH HOBI MIJIXOIU IO CHHTE3Y KepyBaHHSI:

—  Memoou po3kiadanns Beliepuwimpacca 11 J€KOMITO3MLIT CUCTEMU Ha PETYJSIPHY Ta CUHTYJISIPHY CKJIAJI0-
BY;

—  eibpuony JIanynoscoky @ynkyiio — 00’ €THaHHS KJIACHYHUX Ta TUCKPETHUX YMOB CTIHKOCTI;
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—  Memoou OnmuManbHo2o nepemuxanns (Switching Logic Design), mo 3a0e3neuyoTh OaxaHi XapaKTepuc-
THUKH TIiJT 9ac 3MiHH PEKUMIB,;
— aneebpaiuni kpumepii keposarnocmi (Ha OCHOBI paHI'iB kepoBaHoi mapu ( £, B_) 3 ypaxyBaHHAM CUHTY-
JIIPHOCTI.
Hexail cucrema Mae Ba peXXUMHU O € {1, 2} :

— Pexxum 1 — perynsapuuit:
. 0 1 0
x(1)=Ax(t)+Bu(t), 4 = , B =|_|;
-2 -3 1
— Pexxum 2 — CHHTYIISIpHUIA:
. 1 0 0 1
sz(t)zAzx(t)—i-Bzu(Z), E, = , Ay = .
00 1 -1
L5 cucrema IeMOHCTPY€E CKJIaHY MOBEIIHKY: B PEKHMI 2 OJUH 3 PIBHIB € anreOpaiuHuM. AHaii3 BUMarae mnooy-
JIOBU 1HJIEKCY TuepeHIiiaibHo-aIre0paiyHoro piBHIHHS, JOCIIHDKEHHS KOHCUCTEHTHOCTI OYaTKOBUX YMOB Ta BUOOPY
3aKOHY TIepeMHUKaHHsI, o 3abe3neuye criiikicTb. Ha puc. 1. 6aunmo rpadik, sSIKHi LIIOCTPY€e NOBEIIHKY CHHTYJISIPHOT Ti-
OpuAHOI CUCTEMH 31 3MIHOIO peXUMY Ha ¢ =5 cekyHH. Jlo mepeMuKkaHHs (pexuM 1) cucTeMa MOBOIUTHCS SK KIaCHYHA
IUHAMiYHa cUCTeMa Apyroro mopsaky. Ilicns mepemukanHs (pekuM 2) BinOyBaeThCS CHHTYISIPHA JUHAMIKA — OIHA 3
KOOpAHHAT (X, ) Opa3y afanTyeThCS 0 aNreOpalyHoro 3B°I3Ky, a X; 3MiHIOETHCS IIOCTYIIOBO.

OunHamika cMHrynspHol ribpuaHoi cuctemn
i

1.50 x1(t) =i
— x3(t)
| - -~ lepeMUKaHHA pexuMy

1.00}

0.75¢

0.50

CTaH cuctemmu

0.00} R
\ T |

-0.25} — i
1

Yac, ¢

Puc. 1 — I'padik moBeqiHKN CHHTYIIAPHOT FOPUIHOT CHCTEMH 31 3MIHOIO PEXKUMY Ha f =5 CEeKyHI.

I'padix JeMOHCTpPYE BILIMB CHHIYJISIPHOI CTPYKTYpH (MHUTTEBE MPHUCTOCYBAHHS 0 aireOpaidHOro OOMEeKeHHs),
BaYKJIMBICTH MPABIILHOTO MOZICIIOBAHHS MIPH MEPEXOi MiXK pe)KHMMaMH Ta CKJIAIHICT Y 3a0e3MeUeHHI CTablIbHOCTI MpH
HCKOHTPOJIbOBAHUX IMCPEMUKAHHAX.

[IponoHy€eThCS IPOrpaMHUIA KO TSI MOJETIOBAHHS IPOCTOI CHHTYIIAPHOI T1I0pUIHOT CHCTEMH 3 IBOMA PEKUMaMH,
10 TIEPEMUKAIOThCA Yepe3 3agannii yac. OUH pexXuM Ma€ PeryIsIpHy MaTpHIo E , iHIINH — CHHTYISpHY (HEBUPOIKE-
HY 1 BUPO/IXKEHY BIATIOBITHO).

import numpy as np

import matplotlib.pyplot as plt

# --- 3aKOHM KepyBaHHS IJIsI KOXKHOTO PEKUMY ---

K1 =np.array([[3, 4]]) # Perynsapuuii pexxum

K2 =np.array([[0, 0]]) # CunrynsipHuii pe>xuM — 0e3 aKTUBHOTO KePyBaHHS

# --- ['iOpugHa cucTeMa 3 KepyBaHHSM ---
def hybrid_system(t, x, mode):
if mode == 1:
# PerynsipHa cuctema
E =np.eye(2)
A =np.array([[0, 1],
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[-2,-31D
B = np.array([[0],
(11D
K=Kl
else:

# CuHTYyJISIpHA cHCTEMa
E =np.array([[1, 0],
[0, 0]]) # Bupomxena
A =np.array([[0, 1],
[0, -17)
B = np.array([[0],
[0]]) # me pearye Ha BXin
K=K2

u=-K @ x # IIpoctuii niHiiiHKI1 3BOPOTHIii 3B'I30K
try:

dxdt = np.linalg.solve(E, A @ x + B @ u)
except np.linalg.LinAlgError:

dxdt = np.zeros_like(x)

return dxdt

# --- CUMyJIAIIiS 3 IEPEeMUKAHHSM ---

def simulate_hybrid_system(t_final=10, t_switch=5):
x0 = np.array([ 1.0, 0.0])
t_points = np.linspace(0, t_final, 500)
sol = np.zeros((len(t_points), 2))

for i, t in enumerate(t_points):

mode =1 if t <t _switch else 2

ifi==0:
sol[i, :]=x0

else:
dt=t points[i] - t points[i- 1]
x_prev =sol[i- 1, :]
dx = hybrid_system(t, x_prev, mode)
sol[i, :]=x_prev +dx * dt

return t_points, sol

# --- [loOynoBa rpadika ---
t vals, x_vals = simulate_hybrid_system()

plt.figure(figsize=(10, 5))

plt.plot(t vals, x_vals[:, 0], label="x1 (cTan)")

plt.plot(t vals, x_vals[:, 1], label='x2 (cTan))
plt.axvline(x=5, color="', linestyle="--', label="Tlepemukanus pexumy')
plt.title('CI'C 3 kepyBaHHSM: OBeiHKa cTaHiB X1, X2")
plt.xlabel("Hac")

plt.ylabel('Cranogi 3minHi")

plt.grid(True)

plt.legend()

plt.tight layout()

plt.show()

PesyabraT podoTu nporpamu. Ha puc. 2 ans Bi3yaabHOro MOpIBHSIHHS HAaBEIEHO Pe3yJbTaT, OTPUMaHHUN B XOJi
poOOTH porpaMH.
Anroput™ poOOTH MPOTrpaMu MOJIATa€ B HACTYITHOMY:
1. Mopgemoemo cucremy E dx/dt = Ax+ Bu B IBOX peXuUMax.
2. Jlo t =5 cucrteMa MOBOIUTHCA K KJIacH4YHA (PEryJisipHa).
3. [Ilicns ¢t =15 cucrema mepexomuTh y CHHTYJISPHUI PEXKHUM, Jie 3MiHHI "3aMOpPOXKYIOThCs", OCKiIbkU E €
BUPOJIKEHOIO.
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4. TI'padik BinoOpakae MOBEAIHKY 3MIHHUX X, X,.

5. Bxin u(r) sanexarume Bix crany cucremu — u (1) =—K_x(t).
6. Jlonauo 3axon kepysauns: u(t)=—-K, (7).
7. Y perynspHOMY pexHMi KepyBaHHS CTa0IIi3ye cucTeMy (x - O) .
8.V cuHryssipHOMY peXxHMi KepyBaHHS — BXijl HE BIUINBA€E, CUCTEMa "3aMOPOXKY€EThCS .
CI'C 3 KkepyBaHHSAM: rMoBefiHKa cTaHiB x1, x2
T
1.0 4 ] —— x1 (cTaH)
: X2 (cTaH)
0.8 ! === [lepeMuKaHHs pexumy
i
0.6 1 i
1
]
]
T 0.4 i
I ]
= 1
™ ]
B 0.2 L]
o 1
I 1
© 1
5 0.0 ;
]
]
-0.2 1 !
1
1
—0.4 i
1
1
~0.6 i
1

Yac

Puc. 2 — I'padik moBeniHKu MPOCTOT CUHTYJIAPHOT FiOPUIHOT CUCTEMH 3 IBOMa PEKMMaMHU, 110 IEPEMHKAIOTHCS Yepe3 3aJaHui Jac.

Sk mpamroe qara Mozenb: MaTpulsd E ommcye 34aTHICTh 3MIHIOBaTH CTaH (HAKOIMYEHHS €Heprii, EMHICTh, 1HIYK-
TUBHICTB), Y pe&XuMi | KepyBaHHS cTaOulTi3ye CHCTEMY: PETYNIOE HApyry, YCyBae OCHMIIALII, a Micis NepeMHUKaHHS Yy
PEeXHUM 2, HANPHUKIIAJ, IIPU CIIPAl[bOBYBaHHI 3aXUCTY, YaCTUHA KepyBaHHs OJIOKYEThCS, a IMHAMIKA CTa€ BUPOKEHOIO.
Mopens moKasye, o HaBiTh MICIS BTPATH KEPYBaHHSA y IPYTOMY PeXuMi, cuctema 30epirae cTabiIbHICT y IOTepe-
JTHBO CTa01TI30BaHOMY CTaHi.

[IpakTruHe 3acTOCYBaHHS JTaHOT MOAEINI € MOXJIMBHM JUIsl KEPYBaHHS aBapiilHUMH peKUMaMH pOOOTH €HEprocHc-
Temu. B eHepreTuuHiii cuctemi (Harpukia, miacTaHiis abo aBTOHOMHA MIKpOMepesKa) ICHYIOTh JIBa PEKHUMHU POOOTH:

Pexxum 1 — mraTHa poOOTa 3 aKTUBHUM PEryJISITOPOM HAIIPyTH W TMHAMIKOIO Tiepeiadi eHeprii;

Pexxum 2 — aBapiiiHa cuTyauis (Halpukiaj, KOpOTKe 3aMUKaHHsS abo BTpaTa >KUBJICHHS ), IIPU SIKil 9acTHHA CUCTe-
MU "BHIIaIA€", @ CTaH 3MIHIOETHCS JIMILIE 32 AIreOpaluHIMU CIIBBIIHONICHHSIMH (CHHTYJISIPHICTD).

IlepcnekTHBH MOJAJBIINX AOCTITKeHb. ABTOPH BBaXXAIOTh IMEPCIIEKTUBHIMH HANIPSIMKH JTOCIiKEHb, ITOB’ A3aHi
i3 agantuBHEUM KoHTpojeMm CI'C, BKIIIOYCHHSAM cToXacTWYHUX (hakropiB [9] (Hampukiia, u(t) — BXIJHHIA CHTHAJ, a0o

XapaKTepUCTHKA CTaHy o-(t) 3aJIOKHUTh BIJI MAPKOBCHKO20 npoyecy 31 CKIHYEHHOIO KIJIbKICTIO CTaHiB) y riOpuaHi Mojeni

Ta 3 peasi3alfi€lo JaHWX METOMIB B MPHUKIAJIHUX 3aJadax eKOHOMIKH, ColiaibHOl chepH, KibepOe3neKn KpUTHIHOI 1H-
tdpactpykrypu. CI'C 103BOJNSIOTH BPaxOBYBATH SK IUIABHI 3MiHM B €KOHOMIYHHMX MOKA3HHUKAX (HANIPHUKIAM, iHOIIIL,
BBII, 3aiinsTicTh), Tak i BUMaaAKoBi noxii abo 3MiHM peXMMy (QYHKIIOHYBaHHS CHCTEMH, Taki K €KOHOMIYHI KpH3H,
3MIHHU YPSAOBOI MOJIITHKH, 3aPOBAIDKEHHS CaHKIi 4u 3001 B JIAHIfOrax MocradyaHHs (MapKeTHHIOBI JIOTICTHYHI MpPO-
oemn).

VY conianbHii chepi CI'C MOXKyTh OyTH BUKOPHCTaHI JUIsi MOJICIIOBaHHS IIPOLECIB MOMKPEHHs iH(opMalii 4u no-
BEIIHKOBHX 3MiH Y CyCIUIBCTBI, i€ € OCTiHA AMHAaMiKa (HApUKIIaJ, 3pOCTaHHS BILIMBY), IO MOXKE BHIIAJKOBO 3Mi-
HIOBaTHUCS BHACTIIOK 30BHIIIHIX (PaKTOPiB: HOBUH, COIIaIbHAX MPOTECTIB a00 3MiH y 3aKOHOMABCTBI. Y TaKUX MOIEISIX
JmudepeHiaapHO-areOpaiuHi piBHSAHHS J03BOJISIOTH ONMCYBAaTH BHYTPINIHI OOMEXEHHSI CUCTEMH (HalpHKial, OropKe-
THI 4M pecypcHi 0OMeXeHHs), T/l SK TiOpuaHa CTPYKTypa 3abe3neuye BioOpaXKeHHs NepeMHKaHb MK PI3HUMH Clie-
HapisiMH 44 MOJITHYHUMH PEKUMAMH.

Otxe, CI'C cTBOPIOIOTH TOTY>KHUI IHCTPYMEHT JUISl aHAIi3y KEpPOBAaHOCTI COLIAIbHO-€KOHOMIYHHX ITPOIIECIB, ITPO-
THO3YBaHHSI KPU30BHMX CHUTYyallild, TECTYBaHHS MOJITHYHUX CTpATEriidi Ta OLIHKM HACIIJKIB yNpaBiiHCHKUX pilieHs. Lle
0COOJIMBO BOXKJIMBO y MOCTKPU30BHX Ta TPaHCHOpPMALiHHUX YMOBAX, KOJIM CUCTEMH HE € TOBHICTIO JIIHIMHUMU Ta Tie-
pendadyBaHUMHU.
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BucHoBKH. 3anporoHoBaHa y AaHiil poOOTI MOJEb T03BOJISIE TECTYBATH HAIIHICTh KepYBaHHS y pasi aBapii, Mo-
JETIOBAaTH NePEeMUKAaHHA MK peXKMMaMH PeajbHOro o0MagHaHHS (HAaNpHKIIad, BMUKAHHS/BUMHUKAHHS CEKLil TpaHCcho-
pmaropa) Ta MO>KE€ BUKOPHUCTOBYBAaTHCSI B €HEPreTHUII, aBioHili, poOOTOTEXHili, Ie KepyBaHHs Ma€ 3a0e3NeUnTH CTili-
KIiCTh y HEIIOBHUX a00 BUPOJDKEHUX CUCTEMaX.

Po3po6ku aBropis [10] B chepi coriaibHO-eKOHOMIYHHX AOCITIKEHB, a TAKOK 3a0e3IeUCHHS OS3IICKH Ta 000POHU
KpaiHu (aHAJITHKH IHOUICHTIB KiOepOe3neKkn) N03BOISIOTh PO3MUPHUTH KIaC CUCTEM, IO SKUX MOXYTh OyTH 3aCTOCOBa-
Hi METOJIM CUHTE3Y KepyBaHHs; FApaHTyBaTH CTIHKICTh CUCTEM i3 IIEPEMHUKAHHIMHU MIXK CUHTYJSIPHUMH Ta PEryJIsipHUMHA
pexxumami; GopMati3yBaTy MOHATTS TOPUIHOT KEPOBAHOCTI Ta 3aMPONIOHYBATH AITOPUTMH 11 IEPEBIPKH.
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C. 0. JOBT'HH, I'. I. BYJIAHYYK, O. M. BYJIAHYYK

GPU-PEAJII3ALIISA PO3PAXYHKY ITPABOI YACTUHHU CJIAP Y METO/II JUCKPETHHUX
BUXPOBUX PAMOK JIJISAA 3AJTIAY OBTIKAHHA TOHKUX ITIJIACTUH

VY po6oTi po3rsIaEThCs MOXIUBICTD BUKOpUCTaHHs rpadiunoro npouecopa (GPU) st po3paxyHKy MpaBoi YaCTHHH CHCTEMH JIHIHHUX anreOpaid-
Hux piBHAHB (CJIAP) y MeToi AUCKPETHUX BUXPOBUX PaMOK IIPU MOJENIOBAaHHI OOTIKaHHS TOHKHX IUTaCTHH ifleansHOI0 pinuHolo. IIpyu oMy mBua-
KIiCTh PyXy BY3JIiB BUXPOBOI IIEJICHH TaKOX PO3paxoByBajachk Ha rpadiunomy nporecopi. st peanizanii anroputMmy pospaxynky Ha GPU Gyio BuKo-
puctano MoBy nporpamyBanHs GLSL s o6uuCIIOBaIbHUX IIEHIepiB, 0 pealti3yeThes B Mexax cranaapty OpenGL, mounuaroun i3 Bepcii 4.3. s
obuncieHs Ha neHTpansHoMy nponecopi (CPU) BukopucToByBanack MoBa nporpamyBanus C# Ta ¢peiimBopk OpenTK. Ilpu peamizanii anroputmis
Ha CPU posnapanentoBaHHsi 00YKMCIICHb 3/IiHICHIOBATIOCS 3 BUKOPHCTaHHIM cTatHyHOro merony Parallel.For. CPU-peainizaliiss BUKOPUCTOBYE YHCIIa
No/iBi#HOT TouHOCTI, Toxi ik GPU-peanizawist — 4ncia oAUNHAPHOI TOYHOCTI 1 BUKJIIOUA€ YMOBHI ONEPaTOPH AJIS MiABUILEHHS MPOoAyKTHBHOCTI. [IpoBe-
JICHO TOPIBHSIBHUI aHaNi3 TOYHOCTI Ta MIBUAKOCTI PO3PaxXyHKY 3a[a4 OOTiKaHHS INIACTUHOK Pi3HOTO PO3MIpy MijJ pi3HUMH KyTaMu aTaku. Pe3ymbra-
TH YUCEIbHNUX SKCIICPUMEHTIB ITOKa3aJIM, IO [PH 3HIKEHHI TOYHOCTI MeHII HiX Ha 1 % (3a KpUTEpisiMHU PO3IOJIITY THCKY Ta OBHOI CHIIM) BIAETHCS
JIOCSTTH 3HAYHOTO NPHCKOPEHHSI PO3PaXyHKIB — 10 75 pas3iB Beiel 3amadi 3a/Ie)HO BiJl KITBKOCTI BUXPOBHX €JIEMEHTIB. [CTOTHE 301IbIICHHS TOXHOKH
CIIOCTEpiraeThCs MPH 30UIBIICHI PO3PAaXyHKOBOIO 4acy 10 f,, =6 , ajle Ha TOIf MOMEHT 3aCTOCYBaHHS METOJy MOKe OyTH HEKOPEKTHHM, OCKIJIBKH Bi-
0yBa€eTHCSI CaMOTIEPETHH BUXPOBOI TeneHu. [1pu npomy came nepenecenHs oounciens npaeoi yactuau CJIAP na GPU npuckopioe po3paxyHoK Beiei
3aa4i NpuOIN3HO B JAeCsTh pa3iB. OTpUMaHi pe3yabTaTh MiATBEPKYIOTh JOUUIBHICTh Ta €()EKTUBHICTh NEPEHECEHHSI PO3PAXyHKIB PaBOT YaCTHHHU
CJIAP na rpadiusuii mpouecop y 3ajja4ax MOJEIIOBaHHS [IPOCTOPOBOrO OOTIKAHHS [UIACTHH 3 BUKOPHUCTAHHIM METO/Y JHUCKPETHHX BUXPOBHUX PaMOK.

KurouoBi ciioBa: ifgeanbHa piauHa, 0OTiKaHHS [UIACTHH, METO/ AUCKPETHUX BUXpoBuX pamok, C#, GLSL, OpenGL, OpenTK, GPU, dopmyna
bio — Casapa, saapo Penkina.

S. 0. DOVGYI, G. G. BULANCHUK, O. M. BULANCHUK
GPU IMPLEMENTATION OF THE RIGHT-HAND SIDE COMPUTATION IN THE DISCRETE
VORTEX METHOD FOR THIN PLATE FLOW SIMULATION

This work explores the use of a graphics processing unit (GPU) to compute the right-hand side of a system of linear algebraic equations (SLAE) within
the discrete vortex method when modeling the flow around thin flat plates in an ideal fluid. In addition, the velocity of the vortex sheet nodes was also
computed on the GPU. The algorithm for GPU-based computation was implemented using the GLSL programming language for compute shaders,
supported in the OpenGL standard starting from version 4.3. For CPU-based calculations, the C# programming language and the OpenTK framework
were used. Parallelization on the CPU was achieved using the static method Parallel.For. The CPU implementation operates with double-precision
numbers, while the GPU implementation uses single-precision arithmetic and avoids conditional operators to improve performance. A comparative
analysis of the accuracy and performance was carried out for flow simulations around plates of different sizes and angles of attack. The results of nu-
merical experiments demonstrate that, with a loss in accuracy of less than 1 % (in terms of pressure distribution and total force), a significant speedup
of up to 75 times can be achieved, depending on the number of vortex elements. A noticeable increase in error is observed as the simulation time in-
creases 1,, =6 ; however, at that point, the method may become physically invalid due to self-intersection of the vortex sheet. It was found that trans-
ferring only the right-hand side SLAE computation to the GPU yields a 10x speedup of the overall calculation. The obtained results confirm the feasi-
bility and effectiveness of offloading the right-hand side computation to the GPU for simulating three-dimensional plate flows using the discrete vortex
method.

Key words: ideal fluid, flat plate flow, discrete vortex method, C#, GLSL, OpenGL, OpenTK, GPU, Biot-Savart formula, Rankine core-
OpenGL, vortex segments, GPU, computer shaders, ideal fluid, vortex sheet.

Beryn. Y po6Gori [1] Oysio AOCHIIHKEHO MOXKIUBOCTI MOOCNO8AHH MPUBUMIPHO20 OOMIKAHHA TOHKUX IUIACTUH
MemMoOOM OUCKPEMHUX 8UXPOSUX pamok [2] 13 BUKOPUCTAHHAM epagiunozo npoyecopy GPU. Byno npoBeaeHo mopis-
HSIHHSL KOOP/IMHAT IIEJIEHH, OOYHMCIICHUX 3a KIACHYHOIO CXEMOIO Ha yenmpanvrhomy npoyecopi CPU, Ta po3paxyHKamu
KOOpJMHAT 13 obumncienHsM meuakocti Ha GPU. Byno nocnimkeHo BiiHOCHY HOXHOKY IpY BH3HAYE€HHI KOOPIMHAT BY-
3JIiB TEJIEHU JJIs1 KBapaTHOI IDTACTUHKHY, sIKa PO3MIMIeHa MePIeHINKYISIPHO A0 Habiraro4oro moToky. [lpu mmsoMy s0po
Penxina y ¢popmyni bio — Cagapa He BUKOPHCTOBYBaJIOCA. Y po0oTi [3] OyII0 TOCTiIKEHO TOYHICTh pO3PaxyHKy pO3IIO-
IIUTy TUCKY Ha BHIOBXKEHIH IUIACTHHI, I pyX meneHn obuucmoBaBcs Ha GPU. [lpyu mpoMy BUKOPHCTOBYBaBCS TOH ca-
MHH QJIroput™, ane Oyno 3acTocoBaHO sapo Penkina. JloCHiKeHHS MOKa3aly, IO BTpaTa TOYHOCTI IOPIBHAHO 3
LEHTPAIBHIM IPOLIECOPOM € OCUTH MAJIOKO.

Onucanuii y po6oTi [1] airoput™ MO/IeNIOBaHHS BKJIFOYAB HACTYITHI €TaIlu:

1. 3apaHHs MOYATKOBHMX YMOB Ta NMapaMeTpPiB AUCKPETH3ALII.
2. ®opMyBaHHS CTPYKTYp AaHUX IJIS 30€peKeHHs By3JI0BUX 1 KOHTPOJIBHUX TOYOK HA IUIACTHHI, TOUOK IIeje-
HH.
DopMyBaHHS MaTPHUIL METOY IUCKPETHUX BUXPOBUX PaMOK.
Po3paxyHoK mpaBoi 9acTHHU cucmemu JiniiHux areeopaiunux pienans (CJIAP).
Po3p’si3anns CJIAP i BU3HaYeHHS IyCTHHM NOJBIHHOTO IIapy Ha MOBEPXHi IIACTHHH.
®opMyBaHHS BUXPOBOI IIEJIEHH B TIOYATKOBUH MOMEHT 4Yacy Ta 3aJaHHs I'YCTHHH MOJBIHHOIO IIapy Ha Ha-
CTYIHUX KpOKax.
OO0u4ucIIeHHs MIBUAKOCTI B KOHTPOJIBHUX TOYKaX TEJICHH.
HepeMiﬂleHHH BUXPOBUX TICJICH 3a JIOKAJIbHUMHU HIBUAKOCTAMMU.

S

Sl
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9. TIloBepHeHHs 10 KPOKY 4 B HACTYIHHA MOMEHT 4acy.

VY momepenHiit peamizamii Oyno nepenecerno Ha GPU nmmre etan 00YnCIIeHHS MBHIAKOCTEH Y By3JaX BUXPOBHX IIe-
neH (KpOoK 7) 3 BUKOPUCTaHHSAM oO4HcIoBaNbHUX meiinepiB Ha MoBi GLSL. Vci o6uncienns va GPU BukOHYBaNuCHh 3
onunapHoro touHicTio (float), Toxi sk po3paxyHok npasoi uacturu CJIAP (kpok 4) 3aiticuioBaBcst Ha CPU na moBi C# 3
BUKOPHCTAHHSIM 3MIHHHX MOJBiHHOT TouHOCTI (double). Pe3ynbTati nopiBHUTBHUX PO3PAaXYHKIB IMOKA3aJIH, IO MPU Bij-
HOCHO MaJIiif KiJIbKOCTI YaCOBHUX KPOKIB BiJXWJICHHSI Y KOOPJMHATAaX BUXPOBOI MEJIEHH € HE3HAYHUMHU 1 Bi3yalbHO MaJlo-
MOMITHUMH.

Y 6aratboX npakmuunux 3adavax, 30KpemMa Mnpu MOJACTIOBAHHI 6imposol cumyayii B 30HaX MICBKUX 3a0Y0B, Kib-
KIiCTh T€OMETPUYHMX 00’€KTiB (OyIMHKIB) MOXe OYyTH JOCHTH BEJIMKOI0. X0ua MPH TPHUBAJIOMY MOJIEIIIOBAHHI Ta 3pOC-
TaHHI KUIBKOCTI BUXPOBHX BiIPi3KiB MOXMOKHU ITIOCTYIIOBO HAKOITMYYIOTHCS, ONTHMI3allisi 00UMCIIOBAILHUX BUTPAT BCE K
3aIMIIAETHCS aKTYaIBHOIO.

VY 3B’S3KY 3 IIMIM IIOCTa€ MUTAHHS IO JOIIIBHICTE IMepeHeceHHs oouncieHns npasoi yactuau CJIAP (kpok 4) Ta-
Kox Ha rpadiunuii mpouecop (GPU). Oxgnak Takuii mepexin notpedye AeTalbHOTO aHali3y BIUIMBY OIMHAPHOT TOYHOCTI
ta GPU-cienngivanx oOMexeHb (30KpeMa, YHUKHEHHsSI YMOBHHUX ONEpaTOpiB) Ha TOYHICTH i (i3UUIHY KOPEKTHICTh 00-
YHCIIeHb I'IPOJMHAMIYHHX XapaKTEPUCTHK, TAKUX SK I10JI€ IIBUIKOCTE Ta THCKY.

Mertoro aHoi pobotu Oyna po3pobka ta TectyBanus GPU-peanizanii o0unciienns npasoi yactuau CJIAP y meto-
Ii IUCKPETHUX BUXPOBUX PaMOK Ta BU3HAYEHHS 1 BIUIUBY Ha TOYHICTh Ta €pEKTHBHICTH MOAECIIOBAHHSL.

Posrisnanocst 00TikaHHS IUIACTUHOK PI3HOTO PO3MIpy Mifl PI3HUMHU KyTaMy aTaku. AHali3yBaIMCs TPAEKTOPIl By3-
JIB BUXPOBOI IEJICHH, PO3IOJIUT TUCKY Ha IMOBEPXHI IUTACTHHKY Ta BIINOBIAHI aepoArHaMi4HI cHiH. J[is KO>KHOTo BHIIa-
JIKy BUKOHYBAJIUCS JBa PO3PAXYHKHU 32 OJIHAKOBHX MMOYATKOBHUX YMOB: IEPIINN — Ha HEHTpaibHOMY mporecopi (CPU) 3
BUKOPHCTaHHSIM HOABIHHOI TOYHOCTI, IPYTHHA — 13 IEPEHECEHHIM PO3paxyHKy MIBUAKOCTEH y MpaBii 4acTHHI CHCTEMU
JiHIHHKUX anreOpaluyHuX piBHAHB Ha rpadiunuii nponecop (GPU). OkpiM TOYHOCTI, OIiHIOBANACs TaKOX MIBUAKICTH 00-
YHCIICHb.

IMocTtanoBka 3amavi. Posrnmsmaerscs mpusumipna 3a0aua 0OTIKaHHS TOHKOI TUTACTHHKH TOTOKOM [0ednbHol He-
cmucaugoi piounu. Po3B’s130K 3a/1a4ui 3HAXOJUTHCSI Y BUIIIS/I CyMH MOTEHIIATy 30BHIIIHBOTO MOTOKY 1 MOTEHIiany 30y-
PEHUX IUIaCTHHKOIO mBHAKOCTeH. [oTeHIian 30ypeHux MBUAKOCTEH TOBUHEH 3a10BOJIBHATH pigHAHMA Jlanaaca BCloay,
OKpIM HOBEpPXHI IUIACTUHKH Ta BUXPOBHUX IEJEH, SIKI CXOSTh 3 TacTUHKU [2]. [Ipu 11boMy Ha MOBEpXHI IUIACTHH B YCi
MOMEHTH 4Yacy MOBUHHA BUKOHYBATUCh YMOBA HENPOMIKAHH.

[icns ouckpemuszayii (po30UTTS TUIACTUHKY Ha PAMKH) YMOBA HENIPOTIKaHHS 3BOAMTHLCS IO CUCTEMH JIHIHHUX all-
reOpaiuHKUX PIBHSIHB BIJHOCHO LIUPKYJISIIA paMOK. Y KOXEH MOMEHT 4acy PaMKH CXOAATh Y HOTIK, GOpMYIOYH BUXPOBI
TIeJICHN, SIKi TIePEMIIIYIOTHCS 32 MICLIEBOIO IIBUAKICTIO piguHU. IIIBUIKICTh B Oyab-Kill TOULl 00UNCIIOETHCS 3a (Bop-
myJoto bio — Casapa.

OcobsmBocTi peanizauii popmyau Bio — CaBapa na GPU. [[na To4oK, po3TalioBaHUX Ha BEJIHKIH BiACTaHI Bif
0Ci BUXpOBOTO Bi/Ipi3Ka, MIBUAKICTE O0UYHCITIOBANIACH 32 (HOPMYIIOIO:

‘7:L[Al——><d]2A7. E_E , (1)
4””:ATX&:H a b

jge Al — BexTop, HaNpsIMJIEHUH BiJ IOYATKy Biapizka 10 Horo KiHug (puc. 1); d =7 — 7 — BEKTOp 3 I0YaTKy BUXPOBOI'O

BifIpi3ka 7 JO TOYKHU CIIOCTEPEKEHHS 7 , e BU3HAYAETHCS IMBUAKICT; b = d —Al — BEeKTOp, IPOBEACHUH 3 KiHIS BU-

XpoBOro Biapi31<a J10 TOYKHU CIIOCTCPCIKCHHS.

Puc. 1 — IlIBuakicTs Bil BUXPOBOTO Bijpi3ka 3 BUKoprcTanHsaM (popmynu bio — CaBapa.

®opmyna (1) mae 3HAYCHHS MIBUIKOCTI, IO MPSAMYE 0 HECKIHYCHHOCTI y BHIIAAKY, KOIH TOYKA CIIOCTEPEKECHHS
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IPSIMYE JI0 OCi BUXPOBOTO BiJpi3Ka a ii MpOEeKIis MOTparyisie BCepeluHy IbOTo BijpizKa (BKIovyaoyn Horo KiHii). Taka
0COOIMBICTD MIPU3BOANTH A0 HE(DI3HUHUX pe3yNbTATiB PO3PAXyHKY TeUil pIIHHN Yepe3 cuHeyAapHicmb BUAKOCTI. Tomy
opmymy (1) 3acTOCOBYIOTH TOJi, KOJH BiICTAHb IO TPSAMOI, IO MIPOXOAUTH Yepe3 BiAPI30K, MEPEBHIYE IEBHE IOPOTO-
Be 3HaUeHHA R (pamiyc simpa Penxkina):
- 2
‘[Al xd ]‘

AP
SIKIIO K TOYKA CIIOCTEPEXKEHHS po3TalioBaHa Oimkde 0 oci Biapi3ka (yMoBa (2) He BUKOHYETHCS ), 3aCTOCOBYETh-
cs1 peryJsipu3oBaHa GpopmyJa:

> R?. 2

T |Axal (g
v:—%Al- a2y 3)
4m AI°R a b
®opmyia (3) 703BOJISIE YHUKHYTH CHHTYJISIpHOCTEH (puc. 2, a).
5. v
04}
¥ [
6L [
03}
sl = B 0 2? — Biot-Savar
- Rankine <[ :
: Rankine
2 0.1
i Y
000 002 004 006 008 010 012 014 Y (A 0.02 0.04 0.06 0.08 0.10
a o

Puc. 2 — 3anexHicTh IBUIKOCTI ¥ BUXPOBOTO BiApiska moexkuan Al = 0.1 Big BiacraHi o Biapiska y .
Paniyc Penkina R = 0.49A/. a — B300BX NepHECHANKYISPA, IO TPOXOANTH Yepe3 IMEHTP BiApi3Ka;
6 — B3JIOBXK MEPIICHINKYJIISAPA, IO MPOXOIUTH Ha BifgcTaHi Al Bix 1eHTpa Bimpiska.

Cuip 3a3Ha4YMTH, IO ICHYIOTh TAKOX 1HIII MIAXOJH JUIsi peryJisipu3anii po3paxyHKiB 3 BUKOPUCTAHHSAM (OPMYJIH
bio — CaBapa, KOpoTKuii OrJIsi] IKUX AaHO B poOoTi [4]. BapTo 3BepHyTH yBary, mo Ajs METOAY AUCKPETHUX BUXPOBUX
pamMok peryisipu3sanis (3) nae 3aHMKeHI 3Ha4eHHsI IIBUIKOCTEH Ha OCi BUXPOBOTO BiJpi3Ka, 110 MO3UTHBHO BIUIMBAE HA
cTabiIpHICTE MeTony (puc. 2, b).

Hwxue HaBeneno ¢parmeHt kogy no peanizauii gopmyn (1) — (3) BiANOBIZHO 0 reOMETPUYHOI KOH)Iryparii,
npezacTaBieHoi Ha puc. 1, Ha MoBi nporpamyBanHsi C# 3 BUKOPUCTaHHSIM I10JIBIi{HOT TOYHOCTI.

public static Vector3D Velocity(Vector3D r, Vector3D start, Vector3D dl, double gamma, double
rankine)

{

1 double koef = 1.0 / (4 * Math.PI);

2 Vector3D a = r - start;

3 Vector3D b = a - dl;

4 Vector3D cross = dl.Cross(a);

5 double d = cross * cross;

6 if (d == 0.0)

7 return new Vector3D() ;

8 double ro = rankine * rankine;

9 double s =dl * (a / a.Abs() - b / b.Abs());
10 double bl = dl1 * di;

11 if (d / bl > ro)

12 return gamma * cross * koef / d * s;

13 else

14 return gamma * cross * koef / (bl * ro) * s;

®parmenT koxy 1. PozpaxyHOK IIBHIKOCTI Bil BUXPOBOTO Binpizka 3a popmynamu (1) — (3) 3 ypaxyBaHHIM Mozeni
sapa Penkina (moBa C#).

@ynkuis Velocity 004HCITIOE BUAKICTh TIOTOKY B TOYL CIIOCTEPEXKEHHs 7 (7 ), IO IHIYKYETHCSI BUXPOBHUM Bil-
PI3KOM 3 [IOYATKOM Yy TOHULI start (7 ) Ta BEKTOPOM HOBXHUHU d/ ( Al ) 3 ypaxyBaHHSM 3IiIaJKyBaHHS 32 JJOIIOMOTOIO SII-
pa PeHkina, 1e gamma — IUpKyYJIsLis, 110 BU3HaYae IHTEHCUBHICT BUXPOBOTO Bizpi3Ka, rankine — paziyc sapa Penkina,
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SIKMH BUKOPUCTOBYETBCS JUISl 3TV KYBaHHS IIBUIKOCTEH OOIM3Y BUXPOBOTO Bijpi3Ka.
VY psanoky 6 mepeBipse€ThCs, i 3HAXOJUTHCS TOYKA CIIOCTEPEKEHHS 7 Ha OCi BUXPOBOTO Bifpi3Ka. Y TaKOMY BHITa-

Ky BEKTOpHHUI JOOYTOK [Al X é] JIOPIBHIOE HYJIIO i IIOBEPTAETHCS HYNIHOBA MBHIKICTH (psAnok 7). Lle Takox 3amobirae

JIJICHHIO Ha HYJIb Y PAAKY 9, ocKiibku 3a yMoBH d =0 abo b =0 kon xani e BHKOHYETBCS.

VY panky 11 3micHIOETBCS TTepeBipKa, YA 3HAXOAUTHCS TOYKA CIIOCTEPEKECHHS 7 Ha BiJCTaHi, OUTBININA HIX pajiyc
PenkiHa, 1 SKIIO LIe Tak, TO PO3PaxyHOK MPOBOAUTHCS 3a Gopmysoro bio — Casapa (1) y psaaxy 12. Skiio x Todka 1o-
Tparuise y BHYTPIIIHIO 00J1acTh, Jie IIBUIKICTD 3MII/KYEThCS siapoM PeHkiHa, Toai 3acTocoByeThCs hopMyna (2), nmpen-
CTaBJIeHA y psaKy 14.

Crinx 3a3Ha4MTH, IO A OOYUCIICHh HA TpadigHOMY IMPOIEcOpi aHAJIOTIYHA peai3alis Mae OyTH aJanToBaHa J0
moBu GLSL. ¥V npomy BHunaaky HeoOXiJHO BHKOPUCTOBYyBaTd THIU jaaHux float Ta yHHKaTH yMOBHHX omneparopiB if,
OCKIJIBKH X BUKOPUCTaHHS CYTTEBO 3HMKY€E MPOAYKTHBHICTE Ha GPU, 1m0 minTBepIKy€eThCs SIK eKCIepIMEHTaIbHUMHA
pesynpTaTamu, Tak i moxymenramiero NVIDIA.

Hwxue HaBezeHo ¢parMeHT koxy no peanizaiii gopmyin (1) ta (2), BIIHOBiAHO 10 TeOMETpUYHOT KOH)Irypaiiii,
npezacTaBieHoi Ha puc. 1, Ha MoBi porpamyBanHsi GLSL 3 BUKOpUCTaHHSM YHCEeNT OJJMHAPHOI TOYHOCTI.

#define PI 3.14159265

const float koef = 1.0/4.0/PI;
const float eps = 1.0e-14;

vec3 Velocity(vec3 r, vec3 start, vec3 dl, float gamma, float rankine)

{

1 vec3 a = r - start; // BexTop Bipn mouaTky BifpiBska OO TOUYKM CIOCTEpPeXeHHS
2 vec3 b = a - dl; // BexTop mo kiHust Bimgpiska
3 vec3 cross_dl_a = cross(dl, a); // BexTopumit moByTox [Al)(ﬁ}
-~ _T12
4 float d = dot(cross_dl a, cross_dl a); // ‘[Al><a}
5 float ro = rankine * rankine; // R2
6 float cross_selector = step(d, eps); //BaxucT Bin pinenHs Ha Hyne npu Mamux d
7 float bl = dot(dl, d1); // Al’
8 float selector = step(ro, d / bl); // NepemMmkau: UM BUKOPMUCTOBYBATHU sIHPO PeHkina
9 float dist = selector * d + (1.0 - selector) * bl * ro; // BrnagxeHa BipcTaHb
10 float la = length(a) + cross_selector; // DoBxmHa BexTopa a (is BaxmcToMm)
11 float 1b = length(b) + cross_selector; // DoBxmHa BexTOpa b (is BaxmcToMm)
12 float s = dot(dl, a)/la - dot(dl, b)/lb; // CkanspHa wacTmHa popmynu Bio-Camapa
13 return (1.0 - cross_selector) * gamma * koef * cross dl a * s / dist;

®parmenT koay 2. Po3paxyHOK IIBUAKOCTI BiZf BUXPOBOTO Biapizka mo popmydi (1) — (3) 3 ypaxyBaHHSIM MoJei
sapa Penkina (moBa GLSL).

it o6unCeHHs BEKTOPHOTO JOOYTKY BHKOPHCTOBYEThCS BOymoBaHa (PyHKIS cross (PAAOK 3), U CKAaJISIPHOTO
J00yTKy (yHKLiA dot (psinok 4). ¥ psaaky 6 BBOIUThCA 3MiHHA cross_selector 1 3aMiHU if y psaKy 6 Iusd Koxy
Ha C#. OyHKIS step(d, eps) MOBEpHE HYJb, SKIIO d OUIBIIEC eps 1 OJUHMITO, SKIO MEHIIEC. TakKuM YHHOM,
cross_selector JIOpiBHIOE OJMHUI, SIKIIIO BEKTOPHUI JOOYTOK Maike Hylb i ToAi psaaok 13 moBepHe Hymb. Y psa-
kax 10 Ta 11 cross_selector n0Ma€Thes, 00 YHUKHYTH MOXJIMBOTO JIIEHHS Ha Hylb Y pAAKy 12 (BUMagok Koian
TOYKA CIIOCTEPESIKECHHS JICKUTH Ha KIHII Bipi3Ka).

VY psaaxy 8 oOUUCTIOETBCS 3MIHHA, SIKa TO3BOJISIE YHUKHYTH BUKOPHUCTAaHHS omepatopa if y psaaky 11 komy na C#.
3MiHHA selector JOPIBHIOE OJMHHIII, SIKIIO BiJICTaHb BiJ OCl Bipi3ka Ouibiia 3a paaiyc Penkina. Toxi y psinky 9 nep-
WA JOAAHOK TOPIBHIOE d, a Opyruil — Hymo. [Hakme mepmuii qoganok Oyzae Hyib, a apyruii bl*ro. Toxi psmok 13
Oyze moBepTaTH MIBUKICTH 13 BpaxyBaHHsIM pajiyca PeHkina.

Po3paxyHok 00TikaHHS NJIACTHHKH MPU MAJTUX KyTaxX aTaKH Ta BiApUBax MeJeHH i3 TPbOX cTopiH. byno po3-
TJISIHYTO OOTIKAaHHS IUIACTUHU MPH MaMX KyTax aTaku « . Binpus BinOyBaBcs 3 TpboX cTOpiH. OOYMCIIEHHS TPOBOIH-
JMCsl 10 MOMEHTY uacy ¢, =4, kpok 1o yacy At =0.1, npoctopoBa auckperusauis As =0.1 (po3Mmip cTOpoHH Ipu-
enHaHoi paMkn). [Imactiaa Mae po3Mmip 2 x4 (mepiie 3Ha4eHHS — 11 peOpo B3IOBXK oci X , Apyre — M0 HANPSMKY BiTPY,
10 HANPSIMJICHUH MPOTWIIEKHO oci Z ). BimHocHa moxuOKa Ipy po3paxyHKy KOOPJIHUHAT IEJICHH PO3paxoByBaslach 3a
(hopmyoro:

e, :M.loo%

|V CPU|
BignocHa moxuOka npu po3moaiii THCKY 10 IOBEPXHI 00YHCIIOBATIACH 3a (POPMYJIIOIO:
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_ |PGPU - PCPU| 100%
i |PCPU|

BimHocHa moxuOka rpu 009YHCICHHI HOPMAaIbHOT CHJIH, IO JTi€ Ha TUIACTUHKY — 32 (opMyITor0:

Fopy — F
F:| GPU CPU|.1OO%
|F CPU|
VY tabn. 1 HaBeneHI pe3ynbTaTd pO3paxyHKY BiJHOCHUX TOXHMOOK TOPIBHSHO 3 LEHTPaJbHUM MporecopoM. Ha

puc. 3 MnpeacTaBjicHa (bopMa BI/IXpOBOII. ICJICHU 3a IJIACTUHOIO.

Tabmums 1 — MakcuMaibHi BiTHOCHI MOXUOKH OOYHCIICHD IUTACTHHKY 3 TPHOMA BiZIpHBAaMH BiJ KyTa aTakH

Kyt araku, rpanycu MakcumanbpHa BiTHOCHA MakcuManbHa BifHOCHA BigHocHa moxubka
MoxnOKa KOOPAWHAT MENICHU: moxu0Ka po3MOALTY TUCKY: HOpPMAaJIbHOT CHIIH:
£, % £, % &, %
10 0.0003 0.00004 0.00004
20 0.008 0.017 0.0001
30 0.6 0.059 0.0041
40 4.1 1 0.12

Puc. 3 — ®opma neneHH 3a IIACTHHKOIO po3MipoM 2 x4 npu KyTi ataku 40 rpagyciB y MOMEHT 4acy f,,,. =4 IpH pO3paxyHKy
Ha rpagivHOMY MPOIIECOpi.

I3 Tabm. 1 BugHO, IO 31 30UIBIMICHASAM KyTa aTakd MOXUOKH OOYHCIICHD YCiX BEIMYMH MOHOTOHHO 3pOCTaioTh. 1o
KoopAnHAaTi BimHOCHA moxubka nocsrae 4.1 %, mo posnoainy tTucky — 1 %, ans HopmansHoi crmi — 0.12 %. Crig 3a3Ha-
YUTH, IO KOJIM IIpaBa YacTHHA HE po3paxoByBasack Ha GPU, a mBHAKOCTI By37iB IEJNIEHH NPU LBOMY PaxyBaJHCh Ha
GPU, To BizHOCHA MMOXHOKa [0 KOOpIMHATaM HeJeHH cTaHoBuaa 2.8 %, 1o posnofiny tucky — 0.73 %, anst HopManbHOi
cun — 0.083 %.

[lepeBipsiBCcs TakoXK pe3ynbTaT po3paxyHKiB 10 ¢

max = 0 » KOJM KyT ataku gopisHioBa 40° . V 1poMy BUNAJIKY Ma-

KCHMaJIbHA BITHOCHA MOXHOKa B MOJ0KEHHI BY3JIiB IEJICHH focsarana &, =19% , ane MakcumanpHa moxuOKa y po3nomi-

Jii THCKY OyJia TOCUTh He3HAuHOw: &, = 0.25% , a moxuOKa y BU3HAYCHHI HOPMaJIbHOI crin gopiBHioBasa 0.0035 %.

P

Cuix 3a3HAYUTH, IO TIPH PO3PAaXyHKY Ha TaKUH BEJMKHN MPOMDKOK Yacy 3aCTOCYBaHHS METORY AUCKPETHHX BH-
XPOBUX PaMOK MOXKE IIPUBOJIUTHU 10 HEKOPEKTHHUX PE3YJIbTATIB, 00 MejeHa PyHHY€eThCs 1 BUXPOBI BIIPI3KH BUTATYIOTHCS,
1[0 MPU3BOANTH J0 BUHUKHEHHS He(I3HUHUX MIBUAKOCTEH. Y TaHOMY BHMAAKy Oe3p03MipHA IBUAKICTH MEPEBHIIyBaIa
3. JIns yHUKHEHHS Takoro eekTy y CBiif 9ac Oylio 3alipOIIOHOBAHO 1 Peali3oBaHO Memod 8CMABKU NPOMIHCHUX MOYOK
[5]- Ane ueit migxiz NpU3BOAMB 10 3HAYHOTO 30UIBIICHHS KUJIBKOCTI BUXPOBHX BIIPI3KIB Ta 4acy po3paxyHKy. B mepc-
MEKTHUBI IJIAHYETHCS BUPILIUTH IO MPOOJIEMY 13 3aCTOCYBaHHAM rpadiuyHKX MPOLECOPIB.

Po3paxyHok 00TikaHHS NJIACTHHKY NMPH BEJUKHX KYTAX aTaKH Ta BiAPUBaXx MejleHH i3 4OTHPBLOX cTopiH. Po-
3MIsanack IJIACTHHKA MPH BEJMKHUX KyTax artaku (puc. 4). Binpus BinOyBaBcs i3 4oTHphOX cTopiH. OGUMCIIEHHS Mpo-
=1.6, xpok mo wacy pnopiBHOBaB Af=0.1, KpOK MPOCTOPOBOi AWCKpeTH3amii —

BOJMIIMCS IO MOMEHTY 4acy f,..

As =0.1. TlnactuHa Mana po3mip 8x2. VY npoMy BUIAIKy Ma€e MICIe 3HAYHE HAOIMKCHHS BUXPOBOI MMEJICHHU 10 MOBEp-
XHI TUTACTHHKH i 31 30UIBIIICHHSAM 9acy BiI0OyBa€eThCS MEPETUH MEICHOIO MTOBEPXHI IDTACTUHKH, SIKIIO HE BXXUBATH CIICITi-
aITBHUX 3aXO/IiB.

Ha puc. 4 npencrapiena GpopMa nejeHH 3a IUIACTUHKOI NpU KyTax atakd 75°,80°,85°,90° mis MOMeHTy yacy

! e = 1.6 TIPH PO3paxyHKy Ha IpadiuHOMY HPOLECOPI.
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759 80"

Puc. 4 — ®opma NeseHH 3a IIACTHHKOK po3MipoM 8x 2 mpu KyTtax artaka 75°,80°,85°,90° s Momenry uacy t,,,, =1.6
[IPY PO3PaxyHKy Ha rpagigHOMY HIpPOLECOpi.

Tabmums 2 — 3anexxHiCTh MOXNOOK 00UNCIEeHb IS INIACTHHKY 3 YOTUPMa BiipUBaMU P Pi3HUX KyTax aTaku

Kyt araku, rpagycu MakcumanbpHa BiTHOCHa MakcumManbHa BifHOCHA BigHocHa moxubka
Moxu0OKa KOOPAWHAT MENICHU: MOXHOKA PO3MOILTY TUCKY: HOpPMAaJIbHOT CHIIH:

&, % £y, % &, %

75 0.051 0.068 0.00024

80 0.043 0.029 0.00028

85 0.054 0.023 0.00033

90 0.063 0.010 0.00036

VY Tabm. 2 npencTaBieHi MoXuOKu oO0uuciieHs 13 BukopuctaHHIM GPU mopiBHSIHO 3 IICHTPaIB-HUM MIPOIIECOPOM MIPH
pi3HUX KyTax aTakd. I3 Tabn. 2 BUAHO, 0 MaKCHMaIbHE 3HAYCHHS BITHOCHOI MOXMOKHA KOOPAWHAT BY3JIB IEJICHH JOCS-

rae 0.063 % npu kyTi ataku 90°, MakcuMalbHa BijiHOCHA roxuOKa THUCKY — 0.068 % npu o = 75° , MakcUMalIbHa BiIHO-

cHa noxubka HopManbHoi cuin — 0.00036 % npu @ = 90° . [loxubKu HACTLTBKK MaJTi, 1[0 AKTHYHO iX MOXKHA HE Opartu

IO yBary.
I3 puc. 4 BuaHO, 0 A7 BCIX PO3TILHYTHX KYTiB aTaKH MEJICHH 3aJTUIIAIOTHCS TOCUTH TIIAIKAMHA.

HIBuAKiICTH pO3paxyHKiB IS MIACTHHOK Pi3HHX po3MipiB. [IopiBHAHHS MIBHAKOCTI 00YHCIICHB 3IiHCHIOBATIOCS
i3 BUKopHucTaHHAM Tpadiunoro mporecopa nVIDIA GeForce RTX 2060 (apxitexrypa Turing, 6 I'b Bimeomam’sti, 30
moTokoBUX MynbsTHIIporiecopi, 1920 smep CUDA, TakToBa gactota 1680 MI'm) Ta menTpamsHOTrO mporecopa AMD
Ryzen 5 3600 (TakroBa yactora 3925 MI'n, 6 disuunux siaep, 12 joriunux norokis). O6’eM onepaTuBHOT maM’sTi CUC-
Temu craHoBuB 32 I'b.

3a3Ha4nMO, 1110 00UHCIIEHHS PABOi YaCTHHU CUCTEMHU JIHIHHUX anreOpaiunux piBHsHb (CJIAP) Ta mBugKocTel y
By3JlaX MeJICHN TaKoX Oyiy po3napalielieHi Ha IEHTpaJbHOMY Tpoliecopi 3a jornoMoroto koHerpykuii Parallel.For. Bin-
TIOBIZIHO JI0 JaHUX, OTPUMAaHHUX 13 Aucrerdepa 3aBaanb (Resource Manager), npu oMy BUKOPHCTOBYBanucst Bei 12 Jio-
TYHUX TOTOKIB MPOIecopa.

Ta6muus 3 — [IBuaKicTs 06UMCIICHB IUIACTHHOK Pi3HUX PO3MIpIiB

Po3wmip Yac obOuuncneHHs npaBoi [puckopenns (s 3aranpHHN Yac 3aransHe 3aranbHe
mwiacTuHKA | 4actuad, ms (CPU/GPU) paBoi YaCTHHU o0uncIeHb, ms MPUCKOPEHHS | TIPHCKOpPEHHs Oe3 mpa-
CJIAP) (CPU/GPU) Boi yactuau Ha GPU
1x4 153/10 15 28179/403 70 7.6
2x4 337/19 18 44230/818 54 5.7
2x6 689/25 28 89512/1359 66 5.8
2x8 1105/33 33 151321/2013 75 5.7

OOGuuCIIeHHS BUKOHYBAIHCS IO MOMEHTY 4acy f,,. =4 i3 kpokoM 1o yacy A7 =0.1 Ta IpoCTOPOBOIO AUCKPETH-

samiero As =0.1. Kyt araku cranoBus 40° , MozentoBanucs Tpu Bigpusu. Yac, HeoOXijHu# 171 00UMCIIEHHS IPaBoi Ya-
ctunu CJIAP, HaBesleHO JIJIs1 OCTAaHHBOTO KPOKY I10 Yacy.
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VY Tabi. 3 mpeacraBieHa MBHAKICTE OOYMCIICHD JUIS IUNIACTUHOK PI3HHUX pO3MIipiB, Ha puc. 5 — opma BUXpOBOT I1e-
JICHU.

I3 Tabn. 3 BUAHO, 110 MpUCKOPEHHs oOuucieHb npaBoi yactuan CJIAP Ha rpadiuHoMy mporecopi MOpiBHSHO i3
LEHTPAIBHIM MPOLIECOPOM 3pocTae Bix 15 1o 33 pa3iB 31 301IBIICHHAM PO3MIPY IUIACTHHKH (KUTBKOCTI MPUEAHAHUX pa-
MOK). Ile cBimunTh mpo Te, M0 MPH HEBENHUKii KUTPKOCTI paMOK HAaKJIaIHI BUTPATH HA TEeperady Ta KOMIOBAaHHS JaHUX
Mk CPU ta GPU craHOBnSsTh 3HaYHY YacTUHY 3arajbHOrO 4acy. 3aralibHe TMPHUCKOPEHHS MOJIEIIOBAHHS KOJMBAETHCS
BiZ 54 10 75 pa3iB 1 AOCsATaE MAKCUMyMY JUTs HAHOUIBINIOT IUIACTUHKY, € KUTbKICTh €JIEMEHTIB € MaKCUMAJILHOO. 3aBH-
IICHE 3HAYCHHS MPHUCKOPEHHS I HAMEHINOl IUTACTHHKH TIOB’si3aHe 13 ocoOmmBOCTsIME po3napanentoBanHs Ha CPU
MIPU PO3PaxyHKY IIBUAKOCTEH: KOJIM BUXPOBUX BiJPi3KiB Mayo, a BUTPATH Ha CTBOPEHHSI HOBUX MOTOKIB Taki cami. [1o-
YHHAIOYH 13 APYroro Habopy JaHWX, CIIOCTEPIracThCsi MOHOTOHHE 3POCTaHHS MPHUCKOPEHHS. TakoX BHIHO, IO BUKOPH-
cranast GPU mnst po3paxyHnky npaBoi gyactuau CJIAP npuckopioe obuncieHns 0unbi HiX y 10 pa3iB npu BETHKHUX poO3-
Mipax IJIaCTHHKH.

I3 puc. 5 BUIHO, IO HABITH MPH MaKCHMAaJIbHIN TOXUOLI pO3paxyHKiB (opMa NeNeHn 3aJUIIaeThCsl TOCUTh Tiaj-
KOIO.

Puc. 5 — ®opma TiesIeHH 32 MIIACTHHKOO po3MipoM 2x 8 mipu KyTi ataku 40° y MOMeHT vacy £, . =4, OTpUMaHa y pe3yJbTari

max

PO3paxyHKIB Ha rpadiTHOMY IIPOIIECOPI.

IlepcnekTUBH MOAAIBIIUX J0CTiIKeHb. ABTOPH BBaXKAIOTh, IO JaHI JOCTIHKCHHS MOXYTh OyTH BUKOPHCTaHi
JUTSL BAOCKOHAJICHHSI METOY JUCKPETHUX BUXPOBHX PAMOK 3 BUKOPUCTAHHIM METOIUKH BCTABKH IMPOMIXHUX TOYOK. Ls
METOJIUKA JIO3BOJISIE YHUKATH HAJMIPHOTO TIOIOBKEHHSI BUXPOBUX BiIPI3KiB Ta 3MEHIIIY€ MyJIbCALlil IIBUIKOCTI Ta TUCKY,
aje 3a paxyHOK YCKJIA[HEHHS allTOPUTMY Ta 3HAYHOTO 301NBIICHHS 9acy po3paxyHKy. [lepeHeceHHs po3paxyHKiB LIBH-
JKocTi Ta npaBoi yactuHu Ha GPU 103BONMTH 3HAYHO MPUCKOPUTH MIBUIKICTH OOYKMCICHBb Ta OJEPKYBATH MOKpAILEeHI
pe3yabTaTh 3a PO3YMHUI Yac.

BucHoBku. Ha 0CHOBI IpOBEICHHUX JOCTIPKSHb MOXHA 3pOOUTH TaKi BUCHOBKH:

1. Tlpu Manmx KyTax aTakd MOXMOKa OOYHCIICHb i3 BUKOPHCTAHHSAM rpadiqHOro mpolecopa € He3HAYHOKW (MEHIIe
0.1 %) 1 MOHOTOHHO 3pOCTa€ 31 30UIBIIEHHSIM Yacy PO3paxyHKy depe3 HAKOIMMYEHHsS MOXMOOK OKPYTJICHHS.
Haii6ispiry moxubKy MOXKHA CIIOCTEPIraTH ISl KOOPJMHAT BY3JiB MEJICHH MPU BEJIMKUX KyTax ataku. BoaHo-
94ac MOXUOKH NPH PO3PAXyHKY THCKY Ta HOPMAIbHOT CHJIM 3QJTHIIAIOTHCS MeHIIUMHE 3a 1 %. Lle moscHIo€eThCs
THM, IO TIeJIEHa 3HOCUTHCS HabIirarouuM MOTOKOM, 1 HalOIIbII BIUTMBOBI paMKH 3 BEIHKOIO IIUPKYIALIEI0 PO3-
TaIIOBYIOTHCS JTAJIEKO BiJ| IUIACTHHKH, 1[0 3MEHIIYE IXHIi BIUIMB HAa THUCK. AJie HaBiTh 32 YMOB HaiOLIbIIOL
MOXHOKH (hopMa HeIeHN 3aIMIIA€ThCs Bi3yalbHO TIIAKOI0 Ta (Pi3MYHO KOPEKTHOIO.

2. Ilpum BeNMKMX KyTax aTak, ajie Ui BiTHOCHO KOPOTKOT'O Yacy MOJCTIOBAHHS (IOBIIMI Yac CIIPUYHUHSE Tepe-
THH TEJICHOIO IJIACTHHKM), BiZIHOCHA MOXUOKa cTaHOBUTHh MeHine 0.1 %. dopMma meneHu 3aJuiiaeTbes Tiaaj-
KOO JUTS BCIX PO3TIISTHYTUX KYTiB aTakH.

3. TlpuckopeHHs 00YHCIICHb Ha rpadiYHOMY MPOLECOpPi MOPIBHIHO 13 LEHTPAIBHUM MPOLIECOPOM OCITae MaKCH-

mymy (75 pasiB) Juis HallOLIBIIOT TUIACTUHKH, NI KiJIbKICTh EJIEMEHTIB € MaKCUMaJIbHOIO. [Ipy MakcumanbHin
NoXuOLi MPH PO3paxyHKy KOOPAWHAT IeNeHH 11 popma 3aIuIIaeThes TIIaKOI0.

TakuMm 4MHOM, IEpeHECEHHsI OOUHUCIICHB MPaBOi YaCTUHM CHUCTEMH JITHIMHUX anreOpaidHuX piBHAHB Ha rpadiuHui
nporLecop Xo4ya i MPU3BOAUTE 0 HE3HAYHOI BTPATH TOYHOCTI, MPOTE 3a0e3Neuye CYyTTEBE NMPUCKOPEHHS PO3PaxyHKIB,
110 pOOUTH 3aNPONOHOBAHMH MiAXiJ e(EKTUBHUM JJIsl IPAKTUYHOTO 3aCTOCYBAHHSI TPU OOYUCIICHHS 3a/1a4 TPUBHMIPHO-
T0 OOTIKAaHHS BEJMKOi KiJTBKOCTI 00’ €KTiB METOIOM JUCKPETHHX BHXPOBUX PAMOK.
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V. R. KULIAN, M. V. KOROBOVA, O. O. YUNKOVA, G. O. DOLENKO

EFFECTIVE DIVERSIFICATION AND STOCK PORTFOLIO DYNAMICS UNDER CONSTRAINTS

This scientific study considers the mathematical problem of optimal diversification of a portfolio of shares in the presence of market constraints. Math-
ematical formulation of the constructing trajectory problem of one share the market value is given in the class of ordinary first-order differential equa-
tions. The procedure for constructing a general solution of such an equation is given. Of particular practical importance is the mathematical problem of
constructing an optimal portfolio structure in the presence of quantitative and qualitative market constraints. Such constraints arise at every moment of
portfolio diversification and their consideration significantly complicates the problem. The procedure for building a dynamic model of the formation of
the market value of one share is based on the application of the market model of W. Sharpe and the fundamental theory by H. Markowitz. The princi-
ples of H. Markowitz theory make it possible to determine the optimal values of the portfolio's expected profitability and riskiness when applying the
procedure for building an optimal portfolio of risky securities. The application of optimal management theory methods in the optimization of the stock
portfolio involves an iterative procedure for determining the optimal structure. The work also considers an important applied problem of applying the
theory of H. Markowitz to solve the problem of optimal diversification of a portfolio of risky investments in the presence of restrictions that are
formed by the stock market at each moment of time. The presence of market restrictions significantly affects the decision-making procedure regarding
optimal portfolio diversification. This scientific study presents an algorithm for optimal diversification of a portfolio of risky securities in the presence
of market restrictions.
Key words: portfolio optimization, fundamental analysis, portfolio diversification, effective set.

B. P. KYJIIH, M. B. KOPOBOBA, O. O. OHBKOBA, I'. O. IOJIEHKO
€DPEKTUBHA IUBEPCU®DIKAIIA TA JUHAMIKA NIOPT®EJS AKIIIIA 3A YMOB OBMEKEHb

VY naHoOMy HayKOBOMY JOCIHI/UKEHHI PO3IJIAAAEThCsl MaTEMAaTHYHA 3aa4ya ONTHMAIbHOI AuBepcudikaiii moprderns akuiif 3a HasIBHOCTI PUHKOBHX 00-
MexeHb. Taka IPUKIIaJHa 33a/1a4a € aKTyaJIbHOI MPOGIIEMOI0 iHBECTYBaHHS Y PH3UKOBaHI akTHBH 1 10 il pO3B’s3aHHS IPUKYTa yBara MPOBIIHUX Ma-
TEMaTHKIB Ta €KOHOMICTIB B ychoMy cBiti. Cepen HaiOinblmn BimoMux MoxkHa Hasath I. Mapkoswuus, [I. Tobina, K. Ito, @. Buek, M. [lloyas,
P. MepTon. MatemaTn4Hy IIOCTaHOBKY 3a1adi OOYI0OBH TPAEKTOPil pyXy OAHi€el akiiil 32 pUHKOBOIO BapTICTIO HABEICHO B Kiaci 3BHYaitHUX qudepe-
HIIaIBHUX PIBHSAHB 1 HOOYJOBAHO, CIIMPAIOYNCE HA PUHKOBY Mozeis B. Illapma. OcobuiiBe NpakTHYHE 3HAYCHHSI Ma€ MaTeMaTHYHA 3a/a4a 00y 10BH
ONTHUMAIILHOT CTPYKTYpH MOPT(dEs 32 HAsBHOCTI KUIBKICHUX Ta SKICHUX PHHKOBUX OOMEXeHb. Taki OOMEXEHHS BHHUKAIOTH IPU AuBepcH(ikaiii
nopTdesst i HeoOXigHICTh TX BpaXyBaHHs CYTTEBO YCKIAIHIOE 3aaady. [Ipouenypa noby 0By AUHAMIYHOT Mozeli popMyBaHHs PUHKOBOI BApTOCTI OA-
Hiel akuii 6a3yeTbes Ha 3acTocyBaHHI puHKOBOi Mozeni B. [llapna Ta ¢pynnamentansHoi Teopii I'. MapkoBina. Y poOoTi TaK0kK pO3IIISIAETHCS BaXKIIU-
Ba NPUKJIaJHA IpodieMa 3actocyBaHHs Teopil I'. Mapkosina 1y po3B’si3aHHS 3a7adi ONTHMAaBHOI JuBepcHdikarii nopTdenst pusHKoBaHUX iHBECTH-
1iit 32 HAsABHOCTI OOMEXeHb, 10 (hopMyroThest GpoHnoBUM puHKOM. Takwmii minxin BpaxoBye noOymoBy Ta 3aCTOCYBAaHHS JOITyCTUMOI Ta epeKTHBHOI
MHOXXHUH 1opTdeniB uiHHuX nanepis. 1{i MHOkuHY, 3rinHo . MapkoBuito, GOpMyIOThCS Ha OCHOBI HasSBHUX HAa PUHKY aKTHBIB. HasBHICTH PUHKOBUX
0OMEXEHb CYTTEBO BIUIMBA€E HA NPOLEAYPY NPUITHATTS PilliecHb MIOJ0 ONTHMAIBHOI quBepcudikanii moprderns. Y oMy HayKOBOMY JOCIIUKCHH] Ha-
BEJICHO aITOPUTM ONTHMAaIbHOT AuBepcHBiKanii mopTdens pU3NKOBaHUX IIHHKX MarepiB 3a HAsSBHOCTI 0OMEKEHb.
KuouoBi ciioBa: ontuMizaiiis, pyHIaMeHTanbHUI aHati3, 1uBepcudikanis moptdens, eheKTHBHA MHOXKUHA.

Introduction. The problem of mathematical description of the dynamics of market value formation of one share
and a portfolio of shares has long been relevant and attracts the attention of scientists and practitioners. According to
H. Markowitz, mathematically, such a problem is formulated as a two-criterion problem of nonlinear optimization. The
criteria are mutually contradictory and it does not have a single solution. Despite this, its practical importance is ex-
tremely great. Taking into account the complexity of mathematical statements and their practical implementation, re-
searchers have identified important principled approaches to decision-making on optimizing the structure of the invest-
ment portfolio. Among such approaches, the most famous can be distinguished:

— H. Markowitz approach, using a valid and effective set, investor indifference curves. The theory of H. Markowitz
is classic and its principles are the basis of many decision-making strategies in the stock market.

— Splitting two-criterion investment portfolio optimization problem into two one-criterion. The mathematical two-
criterion problem of optimizing a portfolio of risky securities involves maximizing the expected return and minimizing
the risk of the investment portfolio.

— Methods of technical analysis. The most common technology for making practical decisions involves the use of
known statistical information about the dynamics of the market value of one share.

— Methods of fundamental analysis. The theory of fundamental analysis is actively developing and includes new
mathematical models and methods for describing the dynamics and procedures for making decisions about the optimal
structure of an investment portfolio. In the researches of K. Ifo, F. Black, M. Scholes, and R. Merton, new fundamental
results are formulated. The results are actively developed and implemented in the practice of decision-making on the
stock market.

In this study an algorithm for identifying of mathematical model parameters of market value dynamics of one share
and a portfolio of shares is proposed. The principle of operation of the algorithm is based on the application of an itera-
tive procedure, at each step of which model parameters are calculated that improve the value of the selected quality crite-
rion. It is worth noting that the choice of model parameter optimization procedure may depend on the selected quality
criterion.

Development of Portfolio Investment Theory. The portfolio model was originally proposed in [1, 2]. Based on
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the relationship between income and risk, H. Markowitz constructs the mean-variance model. He put forward the risk
measurement and the modern principles of portfolio investment. This has laid a theoretical foundation for the researches
of securities investment portfolio. Sharpe’s capital asset pricing model have been known and are used by many investors
when solving the problems of investing in shares [3, 4].

Among other important approaches to solving applied portfolio theory problems, the following can be noted:

— qualitative and quantitative analysis of investment management models [5, 6];

— evolutionary and memetic computing for project portfolio selection [7, 8];

— an exploration of meta-heuristic approaches for the project portfolio selection [9];

— a simheuristic methods for project portfolio selection under uncertainty [10, 117;

Construction of a mathematical model of a stock portfolio. Let's consider a mathematical model of the market-
value of the investment portfolio and build appropriate analytical trajectory. At the time interval ¢ € [to, T ] equation de-

scribing the profitability of the portfolio shares r,, has the form
rp (1) = 22,5 ()7 (1) M

where x; — proportion of shares and type of portfolio; 7 — expected return on equity. Having differentiated both parts of

(1), we get
dr (t) dx~(t) dr, (t)
P/ _ () ——L +x. (1) ——=|. 2
dt Zf[r’ (1) a (1) dt @
Given that there is a property for i # j and Zjb.f =1, Zial—bl— :Zial- +Z,»Z,-“z-bj .
In this way occurring ratio
f; fi
2.5 (1) (6) == 22 (1) (1) = 22 2 (1) % (1) ==
i n() 5 i Xj (1)
d; (1) 1
dr x; (1)
The dynamic model of the market value of the stock portfolio will have the following form
dr (t) f.  dx (t) 1
PV g - A A J / ) 3
dt (1) ;;xl(t)rl (t)[rj (I)X dt x;(1) @

This is a first order linear differential equation. Applying the method of variation of arbitrary constants and getting
its general solution

z%"";—f”=zxi<z>n<z>—;;xi<z>xn<r>

i i

=[Sm0 e @

() dt x(

where

£ (6)=(aySM (1) + 1 (1)) 7, (’)J"ZL'B@'/FJ (1).

In latter ratio the assumptions made phenomenon that describes the dynamics of the formation of the market value
of the portfolio of risky securities. A more detailed analysis indicates two important properties that characterize the mar-
ket value of the portfolio: dynamics depends on the dynamics of both the expected profitability of shares and changes in
the structure of the portfolio. In relation (3) f; is the right-hand side of the differential equation that describes the dy-

namics of the formation of the market value of the shares [5]. Its structure and content corresponds to a market model of
W. Sharpe [3].

We were able to construct a sequence paths at selected time intervals, allowing you to create the initial structure of
the investment portfolio. However, this approach can not effectively influence the structure of investment and not fully
using the mathematical description of the properties listed in mathematical models (4).

Among other, it contains a factor

de; (1) 1
o x,(1)
that describes the possible changes in the structure of investment. To simplify further calculations mathematical model
(4) is presented in more general terms

7 =fp(r xi’xi’ri’i'i)’ i=L1. ®

P p’

Optimal portfolio diversification. In this study, attention is focused on the possibility of applying the theory of ef-
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fective and admissible sets by H. Markowitz for the diversification of the portfolio of risky investments. The real market
involves a dynamic change in the market values of shares, which prompts the investor to actively diversify the portfolio.
According to the algorithm for constructing the admissible set, the portfolio that is more effective in terms of expected
profitability and riskiness for the investor will be located higher and to the left on the "expected profitability — riskiness"
plane. According to H. Markowitz, portfolios that are elements of the effective set will be optimal. Such portfolios are
Pareto-optimal. The classic problem of portfolio optimization is formulated without taking into account restrictions on
changing the portfolio structure. Such a feature significantly affects the possibilities of real investment. The algorithms
proposed in this study make it possible to take into account such limitations and form a portfolio that is closest to the op-
timal one that is potentially possible at the moment on the market. The developed method can be effectively applied to
computer programs that perform automated selection of the optimal portfolio structure.

We consider the problem of optimal portfolio diversification under constraints. Let's move on to the second prob-
lem in the general formulation of H. Markowitz about optimizing the risk of the portfolio of shares that is optimal in
terms of expected profitability. For this, we will use sets of admissible and efficient portfolios corresponding to the se-
lected set of shares. The risk optimization procedure for the optimal expected return portfolio consists in choosing at
each step admissible portfolios that lie on the EF line. This line connects point £, which corresponds to the optimal
market value of the portfolio, and point F', which belongs to the efficient set. This line is parallel to the portfolio's riski-
ness axis. The peculiarity of this selection of the optimal portfolio is that on this straight line, according to the definition,
each of the portfolios corresponds to the same expected return, but the riskiness decreases in the direction of the axis.
This property of the admissible set of investment portfolios allows, on the one hand take into account the restrictions

x()eX(1), i=Ln

and on the other hand — to determine the portfolio of "optimal" expected return with less risk.

D

Efficient set

s

A J

Fig. 1 — Admissible and efficient sets of portfolios of risky securities.

If the specified portfolio is located at point £, that is, it is one for which it is not possible to reduce the riskiness
according to the rule proposed above, then the "optimal portfolio" is determined by moving it from E , to F', which is
an element of the effective set of portfolios. In effect, this means identifying a portfolio of stocks with higher expected
returns. At the same time, this procedure allows you to constructively take into account existing limitations when diver-
sifying the portfolio. Another mathematical formulation of the problem of optimization of the expected profitability

"y ( T ) of the investment portfolio at a certain time 7 level of its risk T is as follows
N (T)x(T)— max

X (T)yx(T)=1

I'x(T)=1
x(1)20,i=1n,e[t,,T]

X; (t) € X(t),i = I,_n,t € [tO,T]

The procedure for optimizing the portfolio's expected return r, for a certain level of its risk consists in choosing at

each step admissible portfolios that lie on the line 4G connecting point 4 , which corresponds to the optimal portfolio
calculated by expected return, and point G, which belongs to the efficient set. This line is parallel to the axis of market
value r,. The peculiarity of this selection of the optimal portfolio is that on this straight line, according to the definition,
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each of the portfolios corresponds to the same riskiness, but the market value r, increases. This property of the admissi-

ble set of investment portfolios, as in the previous case, allows, on the one hand, to take into account restrictions
x;(t)e X(z), i=1,n and on the other hand, to determine the portfolio with the "optimal" risk and higher expected
profitability.

r, A G D
F 1 K
Efficient set/ Admissible sTt
Ty D
i
o, o

Fig. 2 — Optimizing the market value of the stock portfolio.

If the defined portfolio is located at point K , that is, one for which there is no possibility to increase the expected
return, according to the rule proposed above, then the "optimal portfolio" is determined by moving it from K to F,
which is an element of the effective set of portfolios. In fact, this means reducing the riskiness of the stock portfolio. The
effective set or the set of effective portfolios in figures 1,2 is on the arc. It is a Pareto set [5] for a set of shares existing
on the market.

Prospects for further research. The effectiveness of the application of the above methods may be associated with
the construction of an adequate mathematical model of the dynamics of the market value of the portfolio. The paper pre-
sents one of the possible procedures for constructing such a model. Further research should focus on the development of
approaches to clarifying the structure and parameters of the mathematical model (4).

Prospects for research in this applied field can also be linked to the combination of technical and fundamental anal-
ysis methods together with artificial intelligence approaches. Such attempts have been made in the works [7, 8], as well
as in the studies of other authors. This study is one of the attempts to effectively combine these approaches to decision-
making when investing in securities.

Conclusion. In this study new mathematical formulations of the optimization problems of the stock portfolio struc-
ture are given and methods of their solution are developed. Mathematical problems formulated on the basis of models of
the dynamics of the market value of one share and a portfolio of shares make it possible to solve the problem of optimal
diversification of the investment portfolio, taking into account quantitative and qualitative market restrictions on the
portfolio structure.

The formulation of the problem and built algorithm greatly expand the possibilities of investing, as in every mo-
ment of diversification it is possible to construct a set of alternatives that are equivalent in terms of selected quality crite-
ria. The investor, as in the classical approach, Mr. Markowitz has the ability to take into account when deciding addi-
tional factors that arise in the course of practical investment and are associated with the peculiarities of the system dy-
namics modeling. Mathematical portfolio diversification procedure makes it possible for the above-mentioned models of
the dynamics of the market value of a one share and stock portfolio to solve the problem of portfolio diversification.
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0. C. MEJIBHHK, B. O. KO3APEBUY

KOM’IOTEPHE KOH®IT'YPYBAHHS MIKPO- TA HAHOEJEKTPOHHHUX ITPUCTPOIB

V cratTi 3anpoBapKeHi BIOCKOHAJIEHI METOAM MaTeMaTHYHOIO MOJICIIOBAHHS 3 METOI0 aBTOMAaTH30BAHOTO BiITBOPEHHS TUCKPETHUX (YHKIIII Maxo-
puTapHOi Ta OynIeBoi JIOTiKH 3 BHKOPUCTaHHSM MYIBTUILIEKCOPHUX CHUCTeM. B il po6oTi mix cTpyKTypHUM KOH(IrypyBaHHSAM PO3yMi€ThCS HE PO3PO-
OKa CrienianizoBaHoro NpOrpaMHOro 3a0e3redYeHH s, 10 Peali3y€eThCsl i3 3aCTOCYBaHHIM MiKPOIPOIIECOPIB, a, HABIAKU, — IEPETBOPEHHS TEXHOJIOTiY-
HUX ONepaliil Ui HalalTyBaHb Ta 3MiH KOH(Iryparii BeJIMKMX MIiKPO- Ta HAHOCXEM TaKUM YMHOM, I[00 CUHTE3yBaTH (YHKIIOHAIBHO TIOBHY JIOTi4-
Hy 0a3y Ha CTPYKTYpHO-JIOTiuHii ocHOBi. HOBITHS TexHONOris HAHOPO3MipHHX KoMipkoBuX aBToMaTiB (KA a6o QCA-quantum-dots cellular automata)
€ HallepCIeKTHBHIINM HaIPSIMKOM OJJHOGJICKTPOHIKH, SIKHI TaKoXk MiATBepIxKye 3akoH Mypa. Ha BigMiHy Bi TpaguIiiHHX MIKpOTEXHOJIOTIH, Ha-
npukna, Ha 6a3i kommiementTapaux MOH-Tpan3ucropis, B KA GinapHa iHdopmarist KoxyeTbes MOSPU3ALISIMU IBOX €JIEKTPOHIB, a HE Yepes JIOTi4Hi
piBHi Hanpyr. OTpUMaHi B CTATTi pe3ysIbTaTH KOM FOTEPHOrO IIPOrpaMyBaHHS HAHOIPUCTPOIB MIATBEPAMIN iX IEpeBaru mnepe/ MiKpOeIeKTPOHHUMHI
€KBiBJICHTaMH I0J10 IiABUIEHOT MIBUJKOAIT Ta MiHIMAIbHOTIO CIIOJKHBaHHS eHepril. Bukopucrana cydacHa CAITP QCA Designer miis anamizy i cus-
Te3y OyJIeBUX, MAXKOPUTAPHHUX Ta FIOPUIHUX JIOTTYHUX (YHKIIH i3 BUKOPHCTAHHSIM MIKpO- Ta HAHOCXEM B YMOBaX KOCMIYHOI'O 3aCTOCYBAHHS IPH Kpi-
OreHHHUX TeMIepaTypax AJs HPOTHO3YBaHHS IX 0e3BiIMOBHOrO (yHKIIOHYBaHHA. OTpHMaHI pe3ylbTaTH Ta IX aHaTi3 MiATBEPIUKYIOTh MOXIHBICTH
BIIOCKOHAJICHHSI METOOJIOT1T KOH(IrypyBaHHS Cy4acHHX MIKpO- Ta OXHOEIEKTPOHHHX HAaHOIIPUCTPOIB.

Kuio4oBi c;10Ba: MaTeMaTHuHE MOJEIIOBAHHS, KOH(IrypoBaHi JIOriuHi GJIOKH, MiKpO- Ta HAHOMYJIBTHIUIEKCOPH, KBAHTOBI aBTOMATHU, KPIOT€HHI
TeMIepaTypu.

0. S. MELNYK, V. O. KOZAREVYCH
COMPUTER CONFIGURATION OF MICRO- AND NANOELECTRONIC DEVICES

The article introduces advanced mathematical modeling methods for the automated reproduction of discrete functions of majority and Boolean logic
using multiplexer systems. In this work, structural configuration is not understood as the development of specialized software implemented using mi-
croprocessors, but, on the contrary, as the transformation of technological operations for setting up and changing the configurations of large micro- and
nanocircuits in such a way as to synthesize a functionally complete logical base on a structural-logical basis. The latest technology of nanoscale cellu-
lar automata (QCA or QCA-quantum-dots cellular automata) is the most promising direction of single-electron electronics, which also confirms
Moore's law. Unlike traditional microtechnologies, for example, based on complementary MOS transistors, in QCA binary information is encoded by
polarizations of two electrons, and not through logical voltage levels. The results of computer programming of nanodevices obtained in the article con-
firmed their advantages over microelectronic equivalents in terms of increased speed and minimal energy consumption. The modern CAD QCA De-
signer was used for the analysis and synthesis of Boolean, majority and hybrid logic functions using micro- and nanocircuits in space applications at
cryogenic temperatures to predict their trouble-free operation. The results obtained and their analysis confirm the possibility of improving the method-
ology for configuring modern micro- and single-electron nanodevices.
Key words: mathematical modeling, configurable logic blocks, micro- and nanomultiplexers, quantum automata, cryogenic temperatures.

Beryn. Kown ' tomepue koughbicypysauHs mikpo- Ta Hanonpucmpois i3 IPOrpaMOBAaHOK JIOTIKOKW HE Imependayae
MOXJIMBOCTI CTBOPEHHSI aJl'OPUTMIB JJIsi 0OpOOKHM OaraToapryMEHTHHX BXiIHHMX (YHKIIH yepe3 3MiHy poOOUYMX MHpo-
rpam, SIK e 3a3BHYail pealli3yeThest B Mikponpoyecopax. Lle cToCy€eThCsl BHECEHHS TEXHOJIOTTYHUX 3MiH JI0 BHYTPIIIHBOT
CTPYKTYPH HAaHOCJIEKTPOHHHUX CXEeM JUIS 3a0€3IeUeHHs CHHTE3Y MOTPIOHNX (DYHKIIH Ha CTPYKTYPHO-JIOTIYHOMY PiBHI.

AHaJi3 ocTaHHIX qociimkenb. Po3BuTok nociimkens y chepi KOHPIrypoBaHUX MIKpO- Ta HAHOMPUCTPOIB HAOM-
pae o0epTiB, a 3HAUHA yBara AOCTIJHUKIB CIPSAMOBAHA HA AGMOMAMU308AHe IEpAPXiuHe MameMamuite MoOent08aHHs
maxkux cucmem. [lepii 3HauyIli JOCATHEHHS B Wil ramy3i CTal MOXKIMBHMH 3aBJISKH CTBOPEHHIO MYIbMUCTHPYKIYD-
HUX NpUCmpoig, 3aCHOBAaHUX HA YHIGEPCANLHUX QYHKYIOHANLHO 3a8epUleHUX MOOYJIAX, SIK1 € IePCIEKTUBHOK TEHACHI-
€10 Y PO3BUTKY Cy4acHOi Hauoerexmpouniku [1, 2]. YV 1ux poboTax MpoAeMOHCTPOBAHO MOXKIMBOCTI KOMIT FOTEPHOTO
MIPOEKTYBaHHS MIKpPO- Ta HAHOCXEM, 3/IaTHUX peaii3oByBaTH 16 IBOapryMeHTHUX i 256 TpuaprymeHTHuX (yHKUIH i3
BUKOPHCTaHHSIM MIKpO- Ta OJJHOEJIEKTPOHHUX HAaHOMYJbTHILIEKCOpiB. OfHAK, ICHYIOTh CEPHO3HI TPYAHOLIl B ONTUMI3a-
i1 IMX CXeM, 1110 CIIPUYMHSIE TXHIO 3HAUHY CKJIQHICTh 1 00MeXKye yHIBEpCalbHICTh 3aCTOCYBaHHs. BakIMBUM acrieKToM
JIOCJII/PKEHb CTallo BJIOCKOHAJICHHSI METOIB IPOrpaMyBaHHs MIKpPO- Ta HAHOCXEM JUIs peajizanii pi3HOMaHITHUX (QyHK-
it moriunoi anredpu [3, 4]. Yueni 3anponoHyBaiu e(heKTUBHI aJTOPUTMH aBTOMAaTH30BAaHOTO IPOTPaMyBaHHS MiKpO-
CXeM 13 BUCOKHM piBHEM IHTerpailii, IKi CTaJId OCHOBOIO JUIS MTOJANTBIIIOTO PO3BUTKY HAHOIIPHCTPOIB 13 KOHDIrypOBaHU-
MU cTpyKTypamu [5]. He3Baxaroun Ha 3HaYHHI mporpec y Wil cdepi, MUTaHHSA JOCATHEHHS e()eKTHUBHOTO aBTOMATH30-
BAHOT'O IIPOEKTYBAHHS BCE L€ 3AIUIIAETHCS aKTyaJbHHUM, 1 IpoOJieMa CIIPOLIEHHS aJrOPUTMIB Ta IX TOYHOTO BiITBO-
PEHHSA € IPEIMETOM aKTUBHUX JUCKYCIH.

Oco6mmBoi yBarn noTpedye BIUTUB TEMIIEPaTypHUX YMOB Ha HMPOXYKTHBHICTH OJHOENEKTPOHHUX HAHOCXEM, 30K-
pema poboTa B KOCMIUYHMX YMOBax 3a KplOreHHHX Temrepatyp. JlociiukeHHs BKa3yIOTh, 110 TaKi YMOBU MOXYTb iCTOT-
HO IMO3HAYUTHCS Ha POOOTI HAHOIPHUCTPOIB, M0 CTUMYJIIOE MOIIYK HOBUX MIAXOJIB IS MiJABUIICHHS IXHBOI SKOCTI Ta
HaJiHOCTI (PYHKIIOHYBaHHS [6]. 3ayuIIaeThCcs aKTyalIbHOIO IPO0ieMa CHHXPOHI3alii IIMX CXEM, 10 CTBOPIOE JOAATKO-
Bi BUKJIMKY JUIA iX BIIPOBa DKEHHS. TakuM YMHOM, IIMTaHHS TIOKPAIIEHHS SIKOCTI MIKpO- Ta OJJHOEJIEKTPOHHUX HAHOCXEM
13 KOH(IrypOBaHOIO JIOTIKOIO 3UIMINAIOTHCS BXKIIMBUMH 1 BAMAraroTh MOJaJIbIINX JOCTIIKEHb Ta BJOCKOHAJICHHS.

IIpoexTyBanHsa KoMOiHANIHHMX MiKpocxeM Ha MYJbTHILIEKCOpPaxX. 11 BUKOPHUCTaHHS MYJIBTHIUIEKCOPIB MIPH
MPEKTYBaHHI KOMOIHALIHIX MIKpO- Ta HAHOMIPHUCTPOIB CUTHAIIM JESKUX apTyMEHTIB (PYHKIIi1, IO BiATBOPIOIOTHCSA, I10-
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JIAFOTHCS Ha aZipecHi BXOH, a iHpopMamiliHi BXOAN BUKOHYIOTH POJIb TPOrPaMOBaHUX HAHOCTPYKTYP.
Ha puc. 1, @ moxa3aHe yMOBHe [T03HaYEHHS MYJIbTHILIEKCOPA (8 - 1) .

A, [ —

A, —T
—{ Ao | ms s2 [s1 [so |Y A — .=D—|'
— Al Y 0 |0 |0 |A0 A, :)1
e 0 o |1 |Al N -
s o [1 o [A2 A, :
el A8 o |1 [1 [A3 A, :
—] A6 1 |0 |0 |Ad N —D_
] ’;; 1 |0 |1 |AS5 = —
i 1 |1 [o [ase SRS S“Zg
— 1 1 1 A7
S S So
a o 6

Puc. 1 — a — Mynsruniexcop (8 - 1) ; 6 — TaOJIHUI ICTHHHOCTI MYJIBTHILIEKCOPA; B — €KBIBAJICHTHA MIKPOCXEMa MYJIBETHILIEKCOpA.

[Ticns MaTeMaTHYHUX MEPETBOPEHb 3 TAOIMII ICTUHHOCTI (YHKIIiS anreOpu JIOTIKK MYJIbTHILIEKCOpa (8 - 1) Ha-
OyBae BUIIIALY:
Y= §0§1$A0 v 50818, 4, v §051S_2A2 v 50818, 45 v 505_'15_2144 v 80818, 45 v SOSIS_ZAG Vv 8815, 4; . (1

Jus peamizanii 4oTupuapryMeHTHHX (PYHKIIH HEOOXiTHO 3IIHCHHUTH IMEpPEeTBOPEHHS, 00 OTPpUMATH Ou3 1OHK-
mueno Hopmanvky gopmy (JHD). 3a nonomMororo 3axkony noositinocmi oe Mopeana (ingepcii) Ta kapmu Kapno, Hanpu-
Knaz, 1us GyHKuii:

S = X300 XX V X3X5 XX V X3 X5 X] Xg V X3 XX Xy V X3 X0 X1 X0 V X3 Xy X X V X3 XXX, 2)

OTPUMAEMO HACTYIHY KapTy:

X,X,\ X, X, 00 01 11 10
00 0 1 0 1
01 0 0 0 1

11 1 1 0 1

10 0 1 1 1

Otxe, 3a nonomoroto kaptu KapHo maemo MiHimizoBany JJTH®:

S =XXg VX XX V XXy Xp V X3 XX, 3)

Otpumani pe3yJabTaT Ta ix 06roBopenHs. /s yI0CKOHAICHOT BUIllE MaTEMAaTHYHOI MOJEI OTpUMaHa OCTaTo-
YHa TaOJMLS POrpaMyBaHHSI BOCBMHUBXOAOBOTO NPOSPAMOBAH020 MiKpoHanomyremuniexcopa (IIMHM) (8 - 1) JUIst
peanizauii yotupuaprymeHTHoi ¢pyHkuii (tadmn. 1). Binnosigno 1o puc. 1, 6, IMHM 06yB noOyznoBaHuii Ha OCHOBI cuc-
memu agmomamuzosanozo npoekmyeants (CAIIP) Quartus [5] (puc. 2) 3 JIOTIYHUX €IEMEHTIB (pHUC. 2, @) Ta 3 OKPEMOT0
eJeMeHTa B OTHOMY KOpITyCi y BHIIIAAI Makpocxemu (puc. 2, 0). Ha puc. 3 moka3aHa cxema KOMII IOTEpHOI peaizarlii
¢dynukuii (2) na [IMHM (puc. 2, @), sixa KoH}IrypyeTbes B 13 IOHKTHBHIM KaHOHI4HIM (OpMI KOH FOHKIIIHf KOHCTUTYEHT
OJMHHULI 3a TaOJIHUIEI0 ICTUHHOCTI 1:

f:2(1,2,7,9,10,11,12,13,14).

Po3knananHs momepeHb0 OTpUMaHOi (DYHKIIT 1O CTapIIii 3MiHHIN Ma€ BHTIIS!
f=x*[+(1,2,7)]vx; *[+(1,2,3,4,5,6)]. (4)
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A2 Y
A1
A0
Do
D1
D2
D3
D4
D5
D6
D7

0

Puc. 2 — Mogens BocsmuBxonoBoro IIMHM: a — Ha MikpoeleMeHTax; 6 — B MaKpOKOPITYCi.

3BiJICH OTPUMYIOTH anroput™ MozetoBants [IMHM:

Ha Bxin 7 momatu x; ;
Ha Bxomu 3, 4, 5, 6 nonatu x; ;

Ha Bxomu 1, 2 monmatu 1;
Ha Bxig 0 momaru 0.

Ha puc. 3, 6 HaBezneHi pe3yIbTaTy MOJICITIOBAaHHS QYHKLIT (4).

KBanToBi xomipkoei asmomamu (KA) € napanurmoro o04nCIIeHb, 3TiJHO 3 KOO iH(OPMAIIisl TPECTaBISETHCS T1e-
BHOIO KOH(Irypami€ero moJspu3aniii enekTponiB y xmituHi KA, sxa ¢opmyerses 3 omHiel ab0 IBOX OKPEeMHX MOJEKYII
[7]. TIpucTpoi HA OCHOBI Ii€l TEXHOJNOTII CKIAMAIOThCA 3 HAHOPO3MIPHHUX HICTNEKTPUIHUX KIITHH, IO MAIOTh YOTHPH
KBAaHTOBI HAIiBIPOBITHAKOBI TOUKH, pO3TAMIOBaHI Ha KyTaX, i ABOX PYXOMHX €JIEKTPOHIB.

Tabmunst 1 — [MincymkoBa Tabmuus ictTuHHOCTI Ut QYHKIIT (4)

X | x [ x| x, [ r
0 0 0 0 0
0 0 0 1 1
0 0 1 0 1
0 0 1 1 0
0 1 0 0 0
0 1 0 1 0
0 1 1 0 0
0 1 1 1 1
1 0 0 0 0
1 0 0 1 1
1 0 1 0 1
1 0 1 1 1
1 1 0 0 1
1 1 0 1 1
1 1 1 0 1
1 1 1 1 0
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Panime crBopennii [IMHM, tenep koH}IrypyeMo Ha OCHOBI OJTHOCNIEKTPOHHHUX MANCOPUMAPHUX HAHOETEMEHMIE
(ME) na CAIIP QCADesigner [8] (puc. 4, a). Bin cipoekToBaHHi Ha OCHOBI CXeM 3 PHC. 2, a Ta puc. 3, a 1 CKIIaIa€ThCs
3 24 ME, 110 BUKOHYIOTh (DYHKIIT JIOTIYHUX eJIeMeHTiB. Puc. 4, 6 iimocTpye pe3yapTaTi MOAETIOBaHHS HOT0 4acOBUX Mi-
arpawm, sIKi TOBHICTIO 30iraroThcs 3 TaOJHIICIO iICTHHHOCTI (Tabd. 1).

Ha puc. 5 HaBeneHi y3araipHeHI pe3yIbTaTH MOJIEIIOBAHHS BIUIUBY KpioceHHUX memnepamyp Ha (yHKIIOHYBaHHS
onHoenekTponHux [IMHM. BoueBup, ipu HaBiTh HECYTTEBOMY 30inbIeHHI Temneparypu Bia 0 1o 25K, He roBopsiun —
1o 300K, noBHicTio BTpauaerbest npanesgarHicts [IMHM o BukoHaHHs JoriyHuMX omnepauiit (puc. 5, a). ME cratots
HECTIPOMOKHUMH JIETEKTYBaTH OJUHWYHI, iH(QOpMAIiifHO BaXXITUBI €IEKTPOHU B YMOBAaX 3pOCTAI0Y0i KOHIICHTpAIii Tep-
MOT€HEPOBaHUX (POHOBUX HOCIIB 3apsaiB (puc. S, 6). Lle, B CBOIO 4epry, YHEMOXIIMBIIIOE O€3BIMOBHICTh (DYHKIIIOHY-
BaHHS OJJHOCJICKTPOHHMX HaHOCXeM Ha KA HaBiTh pu KpiOreHHUX Ta, 0COOJIMBO, IPH HOPMAIBEHHUX TEMIIEpaTypax.

P 4 =] = @ a8 @, % @ @ @
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Ymax

o
Puc. 5 — MopenoBaHHs iMITyJIbCHUX XapaKTepUCTUK onHoenekTpoHHUX [IMHM mpu KpioreHHUX TemIiepaTtypax: a — BUPOHKEHHS
yacoBux xapakrepuctuk npu I’ = 20K ; 6 — ix rpadiku TemmepaTypHOI 3a1€XKHOCTI.

BucnoBku. B pe3ynbrari npoBeZieHHs] MaTEMaTHYHUX JOCIIKEHb OyJIi peayi3oBaHi MOJIelNi MiKpoO- Ta HaHOTIPHC-
TPOIB Ha OCHOBI MYJIBTHIUIEKCOPHUX CTPYKTYP, AKi JeMOHCTPYIOTh BHCOKY €(EKTHBHICTh Y BiITBOPEHHI CKIIQIHUX JIO-
riuaux Qyskuiii. CTBOpeHi alrOpUTMHU JTO3BOJISIIOTh FHYYKO HAJIAIITOBYBATH MPOTPAaMOBaHi CTPYKTYPH IJIsl peajizamii
SK OyJIeBHX, TaK i Ma)KOPUTAPHUX (YHKIIIH, 110 3HAYHO PO3MNPIOE (QYHKIIOHATIBHI MOKIJIMBOCTI OHOEIEKTPOHHUX Ha-
HOCcXeM. MoJemoBaHH MiITBEPIIIIO aJeKBaTHICT POOOTH PO3POOICHUX MIKPOHAHOMYJIBTHIDIEKCOPIB, 8 TAKOXK BHUSIBH-
JI0 iXHi IepeBary y 4acTOTHHX XapakTepucTHkax. OHaK HU3BKOTEMIIEPaTypPHUH PEXHUM 3TUIIAETHCS KPUTUIYHUM IS
iXHBOI CTAOUTBPHOI POOOTH, MO MOTPeOy€e MOMANBIINX JOCTIHKECHD I ONTHUMI3aIlil TCIUIOBHX XapaKTEPUCTUK. Takum
YMHOM, CTaTTsI POOUTH BHECOK Y PO3BUTOK TEXHOJIOTIH aBTOMAaTH30BaHOTO IIPOEKTYBAHHS, NPOTIOHYIOUN e(EeKTHBHI pi-
IICHHS TSI CTBOPEHHS HANIMHMX 1 THy4KnX HaHocucTeM. OTHOETeKTPOHHI HAHOCXeMH Ha KOMITOHEHTHiH 0a3i KBaHTO-
BUX aBTOMATIB 30€pirarTh Mpalie31aTHICTh TUTLKYA B YMOBAaX €KCILIyaTallii Ha 0OpTy aepokocMiuHuX amapartis [9, 10].
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V.1 NEAGU

SOLVING SOME COMPLETE SINGULAR INTEGRAL EQUATIONS BY INTEGRAL
TRANSFORMATIONS AND ANALYTIC EXTENSIONS

In this paper, the solution of some singular integral equations is presented. The coefficients of the equations (external and internal) possess pointwise
weak singularities on the integration interval, and furthermore, the extension of these coefficients over the entire complex plane yields multivalued
functions. To obtain certain analytical branches, cuts are made in the complex plane, so that at the edges of the cuts, the extracted branches take
different values. Certain integral (equivalent) transformations are carried out on the operator defined by the given equation, and after a series of
mathematical reasonings and calculations, the given equation is reduced to a characteristic singular integral equation, studied in the monographs of
academicians N. Muskhvelishvili and F.Gahov. The solutions obtained are in strict accordance with the results presented in the aforementioned
monographs.

Key words: singular integral equation, Riemann boundary value problem, multivalued functions, analytic continuation, residue, Cauchy type
integral.

B. 1. HATY
PO3B’SI3YBAHHSA JEAKHUX [IOBHUX CUHTI'YJIAPHUX IHTET'PAJIBHUX PIBHSHD
IHTETPAJIBHUMU NEPETBOPEHHSMU TA AHAJITUIHUMUA POSIINPEHHAMMU

VY naHiii poOOTI NpeNCTaBICHO pIlIEHHS IESIKUX CHHTYJSIPHUX IHTerpanbHMX piBHSAHb. KoeQilieHTH piBHSHb (30BHIIIHI Ta BHYTPIIHI) MaroTh
MOTOYKOBO cJIa0Ki OCOOMHMBOCTI Ha iHTepBali iHTETrpyBaHHS, KPIM TOTO, IPOJOBXKEHHS IMX KOe(diIlieHTIB Ha BCIO KOMIUICKCHY IUIOIIMHY represents
multiform functions. [{ns oTpuMaHHs NEBHUX AaHANTHYHUX TLTOK PO3pi3u POOIATH y KOMIUIEKCHIM IUIOLIMHI, TaK L0 Ha KPasX po3pi3iB BHIy4YeHi
rikn HaOyBalOTh pI3HMX 3Ha4YeHb. Hajx omeparopoMm, BHU3HAYEHUM [aHUM DPIBHSHHSAM, 3JIHCHIOIOTBCS II€BHI IHTErpajibHi (€KBiBaJEHTHI)
HEPETBOPEHHSI, sKi Mmicis cepii MaTeMaTHYHHX MipKyBaHb i OOYMCICHb 3BOASTH [aHE PIBHSHHS [0 XapaKTEPHOTO CHHIYISIPHOTO iHTErpaibHOrO
PpiBHSIHHS, IOCTiKeHoro B MoHorpadisx akanemikie H. MycxBenimBini ta @. I'axoBa. OTpuMaHi pillleHHs YiTKO Y3rOKYIOTBCS 3 pe3yJIbTaTaMH,
MIPE/ICTABICHUMH y 3raJlaHuX MOHOTrpadisx.

KurouoBi cioBa: cuHTynsipHe iHTerpaibHe piBHAHHS, KpaiioBa 3afada PiMana, 6araTo3HauHi (yHKII], aHAIITHYHE IPOJOBKEHHS, BiIpaxyBaH-
Hs1, iHTerpai tumy Komi.

Introduction. Integral equations are found in various fields of science and in numerous applications (such as
physics, control theory, economics, and medicine). The theory of such equations was founded by A. Poincaré and
D. Hilbert almost immediately after the appearance of the classical theory of Fredholm integral equations. Exact
solutions of integral equations play a major role in the formation of a correct understanding of the qualitative
characteristics of many phenomena and processes in various fields of natural sciences. However, as mentioned in the
monographs of N. Muskelishvili and F. Gahov and in other works, the solution of singular integral equations can be
determined in rare cases, and even in these cases, the determination of an exact solution requires the calculation of
singular integrals, which is accompanied by great difficulties both theoretical and computational. The most often applied
method for solving singular integral equations on closed contours consists in the equivalent reduction of the given
equation to the Riemann-type boundary value problem, which is solved effectively. In the case of an open integration
contour (bounded or unbounded segment) this method can no longer be applied and consequently various other methods
are applied depending on the given equation.

In this paper, the method of analytical extension over the entire complex plane of the unknown function and the
coefficients of the equation, of some integral transformations, as well as the theory of residues and the passage to the
limit is applied so that the given equation reduces to a characteristic equation. The obtained results are compared with
some known results for some equations that represent particular cases of the equations considered in this paper. As a

result of these comparisons, we are convinced that the obtained results are correct.
1

I
L. Levin [1] proved that in the case when a(x) = (1 —x? )2 , b(x)= 27 (1 —x? )2 and A is constant, the singular in-

tegral equation
1 1 o(1) 1 ¢1 b(¢)
a(x)—| —=dt+— | —Ze(t)dt=f(x 1
( )m'J.—lt—x ﬂij—lt—x(p() f( ) O
can be reduced to solving two independent Carleman integral equations which are solved in the usual way. For a
somewhat more general case, when
a(x)b(x) =12 (l—xz) ,

equation (1) was solved in [2, 3].
In the fourth paragraph of this work, complete integral equations of the form are solved

1 t Lo K, (1,
;J‘j%dt—/tzgﬁ#q)(t)dt:f(x) (m=1,2,3,4), 2)

© V. 1. Neagu, 2025

Bicnuk Hayionanvnoeo mexuniynozo ynisepcumemy «XIl». Cepis: Mamemamuune
86 MOoOeniosants 6 mexuiyi ma mexnonozinx, Nel (8)'2025.



ISSN 2222-0631 (print)

where A is a complex parameter, / is a given Holder function on the interval [a, b]:

K, (t.%) = (b—x)(x—a) . Ky(tx)= (b—x)(t—a) ’
(b-t)(1-a) (b—t)(x—a)
Ky (t,x)=K5'(t,x) and K,(t,x)=K;'(t,x).

We will consider in detail the cases when m =1 in (2).

The solution is carried out by analytical continuation of the coefficients (multivalued) of the equation, identifying
single-valued branches and using some integral transformations. As a result of these actions, the solution of the original
equation is reduced to the solution of the usual characteristic singular equation with the Cauchy kernel, followed by the
application of the theory of the Riemann boundary value problem. In this case, the Poincaré-Bertrand permutation for-
mula also plays a significant role:

1 ¢ dr 1 o(r,s) 1 1 o(z,5)
i '[L T—t i '[L S—T ds = go(t, [)+ m"[LdS i IL (s—z')(z'—t) ar.

The second and third paragraphs provide the necessary information about the relationship between the solution of
the singular equation and the solution of the corresponding Riemann boundary value problem. In the fourth paragraph,
the explicit solution of the characteristic singular equation is expressed through the solution of the corresponding Rie-
mann boundary value problem.

Relationship between the solution of a singular equation and the solution of the Riemann boundary value
problem. Let's consider the simplest type of special integral equation — the characteristic equation:
b(t) ¢ o(7)
a(t)p(1)+ pral Py dr=f(1). 3)
In this case, the solution to the equation can be reduced to the solution to the Riemann boundary value problem,
providing a closed-form expression for the solution.
Let us introduce a piecewise analytic function defined by a Cauchy type integral,

S L G “)

2rilr—z
where ¢ is the desired solution to the characteristic equation.
According to the Sokhotsky's formulas [4, 5]

p(t)=0" (1)-D7,

1020 o ()0 ®
— Lr_tdr—(b (1)+®(2).

Introducing the values
1 ¢ o(7)
(D(t) and ;J.L:dl'
into equation (3) and solving it for ®* (7), we find that the piecewise analytic function @(z) must be a solution to the
Riemann boundary value problem
O (1)=G(1)d (t)+g(1), (6)
Where
_b :
o000
a(1)+b(t) a(t)+b(t)

Since the fact that the desired function ® (z) is represented by a Cauchy integral, it must also satisfy the additional

()

condition
O (oo) =0. ®)

t)—b(t
The index of the coefficient % of the Riemann problem (6) will be called the index of the integral equa-
a +0(t
tion (3).
Having solved the boundary value problem (4), we use formula (5) to obtain a solution to equation (3).
Thus, the integral equation (3) has been reduced to the Riemann boundary value problem (6). To establish the

equivalence between the equation and the boundary value problem, it is necessary to prove that, conversely, the function
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(p(t) obtained from the solution of the boundary value problem also satisfies equation (3). To do this, we need to con-

firm that the second formula in (5) is also valid. Let's prove it. If the solution to problem (6) is represented by a Cauchy-
type integral, then both formulas (5) hold, and one can uniquely recover the original equation from the boundary value

problem. Now suppose there exists another function @, (z) , that satisfies the same conditions. Then, for the difference

D, (2) = D(2)-P, (2),
the following equality holds:
(0} (t)— D, =0.
By the theorem of analytic continuation theorem and Liouville’s theorem (taking into account (8)) @, (z) =0.

Consequently, @, (z) =0 (z) , which completes the proof.

To simplify further formulas, we first divide the entire equation (3) by y/a” (¢)—b°(¢), i.e. we assume that the co-
efficients of this equation satisfy the condition
a*(t)-b*(t)=1.
Substituting the limit values of the Cauchy type integral into the boundary condition (6), we obtain the characteris-
tic singular integral equation

Lo+ 20 2 g, ®

27i -t
From the solutions of the last equation using formula (4) we obtain a solution to the Riemann problem.

Solution of the characteristic equation. Let us recall (see [5]) the solution to the Riemann boundary value prob-
lem (6), assuming y > 0, and compute the limit values of the corresponding functions using the Sokhotsky formulas

oF(1)=X" (;)E%Zr W (t) —%Pﬂ (t)] ,

o (1) = X(t)[—% AU P (1) P (t)l,

X (1)

where W(7) is the singular integral

_ L elr) dr
\Y(t)_Zm' LXJ'(T)r—t' (10)

From here, using formula (5) we obtain

o141 et )10 w20

X (1) X (1)

.. 1 . . . .
Based on the boundary condition, we replace - ( ) = m , and the function ¥ (t) with their respective expres-
X7 (¢t t

sions according to formula (10). Then we have

1 1 . 1 1 () dr 1
‘”(t):i”m}gm”( (t){l_@}{%h (i 2 (t)}'

If y <0, then, as is known (see [5]), the Riemann problem (6), generally speaking, is unsolvable. The condition

for its solvability

g(r) i
——7"dr=0 (k=12,..,—y (11)
will simultaneously serve as the conditions for the solvability of equation (3).
Let us summarize the results of the study.

1°.1f 7 > 0, then the homogeneous equation

a(t)q)(t)+%£i(jt)dr:0

has y linearly independent solutions.
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2° | If y <0, then the homogeneous equation has only then trivial solution.

3% If >0, then the inhomogeneous equation

b(t) ¢ o(7)
a(t)p(t)+——=| ——=dr=f(t
o)+ [ 2 de= 1 (1)
is solvable for any right-hand side f (t) and its general solution depends linearly on » arbitrary constants.
40 1f 7 <0 then the inhomogeneous equation is solvable if and only if its right-hand side f (t) satisfies the —y
conditions
[ e (6) 1 (t)dz =0,

where

Solution of equation (2). The operator defined by the left-hand side of Eq. (2) (for m =1), is acted upon by the

operator
1 b b=ty (1)
A = |— dt,
( (//)(x) ﬂi“‘“(l—aj t—x

where p is some complex number, the choice of which we can control.

In the obtained repeated singular integrals, we change the order of integration, using the Poincaré-Bertrand for-
mula [4, 5]. We get

(1—/12)(b_xjp w(X)+L2j‘b(ﬂ(S)dsj‘b(b_tjp (t_sdt dt —

xX—a o e a\t—a )(t—x)

S e

We denote the inner integrals by 7, (s, x) and I, (s, x), respectively. Let us calculate 1, (s, x). We split the outer

integral from @ to x(s<x) and from x to b(s>x) and calculate I, (s, x), with respect to s <x, and then s> x.
Due to the symmetry of the function 7, (s, x) with respect to s and x, the result will be the same.
We proceed from the multivalued function
1 1
z —b)5+p (z—a)i_p

(z=s)(z-x) ~

for which the points z=a and z =5 (and only these) are branch points.

F (z)z(

P

(13)
Let us make a cut along the segment [a,b] and select an analytic branch of this function. For this, we fix

arg(r—a)=0 and arg(h—1)=0 on the upper side of the cut. We denote by F, (¢) the value of this function at point ¢

on the upper side of the cut. We have

(b=1)2"" (1=a)2”

(t—s)(t—x)

Let us find the value of this branch at the same point ¢ on the lower side of the cut, bypassing the point z=a, or

Fy(t)=ie"™

(14)

z=b. Letus denote this value as F, (¢). We get
1
b-1)2"" (t-a)2””
=)

Since the expansion of the function £, (z) in a Laurent series in the vicinity of the point at infinity starts from —,
z

F,(t)=—ie”"™ (

(15)

then
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res F, (z)=-1.

Z=00

We integrate the function F), (z) along the closed contour L~ shown in the figure below (Fig. 1).

Cy- Cy

Fig. 1 — Integration contour L~ .

According to the definition of the residue of a function at infinity, we have
[, F,(t)dt =2zilim F, (z) = -2 (16)

Let ¢ denote the radius of the circles C,, C, and the semicircles CS+ , CS, , Cx+ , Cx, . In equality (16), we take
the limit as & — 0, assuming that —% <p< % . Due to the weak singularity (infinity of order less than one) of the func-
tion F,(¢) at the points z=a and z=b, we obtain

hi%jc F,()dt = giir%)jcb F,(t)dt=0.
We proceed to calculate the remaining limits, in this case we will use equalities (14) and (15). We get

. . 0 io\. i
lim F, (t)dt:glirz)jﬂFp<s+ge¢)zge‘/’d(p=

g0 o
. ler . l—p . ler . l—p
0(s+ge”"—b)2 (s+8e"/’—a)2 , 0 (s+£e"”—b)2 (s+ge""—a)2
= lim , , ice’dp=i| lim . do=
097 ge”ﬂ (S+€€l(p _x) T e—>0 S+gel(p —X
b LI 1, b LI 1,
:_epﬂ'i( _S)2 (s—a)z (_ﬂ_):ﬂ_epﬂ'i ( _S)2 (s—a)z . (17)
s—x s§—X
gii% ; F, (t)dt:;iil%jo F, (s+£e"”)i£e’¢’dgo:
o, o,
x (s+ge"”—b)2 (s+8e”” —a)z , x (s+ge"”—b)2 (s+8e"” —a)z
= lim : : ice?dp=i[ " lim , dp=
&—0 0 gel(p (S + gel(p _x) 0 &—0 S+ gel(p - X
b LI 1, b LI 1,
:e—pﬂ'i ( _S)2 (s—a)z (_ﬂ_):_ﬂ_e—pﬂ'i ( _S)2 (S—G)Z . (18)
s—x s—x
Likewise
1 1
. i (b=%)2"7 (x=a)2””
lim . F,(t)dt =+ 7e*P™ — : (19)
Taking into account (17) — (19), after the passage to the limit in equality (7) we obtain:
1 1 1 1
A\ b— STP (o 7P b— StpP _ N3P
Ib[b tj dt dt = —ﬂtgpﬂ'( S)2 (s a)z +7ztgp7r( x)z (x a)z . (20)
a\t—a (t—s)(t—x) s—X s—X Cos p7w
Similarly
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jb[b_t]p (b_t)(t_a)dt:—nctgp;z(b;sjp ! —ﬂctgpﬂ[b_xjp L 1)
a\t—a (t—s)(t—x) s—a) s—x xX—a) s—Xx

Substituting (20) and (21) into (2) b we arrive at the following equation'

(1-2) 22 (o) {C’gf”f - }

_Ctgpﬂ[b—x)”j”w(t)dﬁ A2 tgp”j( j () g |-
V4 xX—a at—x T t—a t—x

—x Y pof(b—x)(x— ?
2 tgpﬂ(b xj Ib (b—x)(x—a) (p(t)dt+ e J‘b o) =(4f)(x). (22)
T \x—a a (b—t)(t—a) t—x rmcospr "\/(b—t)(t—a)
Let us choose the parameter " p " such that
ctgpm = —lztgpﬂ . (23)

As a result, the terms contained in square brackets in equality (22) cancel each other out. Let us find an explicit
match for the " p " parameter. From condition (23) we obtain
A 1 tA+1

* , = =—I7In——:. 24
2% -1 P 2mi £A-1 @9

1
ctgpr =+ i, tgpﬂzi;, Cos prr =
i

In what follows, we will assume that p = p,. Taking into account equalities (15) and after cancellation by

(b—x)"(x—a) ", equation (22) takes the form

(1—/12 )go(x)+ij‘bwdt—

mwidat—x

_%I: ((Z:,x))((,x_;;) w,(i)xdt - [Z:sz [(4r)(x)+C], (25)

/1\/(7)

I ,/ b- t t a
Adding the sought equation to equatlon (25),

lLt xd /121'[\/ —a tx_ (26)

we obtain a system from which we exclude the integrals containing the expression \/ (b—x)(x- a)[(b —t)(1- a)]_l . As

where

a result, we get the equation

1 cpo(t) 1 A (x-aY
_/1¢(x)+; ) t_xdt:l_ﬂzf(x)—l_lz(b_x) [(4f)(x)+C]. (27)
Recall (see [4, 5]) that the solution to the equation
1 bo(t)
—| —=dt= 28
uco(x)+m.fat_x g(x) (28)

in the class of functions unbounded at x =5 and unbounded at x = a has the form

O ey ) e e )

y7i 1 ﬂl(lu t—x
where
q:LLn'u_l, & (—o0, 1] U[1, +0).
27w u+1
1 A+1
In the case of equation (18), we have y=-1=¢g=——>1Ln =p,
27 A-1
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g(x)zl_lﬂzf(x)_l_ﬂﬁ(z:ijPJ (t— j {( )dHC}

Substituting these expressions for ¢ and g(x) in (29), we obtain
2 22 x—a\ (o b-t\ f(t b ta”fx
o)=L ) -— (= (= L I G
-4 7i(1-22) \b=x t—a) imx Ty x— ~t) t-x
2\ _N\2p P
~ A 2(b x] J-j(t aj dt L( ] S(s) 4o
(m.)2(1_/12) xX—a b-t t—x s—a) s—t
3 A*C (x—ajp_ AC (b—xjpj-b[t—ajp dt
(1_12)2 b—x m’(l—/lz)z x—a) da\b-t) t-x
In the repeated singular integrals, we change the order of integration, using the Poincaré-Bertrand formulas, and we
obtain
A2 x—a) o(b=t) f(x 1 b—x ) b f
o)== 22[17— j J.a(t— j tE )dH 22 Lx— J. bt t()dt
wi(1-22) \b=x) elima) ex T ey ;
A b—xY ¢b(b=s) b(t—a\?” dt
YA 2( - j L[ - j f(s)d{ja[b—tj (t-s)(t-x) |
g (1_/1) xX—a s—a s X
22 N\ 2 — V2| bl t—a PP
B Cz(x aj 3 C : (b xj J(l aJ dt ' (30)
(1_/12) b—x m’(l—ﬂ) xX—a a\ b-t t—x
We calculate the integrals from the square brackets in equality (21), obtaining
p(t—a? dt A +lfs—a)? 1 A+l x-aY? 1
[ =t = - = . 31)
a\b—t (t—s)(t—x) 24i \b-s s—Xx 24i \b—x s—Xx
_ A\ 2 _\2P 2 _
Ib t—a dt :—m'/i +1({x—a +7zi/1 1. (32)
a\b-t) t—x 24 \b—-x 22
Substituting these integrals into equality (30), we finally obtain a solution to equation (2) (for m=1).
N A\ 2\ _ NP f(1
o(x)= 1 (x a] jb[b tj f(x)dt—i-[b x} Jb([ aJ f()dt +
27;1'(1_,12) b—x) Je\t—-a) t—x x—a) Ja\b-t) t—x

+C {(;‘ajp{b_xjp} (33)
—X X—a

By substituting ¢)(x) into the desired equation, we make sure that the terms in the first row form a particular

solution of the inhomogeneous equation, and the terms of the second row form the solution to the homogeneous
equation, where C; is an arbitrary constant.

For the convergence of integrals (31) and (32), it is necessary that Re2p=2Rep <1, ie. Re p<%. Since

then the condition Re p <% is satisfied for 0 < arg :11+1 < . The last condition is satisfied for all

1 A+1
Rep=—mar R
P 27 g/t—

. . . . .. A-1 .
A for which ReA <0 . However if we put p=p_ in (24), then we arrive at the condition 0 < arg il < 7. This
+

condition is satisfied for all 4 for which Re A <0, i.e, the imaginary axis must be excluded from the A —plane.
In the case of kernels K,, K; and K,, by the same method, Eq. (2) is reduced to Eq. (27) with the same

difference as C =0, and to the same solution (33) with C;, =0.

However, in the case of kernel K, , in general, formula (33) is not a solution unless the condition
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bl (x—a\ (b-x)
+ t)dt=0
n= =) o
is satisfied. This condition means that f (t) must be orthogonal to the solution of the homogeneous equation. In the case

of K, and Kj the solution is unique ( C; = 0 ) and unconditional.

Due to the behavior of the Cauchy-type integral at the ends of the contour of integration [5, 6], solution (33)
belongs to the class of functions that are unbounded at x=a and x=5b.

Conclusions. The methods used in this work, integral transformations, analytical continuation, after a successful
choice of the integration contour, the use of Cauchy theory of residues and limit transition allowed the solution of this
integral equation to be reduced to the solution of some characteristic singular equation. These methods can be used in
solving other singular equations, as well as in calculating some singular integrals that depend on parameters.
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O. G. NIKOLAEV, A. S. KRAINYCHENKO

STRICT JUSTIFICATION OF THE FOURIER METHOD IN BOUNDARY-VALUE PROBLEMS OF
THE THEORY OF ELASTICITY FOR A SYMMETRICALLY LOADED TRANSVERSALLY
ISOTROPIC OBLATE SPHEROID AND ITS APPLICATION TO A HOLLOW SPHEROID

For the first time, an exact, well-founded solution by the Fourier method of the second axisymmetric boundary value problems of the theory of elastic-
ity in the general formulation for a transversely isotropic oblate spheroid and a space with a spheroidal cavity has been obtained. The fundamental
problem of the justification was the problem of estimating from below the modules of the determinants of the resolving systems for the internal and
external problems. The indicated estimates were obtained in this work. The complexity of estimating determinants is due to the fact that they depend
on nine parameters that are functionally related to each other, and in addition, two of them are included in the arguments of Legendre functions of the
first and second kind. The estimates made it possible to formulate and prove theorems about the solvability conditions of the considered boundary val-
ue problems in certain classes of functions. The obtained results are applied to the solution of the second boundary value problem for a transversely
isotropic oblate spheroid with a spheroidal cavity, the centers and directions of the axes of which coincide. An arbitrary symmetric balanced load is
given on the surfaces of the spheroid, which satisfies a certain condition for the convergence of the series of limit functions developed in terms of Leg-
endre functions. A feature of this problem for a transversely isotropic body is the impossibility of describing spheroidal surfaces with any geometry by
a single pair of spheroidal coordinate systems. This means that such a problem can only be solved using the generalized Fourier method. Its application
made it possible to reduce the original problem to an infinite system of linear algebraic equations. Thanks to the obtained estimates of the determinants
of simply connected problems, the Fredholm property of the system operator in a certain Hilbert space has been proven. The numerical results in the
considered problem are obtained in the case of a oblate spheroid with a circular crack. It is assumed that the surface of the spheroid is free of forces,
and a constant normal load is applied to the crack. Graphs of normal stresses in the crack plane outside its boundary, as well as the values of stress in-
tensity factor at its boundary, are presented. A parametric analysis of stresses and SIF depending on the geometric parameters of the problem was per-
formed. The practical convergence of the reduction method when solving an infinite system was investigated.

Key words: Fourier method, boundary value problem, transversely isotropic body, oblate spheroid, empty spheroid, justified solution, determi-
nant estimation, Legendre functions, Fredholm operator, circular crack, stress intensity factor, reduction method.

0. I. HIKOJIAEB, A. C. KPAHHHYEHKO

CTPOTE OBTPYHTYBAHHSI METOJY ®YP’€ B KPAMIOBUX 3AJJAYAX TEOPIi IPYKHOCTI
JUISI CHMETPUYHO HABAHTA’KEHOT'O TPAHCBEPCAJILHO-I30TPOITHOT'O CTUCHYTOT'O
C®EPOIJA TA IOTO 3ACTOCYBAHHSI /17151 IOPOKHBOT'O COEPOIIA

Brepiie oTpuMaHO TOYHHM 00IpyHTOBaHUH po3B 130K MeTogoM Dyp’e ocecuMmeTpruHKX(0ce) KpalfoBUX 3a/1ad Teopil IPY>KHOCTI B 3araibHii mocTa-
HOBIII ISl TPAaHCBEPCAIIBHO-130TPOIIHOTO CTHCHYTOTO cepoina i mpoctopy 3i chepoinanbHOI MOPOKHUHOK. [IpHHIMIOBOIO TPOOIEMOI0 OOIPYHTY-
BaHHs CTajla NpobiieMa OLIHKH 3HH3Y MOJYJIIB BU3HAYHHKIB PO3B’SI3yBaHHX CHCTEM UL BHYTPIIIHBOI Ta 30BHINIHBOI 3a1a4. Y w1iif poboTi oTpuMaHo
BKazaHi oriHku. CKJIQJHICTh OL[IHIOBaHHS BU3HAYHHUKIB MOB’s3aHa 3 THM, 1[0 BOHHU 3aJI€XKaTh BiJl B’ SITH MapaMeTpiB, siKi (YHKI[IOHAJIBHO MOB’sI3aH1
Mik c00010, 10 TOTO %, JBa 3 HUX BXOJATh B apryMeHTH GyHKIiH Jlexanpa nepruoro i gpyroro poxy. OImiHKH AaJi 3MOTy c)OPMYIIIOBATH 1 JOBECTH
TEOPEeMH PO YMOBHU PO3B’SA3HOCTI PO3MIIHYTHX KPalOBHX 3a/1ay y MeBHUX Kiacax (yHKIid. OTpuMaHi pe3ysIbTaTH 3aCTOCOBAHO 10 PO3B’sI3aHH APY-
roi KpaifoBOi 3aja4i [l TPAHCBEPCATbHO-130TPOIHOTO CTHCHYTOTO cdepoina 3i cepoinanbHOK MOPOXXHUHOK, IEHTPH 1 HAIPSIMHU OCeil SKuX 30ira-
10Thesl. Ha noBepxHsix chepoina 3ajaHo A0BUIbHE CHMETPHYHE BPIBHOBaXXEHE HABAHTAXKCHHS, SIKE 3aI0BOJIBHSIE TIEBHY YMOBY 301)KHOCTI psIIiB rpaHH-
9YHUX (QYHKLIH, po3BHHEHHX 3a (yHKuismu Jlexanapa. OcoOnuBICcTIO i€l 3a1a4i 1JIsl TpaHCBEPCATbHO-130TPOIHOIO Tija € HEMOXJIMBICTD NPU Oy /b~
SIKi reomeTpii cepoinanbHUX MOBEPXOHb OMMCATH iX OJHIEI0 Mapoio chepoifanbHUX CHCTEM KoopauHaT. lle o3Hawae, 1m0 Taky 3ajady MOXKHA
PO3B’SI3aTH TilIbKU y3aranbHEeHHM MeTozioM Dyp’e. Moro 3acTocyBaHHs Jajio 3MOTY 3BECTH BUXIIHY 3a/a4y 0 HECKIHUEHHOT CHCTEMH NiHIHHHUX anre-
OpaiuHKUX piBHSAHB. 3aBISKA OTPHMAHHM OL[IHKAM BH3HAYHHKIB OJJHO3B’SI3HHX 33124 JOBEICHO (PEaroibMOBICTh OllEpaTOpa CUCTEMH B IIEBHOMY Ti-
np0epTOBOMY IpocTopi. UncenbHi pe3ynbTaTi y po3riIsiHYTiH 3a/1a4i OTPUMAHO y BUIAJKY CTHCHYTOTO chepoiza 3 KpyroBoo TpillMHO0. BBaxkaeTbcs,
1110 MOBepXHs cepoina BUIbHA Bijl 3yCHIlb, a IO TPILMHU PHUKIIAJICHO CTajle HOpMallbHe HaBaHTaXeHHs. HaBeeHo rpadiku HOpMaIbHUX HAIPYXECHb
B IUIOIIMHI TPIlMHY 11032 il MEXKEr0, a TAKOX BEIHYMHU KOe(]illieHTiB iHTEHCUBHOCTI HanpyxeHb Ha 1i Mexi. [IpoBesieHO mapaMeTpu4HHMii aHANi3 Ha-
npyxenb i KIH B 3anexHOCTi Bii reoMeTpuuHUX nmapaMeTpis 3aaadi. JJOCHiUKeHO MpakTHYHY 301KHICTH METOLY PEeayKLil NpU PO3B’s3aHHI HECKiH-
YEHHOI CUCTEMH.

Kimouosi ciioBa: meron ®yp’e, kpaiioBa 3a1aua, TpaHCBEPCAIbHO-130TPOIHE TiJIO, CTUCHYTHIT cdepoin, mopoxHiil cdepoin, oOrpyHTOBaHHI
PO3B’S130K, OIIHKa BU3HA4YHMKa, GyHKUii JIexanapa, onepatop Opearoiabpma, Kpyroa TpiliuHa, KoedilieHT iHTEHCMBHOCTI HANPy>KeHb, METO/ PEAYK-
wii.

Introduction. In the modern world, more and more attention is paid to the creation of new materials with specified
physical and mechanical properties, which has led to the widespread use of composites and anisotropic materials in vari-
ous fields of technology — from aviation and space to biomedical. Transversely isotropic materials, whose properties are
different in a certain direction and in a plane perpendicular to it, have become particularly popular. Such materials effec-
tively simulate real engineering systems, in particular composite and reinforced structures. At the same time, cracks, in-
clusions, and other inhomogeneities occur in such materials for technological or operational reasons, which significantly
complicates the analysis of their strength and reliability. An urgent need for high-precision mathematical modeling also
arises when creating nanostructures. Here, local approximate models do not provide a complete and accurate picture of
the strength characteristics of the relevant materials. We emphasize that mathematical models of the stress state of com-
plex bodies are usually based on known solutions of boundary value problems of the theory of elasticity for classical
simply connected bodies. At the same time, the mathematical justification of the constructed solutions is of fundamental
importance, since this is a key element not only of the theoretical rigor, but also of the practical certaintence of the ob-
tained models. Modern computing technologies allow the implementation of numerically complex analytical models
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however, only reliable mathematical foundations can ensure the correctness of modeling results.

Review of previous research results. The first solutions to problems of the theory of elasticity for bodies with
spheroidal surfaces appeared in the first half of the 20th century in the works of the classics. H. Neuber published a
monograph [1] in 1937, in which he considered bodies with notches. In it, he formulated a number of concepts and no-
tions for the approximate calculation of stresses in the vicinity of notches on the boundary of an elastic body. The con-
cept of the stress concentration coefficient was introduced as the ratio of the nominal stress to the maximum in the vicin-
ity of the notch, and the law of the stress gradient was postulated, according to which a sharp increase in the stress
around the notch leads to their significant decrease at the edges of the highly loaded zone. This made it possible to ob-
tain approximate formulas for stresses in the vicinity of notches of various shapes in flat and spatial bodies, in particular
for spheroidal notches. Ten years later, M. A. Sadowsky and E. Sternberg [2] developed an approach using curvilinear or-
thogonal coordinates and obtained an exact analytical solution for the stresses around a triaxial ellipsoidal cavity in an
infinite elastic body under simple loads at infinity. The paper presents a closed-form solution in terms of elliptic Jacobi
functions for an arbitrary triaxial (not only spheroidal) cavity. Then R. H. Edwards [3] in 1951 considered the problem of
an elastic body containing a spheroidal inclusion under a uniform axial load. He showed that for a spherical inclusion the
stresses and strains inside it remain uniform even if the elastic modulus and Poisson's ratio of the inclusion differ from
those of the matrix. This unexpected result was later generalized by J. D. Eshelby. In his classic work [4] Eshelby devel-
oped the method of equivalent eigenstrains and showed that for an ellipsoidal inclusion a constant eigenstrain gives rise
to a uniform field of stresses and strains inside the inclusion. A. /. Lur'e in his monograph [5] proposed a method for
solving the problem for an elastic space with an ellipsoidal cavity based on Papkovich — Neiber potentials. However, a
later analysis by Xu, Zhao, and Wang [6] showed that the harmonic functions chosen by Lur'e lead to an unsolvable al-
gebraic system. These authors used the Eshelby equivalent inclusion method to construct a correct solution to the prob-
lem with an ellipsoidal cavity and wrote out new Papkovich — Neiber harmonic functions that satisfy the boundary con-
ditions on the surface of the cavity. Yu. M. Podilchuk in his monograph [7] constructed exact analytical solutions of the
Lamé equation for the interior and exterior of prolate and oblate spheroids by the Fourier method by choosing harmonic
functions in the Papkovich — Neiber representation. In one of Podilchuk's works, the stressed state of a medium with an
absolutely rigid ellipsoidal inclusion (the limiting case of given zero deformations in the inclusion) was analyzed. His
other work [8] (jointly with V. S. Kyrylyuk) investigated the state of an elastic body with an ellipsoidal cavity according
to the polynomial law of loading at infinity. Later, the same ideas were used in constructing exact solutions for trans-
versely isotropic spheroids [9]. The construction of exact analytical basic solutions of the Lamé equation for spheroids
was first made in [10]. For transversely isotropic spheroids, similar solutions were constructed in [11]. The problem of
substantiating exact solutions for isotropic and transversely isotropic spheroids was first posed and solved in [12, 13]. In
[14], a general three-dimensional analytical solution of the problem of a transversely isotropic space containing a spher-
oidal cavity with given asymmetric displacements on the surface of the cavity and vanishing stresses and displacements
at infinity is presented. The approach is applied to obtain a solution to the problem of a transversely isotropic space con-
taining a perfectly rigid spheroidal inclusion, where the space at infinity is subjected to uniform tension in the direction
perpendicular to the axis of elastic symmetry of the material. In the article [15], the problem of stress concentration
around a triaxial ellipsoidal cavity in transversely isotropic materials was solved using the Eshelby equivalent inclusion
method. The authors of the work [16] H. Amstutz and M. Vormwald demonstrate a modern engineering approach to the
analysis of the stress state in the vicinity of an inclusion in isotropic space. An elastic inclusion in the form of prolate
spheroid under axial tension was considered and an analytical solution was constructed, based on the solution for the
cavity, in which the displacement in the vicinity of the cavity was obtained by direct integration of the formulas for the
connection between deformations and stresses. In the article [17], the stress concentration problem for an elastic trans-
versely isotropic medium containing an arbitrarily oriented spheroidal inclusion (inhomogeneity) is solved. The stress
state in elastic space is represented as a superposition of the main state and the perturbed state caused by the inhomoge-
neity. The problem is solved using the method of equivalent inclusions, the triple Fourier transform in spatial variables,
and the Green's function for an infinite anisotropic medium.

We emphasize that all the listed works do not consider the problem of substantiating solutions to the second
boundary value problem in the general symmetric formulation for a transversely isotropic compressed spheroid and a
space with a spheroidal cavity.

Statement of the external boundary value problem. Consider a three-dimensional space in which an arbitrary
point O and a cylindrical coordinate system (p, @, z) with the origin at this point are fixed. Next, we will consider two

transversely isotropic elastic bodies, the anisotropy axes of which coincide with the axis Oz . The regions occupied by
the bodies are denoted by

2 2
QF ={(p, , z):p—+z—>1},
d; di -

where d,/d, < min {\/l7 ,\/V2}s V1, V, are the positive roots of the equation

2 2 _
C11CagV” = (€11C35 = 261344 —C13)V +C33¢44 = 0.
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Here ¢; are the elastic constants of the transversely isotropic material of the bodies under consideration (they are all

considered positive). The system of equilibrium equations in the displacements of a transversely isotropic body in the
case of axial symmetry has the form

1 o 0%V,
| A +c V +(ci3+cyy)—==0, (1)
{11[2 pJ “o } 13 1 Ca4 op0z
o 1o o,
Cauly 33— Vo (o3 + ) — p——|=0. (2)
oz? P 5‘ 0z
Above (V,,V.) — are the components of the axisymmetric displacement vector in cylindrical coordinates,
2
A, = 68 + Py an axisymmetric variant of the two-dimensional Laplace operator in polar coordinates.
p> pOp

To describe the domains Q7 , it is convenient to use two oblate spheroidal coordinate systems {(efy, 7, (p)}Y | » the
coordinates of which are related to the cylindrical coordinates by the formulas

z
V Vs

Here ¢, >0 is the parameters of the spheroidal systems, gES €[0,o), 77, €[0, 7], @ €[0, 27] . Then the surface Q" is

p=c,ché sing,, =c,shé, cos7, .

given by the equation &, = £, where ¢,chE” = d,, \/Z c,sh&? = d, and on this surface 7 .= 77 .
Let us consider the second axisymmetric boundary value problem of the theory of elasticity for the system of equa-
tions (1), (2) in the domain Q" , when the load is given on the boundary of the domain 6Q*
a|§y 0 Cas Z[b(l)P(l) (cosij)é, +b,P, (cosﬁ)éz], (3)

1/2

where H = (all2 sin’ n+ d22 cos? 7)<, and at infinity the regularity conditions are satisfied. The conditions for the coeffi-

cients of the series (3) will be given later.

Construction of a solution to the external boundary value problem. In the article [11], general basis sets of
transversely isotropic displacements of canonical bodies in all curvilinear coordinate systems in which the variables in
the Laplace equation are separated are constructed. For oblate spheroidal coordinates, axisymmetric versions of such sets
have the form

175%;56) (C_?js’ ﬁ]s) = +(6) (ijs’ 77]5) u;:#(r?) (5]‘55 ﬁjs )]9 n= 05 17 ey S = 1’ 2 5 (4)

where

P, (ish&) ’

6 oz Cj3+Cyy
P, (x), 0,(x) — Legendre functions of the first and second kind; {€,, €.} — unit base vectors of the cylindrical coordi-

u;(ﬁ)(f,ﬂ):{Q"(lShf)} > (Cos ) ; V _e 0 9 ke i’ i :c“]/x——%’ s=12,

nate system. The displacements 175,(,6) are solutions of the system (1), (2), regular in the domains Q* . The displace-

ments (4) in coordinates have the following form:

k .
0 £(6)1 s, +(6) 5 \z —
vn (éjv’ 77]5) M (é:]s" 7715)@ _\/V—un (5]3" njs)ez H S—1,2, (5)

where

1,. z
u, (&, 7) = {Q'; (’Sh"f)}a‘l(cosﬁ) .
P, (ishé)

The stresses on the surface AQ" with the normal 7i: , which correspond to the displacement vectors

s’
+(6) (&, 52 1) » are calculated by the formula
_ - . 1
k. = RN
+erp —clsv—b)tha?")u;““(és,m)ep}. ©)
S
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We will look for the solution to the problem in the form of a series with external basis displacements (4)
2 o
P(p.2) =22 a, Vi 71s) (7)
s=1n=0
where {a;, }5’:?,;1:0 are unknown coefficients. Let us proceed in formula (7) to the surface stresses according to formula
(6), after which we satisfy the boundary condition (3). As a result, we obtain an algebraic system with respect to
{a, , y2 l.n=0 - After some transformations with the coefficients of the obtained system, we will have

C V +C —
Zabo 5 (iq,) =0, Zabo B o (ig,) = by ; ®)
=1 Ci3+Cyy
2
1
Y a, | S w100, ) - =2 D 007 ) | = nn+ B0, 021 ©)
s=1 \/T 044 d2
2
> ay, (k, +D0" (g, =b,, n=1. (10)

s=l1

Here and below marked ch&? =g, shé’ =g, .

Analysis of the resolving system for the exterior problem. The following theorem provides an analysis of the
solvability of system (8) — (10) and the conditions for the existence of a classical solution to the boundary value problem

1H-0).
Theorem 1. For v, #v, system (8) — (10) is uniquely solvable. For its determinant the estimate

— oV |i

o0 (g0 (igy)|, n>1 (11)

A&, 8|2

holds. When the condition

C3tcy dy

> nn|b" | +b, )< (12)
n=0

is met, there is a solution to problem (1) — (3) in the domain Q" by the Fourier method in the form (), which belongs to
the space C*(Q)NC Q).

Proof of the theorem.
First of all, we note that the first equation (8) guarantees the regularity of the vector function (7). System (8) has a
solution
a :iboﬁ i3+ , dy, :ibod—z G3 tCa4
’ g ep(va-v) 7 ¢ (v —v,)
To analyze the solvability of system (9) (10), we consider the determinant of this system

\/—n(n+1)Q (7))~ lc 2 dl oV ag)  (k+1)0Pg)
SLNERE T A St -
n(n+1)Q, (ig,) —1—2 1Q“’(zqz) (ky, + DO (i)

\/Z Cya
_(k1+1)(k2+1)Q(l)(191)Q(1)(1‘]2){”(”+1){1 AL Q("’z)} C”ﬂ[ L1 ]} (14)
G

(13)

Wi O @) v, 0 Giy) AR Y
Since, as was proved in [18], the function
1 0,(q)
W o (i)

is monotonically increasing, then both terms in curly brackets (14) have the same sign, therefore the determinant is non-
zero and the estimate (11) is satisfied. Then the system (9), (10) is uniquely solvable and its solutions have the form

o(v) =

620 0 k, +1 _ —¢, d _
ay, =-[0,P°(E.ET! {b,, {Z—énm +1)0, (1612)—6,11&leiQ,(,l)(1612)}—
—b,gl’n(nﬂ)(kz+1)Q,§”(i(72)}, n>1; (15)
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20 20 k +1 . —C, d —
ay, =AD& EDT S -b, | —=n(n+1)Q, (ig,)) - —2-L0V(ig)) |+
RS Ch  dy
+5Pn(n+1)(k, +1)Q,51>(i(71)}, n>1; (16)

Since for Legendre functions of the second kind the estimates are

d g _19.G@| __q _ v,
Wn+d, m+hg |0V(g)| (n+Dg (n+1yd,
then the following estimates follow from the obtained solutions and formulas (11), (17):
3 tc c 1 d ky, +1 . (ig5)
< C13 T Cu 44 (S - b, | 2 n(n+1)|Q(l) q_z | n
ar en—envi=v2 14,10 (g)| NS 10 (igy)|
_ 0] 1
¥ ‘1~ % i:|+ | b,(ll) |I’l(l’l+1)(k2 +1)} < Cln(| bn ll()nt )+ | bn |)

Gy 1O, (iq)) |

b+l _
< C3+Cyy  Cyy 1 if - 15, | 1t n(n+1) |Q(r1,)(1f1_1)| +
ar = vi-vld |0, (igy) | W 10, (iq) |
Cyn(|b" | (n+1)+]b, |)
10 (ig)) |

, 4>0, neN, (17)

(18)

| aZ,n

+MZ—1}+ 150 | n(n+1)(k, +1)} < (19)

Cy4q 2
where the constants C; are positive and depend only on s .
Now we can estimate the terms of the series (7) using estimates (17) — (19) and the uniform estimate
|0 shé)| g™
10 @)|  (chd)™

that follows from the integral representation of the Legendre function of the second kind. Therefore, we have

2 2

FH6) (E = FH6) (E =
>a, JAOCEL )| <D a,, 1O E 7, <
s=1 s=1

E>E" peN, (20)

OV (shé) || B (cos,) |
n(n+1)

IN
| MN
Y
3
—

2 n+l
. - ~ 4q
+10,(shE) || B, (cos i) || <D C(n| B | +1b, )[—~ j , @D
s=1 Chgs
where the constants C~‘S are positive and depend only on s .
Estimate (21) shows that when condition (12) is satisfied, series (7) converges absolutely and uniformly at

E > fs(o) and can be infinitely differentiated by terms in the domain (,ES > ggs(o) . The latter means that formula (7) speci-
fies a solution to the boundary value problem (1) — (3) in the domain Q*, which belongs to the class of functions
ct@HnciQr).

The statement of the internal boundary value problem and construction of its solution. Now let us consider
the second boundary value problem for the system of equations (1), (2) in a transversely isotropic oblate spheroid

2 2
- Pz
Q =5(x,p,2): =+—<I1
{ d; df
with boundary condition (3). We assume that the conditions formulated in the statement of the external problem are met,
and the load (3) is balanced. To describe the domain Q™ , we will use the two systems of oblate spheroidal coordinates
{(£,,7,, )}~ introduced above and the same notations.
We will look for the solution to the problem in the form of a series
2 ®
V(p9 Z) = al,OVl,_O(6) (fl > ﬁl) + Z Z as,nVSjn(ﬁ) (égv s ﬁq) s (22)
s=1n=1
where {q,,, a,, ﬁﬁ,nﬂ are the unknown coefficients. Let us proceed in formula (22) to the surface stresses according to

formula (6), after which we satisfy the boundary conditions (3). After transforming the coefficients in the Legendre
2,00

functions, we obtain an algebraic system with respect to {a; ,}i|
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2
1 _
)P (7.) - =929 pO 7y (= e D, n2 1 23)

Z 4
a s
S,n n K
521 Vs cy d,

2
>a,,(k, + )PP (ig,)=—b,, n>1. (24)
s=1

The boundary condition at n=0 is satisfied automatically for any q,, since the statics conditions lead to the
equality b, =0. In turn, this leads to the standard result for the inner problem — the solution of the problem is deter-
mined uniquely up to a rigid displacement.

Analysis of the resolving system for the interior problem. The following theorem provides an analysis of the
solvability of system (23), (24) and the conditions for the existence of a classical solution to the boundary value prob-
lem.

Theorem 2. For v, #Vv,, n 21, the system (23), (24) is uniquely solvable. For its determinant, the estimate

2

c33—C dy |vi—vy|
8,200, ) 2 BO (i) || B (i, ) | -1 =g S
culaztey) d; maX(Vl ,Vz)

(25)
holds. When the condition
S nn B |+, ) <=0 26)
n=0
is met and the load (3) is balanced, then there is a solution to problem (1) — (3) in the domain O~ by the Fourier meth-
od in the form (22), which belongs to the space c? @HN C! (E) .

Proof of the theorem.
To analyze the solvability of system (25), (26), we consider the determinant of this system

k +1 . C—Cp d — —
=n(n+DF, (i) ~=—2 LRV ) (+ DRV )
—(2)6, 50 F0y _ \/‘71 Ca4 2 _
An (51!52)_1C i —cin d -
= n(n+DP,(ig,) ~——2-LEV(igy) (ky + DB (i)
\/Z Cy dy
L RG@) 1 R@) |,
Wi BV @) v, BV )
After some transformations, the determinant can be represented in this form

APNE, 8=

2
=P (ig )PV ‘1163 ~ 43 1 FGg) 1 FGg,) 1— i[L_l) 28
IR e C44>{"( {f B g B | T4 )

where o is Poisson's ratio in the isotropy plane. Note that from the relations between the elastic constants it follows that

=P,f”(z'c‘zop,f"a'az){n<n+1>(k1+1>(k2+1){ “ g kz)} 27)

cy 4,

the constant ¢;,c33 —¢f3 > 0.
Consider the function

s(v)= n(n+1)————— (29)
f
Let's check it for monotonicity. To do this, we find its derivative

dg¢(v) ___ n(n+l) 2p i pM i L | =0 29 )2 = 12
™ ; \/73[ e {q P, (iq)P, (lq)+[qq —qn(n+l)}[P" ()" —gqn(n+ [P, (iq)] }

It can be proved that the expression

(—i)*" {qun (iq) P (iq) + {aq -

2—_}[ POGDT —Ggn(n + DIP, ()] }

(n+1)
when n >1 is positive, i.e. @ <0, and the function ¢ (v) decreases on the semi-axis & € (0,) . Because
v
AP0 @&, &) = B i) B (i, )L{[avl) SO+ a—[i—i]} (30)
Caq(€13 +Cy4) dy\vi v,
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.1 . . . .
and the function — also decreases, then both terms in the curly brackets (30) have the same sign, so the estimate (25) is
v

correct. Therefore, the determinant A;(m (flo, 9220 ) for n>1 is nonzero. Then the system (23), (24) is uniquely solvable
and its solutions have the form (n>1)

_ =0 20« k, +1 — C—C d _ _
a, =[A,PEENT b, | 2= n(n+ 1P, (igy) ———2=L PV (ig,) |+ b n(n+ D)k, + DB (igy) p,  (31)
V2 Cyy  dy

_rA-(2)6F0 F0N1-1
ay, =[8,7"(&,6)] { b, { \/Z e dy
Given the estimate for Legendre functions of the first kind
i _ 4 PG| _ 4. 33)
Jend, nq; |POGg,)| ng,  nd,
from the obtained solutions (31), (32) and formula (25) the following estimates follow:

Ci3+Caq  Cyy 1 d, {| |[k2+1n(n+l)|P”(ﬁz)|+

S, (g - G2 G po <iq‘1)] +bOn(n+1)(k + 1Y (iq‘l)} . (32)

ar e~ vi—vald | PV ()| N | PV (ig,) |

_ (1) 1

+cll ‘12 i:|+|b,§1) |n(n+l)(k2 +1)}< Cln(| bn (|1()ni )+|bn |) (34)
Cy | P, (iq) |

o
jay ot a1 &, ikt IBE@DL,
ar ar—cp vi—vald | PO (ig) | N | PO (ig,) |

- (1) 1

L dy }H b,(l”|n(n+1)(k1+1)}<czn(|b” IGEINILY) as)
C | P, (iqy) |

where the constants C are positive and depend only on s.
Now we can estimate the terms of the series (22) using formulas (33) — (35) and the uniform estimate

| P”(I)(iShg) |< Ché gg<s§(0) neN
[E0@EnED| " (ng® ) =7 T

As a result, we have

2
<la,, VAV & 7)<

s=1

2
> a, V9.7,
s=1

n(n+1) ché,

where the constants C~‘S are positive and depend only on s . Estimate (36) shows that under condition (26) the series (22)

s=1

2 PO shéN | PV (cosi . ~ z . "
sZwm{' n UShe))I[B (0S| | p snE ) | Byeosiy) | < 36160 [ +16, D 2| . @6)
s=1

converges absolutely and uniformly at &, < efs(o) and it can be infinitely differentiated by terms in the domain ézs < ggs(o) .

The latter means that formula (22) specifies a solution to the boundary value problem (1) — (3) in the domain Q™ , which
belongs to the class of functions ctQHNC Q).

Transversely isotropic oblate spheroid with a spheroidal cavity. We use the results obtained above to solve the
second boundary value problem in a transversely isotropic oblate spheroid with a spheroidal cavity, which is under the
action of an arbitrary balanced axisymmetric load. We denote the domain occupied by the spheroid by Q , and the sur-
faces of the cavity and spheroid by I'; and I', . We assume that their centers are combined and are located at the point

O . We align the cylindrical system (p, @, z) with this point so that the axis Oz coincides with the symmetry axis of

the spheroids and the anisotropy axis. The surface has the equation
2 2
ot 67
d: d:
Ji2 Jil

where d;,/d;, < min{\/; , \/Z }, i=1,2. We will use the notation introduced above.

A feature of a transversely isotropic body occupying the domain Q is that its boundary cannot be described by on-
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ly one pair of oblate spheroidal coordinates, even when the surfaces (37) have a common focal disk. Therefore, the prob-
lem for the doubly connected domain of the considered geometry cannot be solved by the usual Fourier method, and it is
possible to do this only by the generalized Fourier method. To describe the domain € , it is convenient to use two pairs

of oblate spheroidal coordinate systems {(gZ o s (p)} related to cylindrical coordinates by the formulas

s,j=1>
p= ajyschggjys sinj; , z=4Jvsa;shg;  cosi; .

Then the surface I'; is given by the equation é s = §(0) where a; Schg(o) =d;,, \vsa;shS; EO d;, (the parameters

of oblate spheroidal coordinate systems, unlike the previous one, are denoted by a .5 » SO as not to confuse them with

elastic constants).
Let us consider the problem of determining the stress state of the above transversely isotropic body, in which the
cavity is free from stresses, and an arbitrary balanced axisymmetric load

FI7|§ 0 = ;;4 Z[b(l)P(” (cosip, )€, +b"P, (cosj, )& ] (38)

12
is applied to the outer surface. Here H, = (dzzjl sin’ 7, + a’22,2 cos? ﬁz) .

The conditions for the coefficients of the series (38) are given in (26). From a mathematical point of view, the
problem is reduced to solving the boundary value problem for the system of equations (1), (2) in the domain Q with the
boundary conditions (38) and

FV|§] 0 =0 (39)

Construction of a general solution to the problem and its reduction to a resolving system. We will search for a

general solution to the problem (1), (2), (38), (39) in the domain Q in the form

2 2
P(p.2)=3 3 A0 )+ 33 4D O, ). (40)
s=1 n=0 s=1 n=1
where AE’,} are the unknown coefficients that need to be found in the process of solving the problem. Here, the equilib-

rium of the load on the external surface of the body has already been taken into account according to Theorem 2. We
will solve the problem using the generalized Fourier method. For this, we will use the theorems of addition of basic solu-
tions (4), which are consequences of the general formulas obtained in [11]

Vo (&rsr i) = 2 8 g, a WO o ) » (41)
k=0
I;:-(é) (51 s 771 s) z g;r(66) (al,sﬂ (12 S)V k6) (52 s 772 s 2,sSh§~2,s > al,s H (42)
where
b4 n—p
n (a, i"Pe, &, (k+1/2)0(n/2+p/2+1/2)
€, ,,a,)= Y| = nrpi ) , 43)
Slay, ) T(n/2-p/2+40(p/2-k/2+1)T(p/2+k/2+3/2)
0 - e, e, (k+1/2)T(p/2+k/2+1/2) a, V" )
a ,a s) = 2 s
Enie s> @2 ST(p/2=n/24D(p/2+n/2+3/ DT (k/2-p/2+1)( ay,

1, n—-k=2p,peZ,
E =
"0, n—k=2p+l, pe’,
I'(x) is Euler's gamma function.

Let us transform the displacement vector V(p, z) to each separate coordinate system using formulas (3.5), (3.6).
As a result, we have

2 o 2 o
V(gl,s b ﬁl,s) = z z Aglr)tV;rrEtS) (éjl,s H ’71 K z z s,n g] 82 771 S)Z gk(66 (al,s > a2,s )As(,zk) > (45)
s=1n=0 s=1n=0
2 o 2 o
V(§2,s’ ﬁZ,s) = ZZAEZn)VS r(16) (52 s ’72 s)+ Z Z VSJrr(t6) (52 s 772 s)z gl-:(néG) (al L8 a2 9)A(1) (46)
s=1n=l1 s=1n=0

Let us pass in formulas (45), (46) from displacements to stresses on surfaces Fl and I', , using formula (6) for this.

After satisfying the boundary conditions, we obtain an infinite system of linear algebraic equations with respect to un-
known coefficients
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Zz1+<”’>A<” + Zﬂ’") Z 2 ay, a,,)4%) =0, n20, m=0;1, (47)
s=1 k=n
2
ngﬁ’”;A@ +Zr;§’",2 (G50 T )Z g (@ a )AL = [, n=1, m=0;1, (48)
where
— 1 1), —
sy _ K+l Q)| ¢y~ djl 0, i) +(0) _ o, )(lqj,s)
50, = n(n+1) S b G =Dy (49)
N P(g;)]  cu din | POGT,,) PG,

£V ==n(n+ b

n 2

0 0
fn():_br(l)'

Analysis of the resolving system. Let's transform the system to normal form

+(0) 1 1 A1
IO 12nQ()(qu1) 22: -1 gkn '(a A5, 2;)2(2) 1+an()(“111) Z ~(0) gkn (alw 2v);1(2) ~0. (50)
1,n A+(2)6 20 1,s,n (1) s,k +(2)(, 1,s,n (1) s,k T V0
(51,1751,2) =1 k=n BOU(qyy) (511#51 Dsa ke BU(gay)

D A1) (= 0) (1
m tlJrl(er()(lql,z) if(()) gkn (a“,az?) @ _ ;rl(n)Q()(lqlz)Zf(n gkn (a“, a)

2,n 2)6,£0 £0 Ls,n s,k 2)6 1,s,n
APELEN T IS B gyy) AP (511,512)521 o POg,,)

(1 +(66) p +(66)
4@ t22nP )(“121) Zfr(l) S Ehn (G558 5) o _ tz )("121) ZtJr(O) > B (alwaz,s)A(l)

AR =0, (51)

1,n 2)6 2,8,n N 2)6 2,s,n k
LOEENE TS O, @ ENER S a,
0 1
P( )(lCI21)t2( AR P(l)(lq )’2( LA 5
A6 A6 (52)
n (52,1 s 52,2) (52 1> ‘/;:2 2)
w 66 o 66
42 4 )(l‘h 1) < Z +(0) gl:(n )(al,s’aZ,S) 20 _ t21nP )(lq2 2) < Z +(1) g;,€1 )(al,saaz,s);la) _
2.1 2 6 2,8,n 1), — Jk 2)6 2,8,n 1), — kT
An‘ ) &80 7S gy T AP GG S TS oG
1) ~0 1 0) ~(1
P()(lq2 )tz()f( ) P()(lq )tz( )f() 53
AT A-(26 (53)
n (52,1»52,2) n (52,1752,2)
where
A A(l) /Q(l)(lql D A(2) _ A(Z) /P(l)(lq ).
Theorem 3. If conditions
a, shE” a <a shf(o) <a
(0 2,8 2,5 > "5 2,8 0 1, 2,s 15>
ay sh&? < o a, shE) > ) (54)
Ch§2 s 1,S > aZ,s ’ Ch§ aZ,s > al,x
are satisfied, the system (50) — (53) has a Fredholm operator in the space 12 .
Proof of the theorem.
To prove the theorem, it is sufficient to show the convergence of the series
‘ 2
1 - 66
ZZZZZ| Z(Pj)ﬂ ﬂ( )(lq23 p) t;(s,n‘])g;c—,(n )(al,s’aZ,s) <o (55)
2)6 1), .— B
0| A, (&1 55) 1 i, )
2
w o 1 1- 66
i Z z +(j) Q( )(lql 3- p) tl,g,nj)gk(n )(al,s’als) <o (56)
2)6 ’
s=1n=0k=n A;( ) (651,1351,2) Pk( )(lf]z,s)

where j=0,1; p,s=12.

First, we note that thanks to estimates (11), (17), (25), (33), we can estimate the factors of the common terms of the
series (55), (56) as follows:

1 1)/ —
|t2 o P( )(qu —p)| j tlJrEJJZLQ( )(lq1,3—p) + .
@6 (0) £9 o, w6, 50 =0 <¢n, =01 (57)
ISERERET A8 E)

From formula (42) follows the Parseval equality

£ 2L 2 = 2 2
I Sln’?z,sd’h,s Zg;(k%)(al,s:az,s)Qk(lShfz,s) P—
0 k=0

E )P (cos7
DB (eosii) o
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thanks to which we can record

Q (ISh§2 s
Z Z g+(66) (al,s , az,s) 0
=0 k=0 O, (g, ) | 2n+1

Let us emphasize that in Parseval's formula (§LS, 7)) and (fz,s, 7,,) are the coordinates of the same point. Let us sub-

1) Pk (COS ﬁl,s ) sin ﬁZ,sdﬁZ,s . (5 8)

2 raloshd))
‘0[Z=:| (lqls

stitute into the formula (58) 52’5 = ~2(f)s). In this case, the coordinate "31,; on the fixed surface is some function

ggl’s = ELS (g‘z s> 1.5) - The condition for the convergence of the series under the integral (58) due to the estimates (17),
(20) is the inequality

856007 ) > &) Vi, €[0,7]
or, which is the same,

min r:ly(ézb,nh»é”). (59)
772 s [0

Let us find the minimum value of the coordlnate in (59). From the formulas for the connection of cylindrical and
spheroidal coordinates it follows that

(ch&singty, /chE,, ) +(shE cosiy , /shé,, ) =(ay, /as, ).

whence
hE,, = (g3, —eos” i~ + (g3, —cos” iy — )’ +40°F3  cos iy, )/ 20 (60)
where @ =aq, ; /a, ;. Let us examine the right-hand side of formula (60) at the extremum. It can be shown that for « <1
sh’&"" =45,/ a”. (61)

In the same way for > 1
sh’" = g3,/ o (62)
Now the consequences of formulas (59), (61), (62) are the first convergence condition (54).

Therefore, by the first condition (54), the series on the left in (58) converges. It is not difficult to show that the con-
vergence remains for any additional factors in this series of the form n”, k? (p, g > 0). Therefore, taking into account
the estimate (57), we obtain (55).

For the series (56), a similar approach leads to the second convergence condition (54). Thus, the theorem is proved.

Remark: The convergence conditions of method (54) can be given the following geometric meaning;:

dyy, a3 <ayg, dyy, ay5<a,
d; < dyy >

VVsdaps ayg>ay, VVsdias Gy >ay .

The last formulas show that not only do the surfaces I'; and I',, as geometric objects, not intersect, but also do not in-

tersect the surfaces after the similarity transformation along the axis Oz with the coefficient 1//v, .

The problem of a transversely isotropic oblate spheroid with a circular crack. Let us illustrate the above re-
sults by the example of the numerical solution of the axisymmetric problem of the stress state of a transversely isotropic
oblate spheroid I', (37) with a circular crack I'y ={(p,z):z2=0, p [0, a]}, which is under the action of a constant

normal load. The boundary conditions at the crack edges are set as follows:
O.r, ==0, Tpor, = 0, Tozry, = 0, (63)

where 0., 7,., 7, are components of the stress tensor in cylindrical coordinates. The outer surface of the spheroid is

considered free from forces.
If we look for a solution to this problem in the form (40), then the unknown coefficients must satisfy the system
(47), (48) with the other right hand sides

Ztl m 40 +Zt (’”>ng<“>(a a, VAG = £, n=0, m=0;1, (64)
s=1 k=n
2 n
— 2 66 1
thﬁ”’,BAs( D+ 5N 6 a,a, VAN =0, n21, m=0;1, (65)
= s=1 k=0

where the coefficients for the unknowns are described by formulas (49), into which we must substitute g, =0, and the

right-hand side is f"™) = Op.00,10a] Cyy -
After numerically solving the system (64), (65) by the reduction method, it is possible to analyze, for example, the
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normal stresses that arise in the crack plane outside its boundary and are given by the formula
2

c < .
0 (9,0 s =~ Dk, 41X AN, (iWp 0 1) B (0) -
P —a s=1 n=0

I T
s 2) p) 2
—Cyu ) =2 AR (0P, (\/1_(,0/“2,5) ) (66)
s=1 a2,s_p

n=l1

/
6.(p,0)c
0.8 (p,0)

\( d2,1/a=2, dz‘z/a =8
/77
0.6

dz l/ﬂ,’=3’ d:gr‘ﬁ =8
0.4

dr1/a-4, d>2/4=8

02 M\

—

1.0 1.25 1.5 1.75 2.0 p/a
Fig. 1 — Distribution of normal stresses in the plane of the crack beyond its boundary.

Fig. 1 shows graphs of normal stresses o (p, 0),,., /a (66) depending on the relative sizes of the semiaxes of the

spheroid. Here, the symbol o * denotes the stresses that correspond to a crack in transversely isotropic space (the prob-
lem has an analytical solution in closed form). The graphs show that for a fixed size of the semi-major axis of the sphe-
roid, the stresses increase as the size of the semi-minor axis decreases. A different situation is observed for a fixed size
of the semi-minor axis. Changing the size of the semi-major axis has practically no effect on the magnitude of the stress-
es.

Let us also write down the formula for calculating the stress intensity factor at the crack boundary:

K, = lim 27n(p—-a)o(p,0).
p—a+0
Transition in system (64), (65) to dimensionless unknowns by the formula

A =992 7))

S, SN
Cyq
leads to the following formula for the SIF:
2 )
K. | (Nao) =z (k,+1D 4B, . (67)
s=1 k=1
Table 1 — SIF values depending on the relative sizes of the semiaxes of the spheroid
dy/a\d,y,/a 6.0 7.0 8.0
2.0 1.2382 1.2356 1.2336
3.0 1.1715 1.1694 1.1681
4.0 1.1506 1.1489 1.1479

Table 1 shows the values of the stress intensity factor depending on the relative sizes of the semiaxes of the sphe-
roid. A decrease in the SIF is observed both at a fixed size of the major semiaxis and an increase in the size of the minor,
and at a fixed size of the minor semiaxis and an increase in the size of the major. For comparison, we present the SIF of
a crack in transversely isotropic space

K./ (ac)=2/Jmr ~1.1284.
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Table 2 — Practical convergence of the reduction method

Hpax VO G 1.1 1.3 1.5 1.7 1.9
20 0.8021 0.2879 0.1608 0.1015 0.0665
30 0.8019 0.2873 0.1602 0.1012 0.0665
40 0.8019 0.2873 0.1602 0.1012 0.0665

Table 2 shows the practical convergence of the reduction method using the example of stress values o, (p,0)\o at
dy,/a=20, d,,/a=8.0, The number n,,

is equal to 4n,,, x4n,,. .

. specifies the reduction parameter at which the size of the reduced system

Prospects for further research. One of the directions of further research is the substantiation of solutions to the
equilibrium equations of transversally isotropic canonical bodies.

Conclusions. For the first time, an exact, substantiated solution by the Fourier method of the second axisymmetric
boundary value problems of the theory of elasticity in the general formulation for a transversely isotropic oblate spheroid
and a space with a spheroidal cavity has been obtained. Similar problems are relevant in local modeling of the stress
state of transversely isotropic bodies with cavities, inclusions, and cracks. The review of previous research on this topic
presented in the article showed that the problems of substantiating the basic boundary value problems for the above-
mentioned transversally isotropic bodies were not posed and not solved. However, ignoring this problem can lead to in-
correct results even in the works of classics, as shown by the authors of the study [6]. A fundamental problem of justifi-
cation, which could not be solved for many years, was the problem of estimating from below the moduli of determinants
of resolving systems for interior and exterior problems. The indicated estimates were obtained in this work. The com-
plexity of estimating determinants is due to the fact that they depend on nine parameters that are functionally related to
each other, and in addition, two of them are included in the arguments of Legendre functions of the first and second
kind. The estimates found made it possible to formulate and prove theorems about the solvability conditions of the con-
sidered boundary value problems in certain classes of functions. The obtained results are applied to the solution of the
second boundary value problem for a transversely isotropic oblate spheroid with a spheroidal cavity, the centers and di-
rections of the axes of which coincide. An arbitrary symmetric balanced load is given on the surfaces of the spheroid,
which satisfies a certain condition for the convergence of the series of limit functions developed in terms of Legendre
functions. A feature of this problem for a transversely isotropic body, is the impossibility of describing spheroidal sur-
faces with any geometry by a single pair of spheroidal coordinate systems. This means that such a problem can be solved
not by the usual, but by the generalized Fourier method. Its application made it possible to reduce the original problem
to an infinite system of linear algebraic equations. Thanks to the above estimates of the determinants of simply con-
nected problems, the Fredholm property of the system operator in a certain Hilbert space has been proven. Numerical re-
sults in the considered problem were obtained in the case of a oblate spheroid with a circular crack. The surface of the
spheroid is assumed to be free of forces, and a constant normal load is applied to the crack. The graphs of normal
stresses in the crack plane outside its boundary, as well as the values of the stress intensity factors at its boundary, are
presented. A parametric analysis of stresses and SIFs depending on the geometric parameters of the problem is carried
out. The practical convergence of the reduction method in solving an infinite system is investigated.
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O. G. NIKOLAEV, M. V. SKITSKA

CLASSICAL PROBLEM ABOUT AN ELASTIC SPHERE WITH A SPHERICAL INCLUSION

For the first time, an exact analytically justified solution of the second axisymmetric boundary value problem of the theory of elasticity in the general
formulation for a sphere with a concentric spherical inclusion has been obtained using the conventional Fourier method. In the scientific works of the
classics of natural science of the 19th and 20th centuries, M. G. Lame, W. Thomson, C. Somigliana, V. Cerruti, B. G. Galerkin, G. Fichera, A. I. Lurie,
E. Strenberg, and A. F. Ulitko, elastic problems for a solid sphere, space with a spherical cavity, and a sphere with a concentric spherical cavity were
solved in various formulations. But even these problems were not strictly justified. The problem considered in this report is much more complex, since
it is associated with the conjugation of displacement and stress fields at the inclusion boundary. That's probably why it wasn't considered before. The
justification for solving such a problem and establishing its solvability class using the usual Fourier method is based on the analysis of a solvable alge-
braic system of the sixth order with coefficients that depend on five independent continuous parameters and one discrete one. The general solution of
the problem is given in the form of series in terms of axisymmetric vector basis solutions of the Lamé equation for a sphere, constructed by the authors
in one of the previous articles. After transitioning to stresses and satisfying the boundary conditions, a resolving system of the above form is obtained.
When analyzing the system, a lower estimate of the modulus of its determinant was first found, from which follows not only the unique solvability of
the system, but also estimates of the solutions of the system itself. In estimating the determinant, a new classical inequality was proven for one con-
tinuous and one discrete parameter, previously unknown to the authors. The next step was to prove a theorem about the conditions that must be im-
posed on the vector of the external load applied to the surface of the sphere, which ensure the existence of a solution to the problem in a certain class of
functions. In the numerical implementation of the solution to the problem, two types of loads on the outer surface of the sphere were considered, which
satisfy the equilibrium condition. A computer experiment was conducted with three types of materials for a ball and an inclusion: steel, brass and alu-
minum. Graphs of normal and tangential stresses on the surface of the inclusion were obtained, and their parametric analysis was performed depending
on the geometric and mechanical parameters. The practical convergence of the method was investigated.

Key words: elastic sphere, spherical inclusion, Fourier method, second axisymmetric boundary value problem, exact analytically justified solu-
tion, field conjugation, resolving system, solvability class, external load vector, parametric analysis, practical convergence.

O.TI. HIKOJIAEB, M. B. CKIIIKA
KJIACUYHA 3AJAYA ITPO ITPYKHY KYJIIO 31 COEPUYHUM BKJIIIOYEHHAM

Vrnepuie 3BnuaiiHuM MetogoM Pyp’e OTpEMAaHO TOYHHMIT aHATITHYHHN OOIPYHTOBAaHMH PO3B’SI30K APYroi OCECHMETPUYHOI KpaloBOI 3amadi Teopil
IPY’KHOCTI B 3arajbHil MOCTaHOBII JUIS KyJi 3 KOHIEHTPHYHUM C(epPUUHUM BKIIOUEHHSIM. Y HAyKOBHX IIpalsiX KIACHKIB IPHPoo3HaBcTBa 19 i 20
cronith M. G. Lame, W. Thomson, C. Somigliana, V. Cerruti, B. G. Galerkin, G. Fichera, A.I. Lurie, E. Strenberg, A. ®@. YiiTko po3B’si3yBaiucs
NPYXHI 3a1a4i U1 CYLIIBHOI KyJli, IPOCTOPY 31 c(hepHvHOI0 MOPOKHUHOIO 1 KyJIi 3 KOHIEHTPHYHOIO CHEPUIHOIO MTOPOIKHUHOIO B Pi3HHUX IMOCTAHOB-
KaX. Ase HaBiTh IIi 3a1a4i He OyJI0 CTPOro OOIPYHTOBAHO. 3aJayua, sKa PO3IISAAEThCS B M CTATTi, 3HAYHO CKJIAJHIIIA, OCKLIBKY OB sI3aHa 31 CIps-
JKEHHSIM TIOJIiB ITepeMillieHb 1 Halpy»keHb Ha Mexi BKIoueHHs. ToMmy, MaOyTs, 11 paHinie He po3riinamn. OOrpyHTyBaHHS po3B’sI3Ky IOIiOHOT 3anaui
Ta BCTAHOBJICHHS 11 KJIacy po3B’sI3HOCTI 3BHYaifHUM MeToioM Dyp’e 6a3yeThest Ha aHaIi31 Po3B’sI3yBaIbHOI aareOpaidHOl CHCTEMHU LIOCTOTO MOPSAKY 3
KoediieHTaMu, SIKi 3a1eXaTh BiJ| II’ITH He3aJIeKHUX HEIIePEpPBHUX MapaMeTpiB i OJHOTO JUCKPETHOTO. 3arallbHUK PO3B’SI30K 3a1adi IOJAEThCS Y BH-
IS PAAIB 32 OCECHMETPUYHUMU BEKTOPHUMH 0a3MCHYME PO3B’I3KaMH PiBHAHHS Jlame 11 Ky, moOyOBaHHMH aBTOpaMH B OZHIH 3 IONepeIHiX
crareil. ITicis nepexo/y 0 Hampy>KeHb i 3a0BOJICHHS TPAHMYHUX YMOB OTPUMAHO PO3B’s3yBajlbHY CHCTEMY BKa3aHOTo BHIle BUIIy. I1pu aHanisi
CHCTEMH BIIEpIIE 3HANICHO HIKHIO OLIHKY MOJYJIs 1i BU3HAYHHKA, 3 SIKOI HE TIIBKM BUILUIMBA€ yMOBA OJHO3HAYHOI PO3B’SI3HOCTI CHCTEMH, a e #
OLIIHKHU PO3B’sI3KiB caMoi cucteMu. IIpn omiHNi BU3HAYHNKA OYII0 JOBEACHO HOBY KJIACHYHY HEPIBHICTB JUIS OJTHOTO HEIIEPEPBHOIO i OHOTO AUCKPET-
HOTo0 mapameTpiB, HeBioMy aBTopaM. HacTymHuM KpokoM OyJio JOBEIECHO TeopeMy PO YMOBH, sIKi Tpeba HAKJIACTH Ha BEKTOP 30BHIIIHBOIO HaBaH-
Ta)XEHHS, TPUKJIJICHOr0 JI0 MOBEPXHI Kyii, sIKi 3a0e3NeuyloTh iCHYBaHHS PO3B’A3Ky 3ajadi B NMeBHOMY kiaci ¢yHkuii. [Ipu uucenpHiil peanmizaii
PO3B’sI3Ky 3ajadui po3riLIIaNucs 1IBa THIHM HABAaHTAXKEHb HAa 30BHIIIHIO NOBEPXHIO KyIIi, SIKi 3aJIOBOJIBHSIOTH YMOBY BpiBHOBakeHOCTI. IIpoBeneHo
KOMIT'IOTEPHHUI €KCIIEPUMEHT 3 TPhOMa MaTepialaMy KyJii 1 BKIIOUCHHS: CTallb, JaTyHb, aloMiHii. OTpiuMano rpadiki HOPMAIbHUX 1 JOTUYHUX Ha-
NPY>KEHb HA MOBEPXHi BKIIOYEHHS, MMPOBEJCHO IX MapaMEeTPUYHHUN aHalli3 B 3aJEXKHOCTI BiJl FEOMETPUYHMX 1 MEXaHIYHUX MapamerpiB. JlocimikeHo
NPaKTHYHY 30DKHICTH METOAY.

KurouoBi ciioBa: mpyxHa Kyis, chepuuHe BKIIOUYEHH:, MeToq Dyp’e, Apyra ocecuMeTpHYHa KpaiioBa 3ajaya, aHAJITHIHHN OOIPYHTOBAHHI
PO3B’SI30K, CIIPSHKEHHS IOJiB, PO3B’A3yBabHA CUCTEMA, KJIAC PO3B’SI3HOCTI, BEKTOP 30BHILIHBOIO HABAHTAXKCHHS, TApaMETPUYHUIT aHAIIi3, IPAKTUYHA
301XKHICTb.

Introduction. It can already be said today that new types of materials, among which, first of all, composite and po-
rous materials should be highlighted, have revolutionized industries around the world, offering unprecedented opportuni-
ties for innovation. According to expert forecasts, the global market for composite materials alone will grow by an aver-
age of 7.2 % each year over the next 5 years. Microelectronics, construction, mechanical and aircraft engineering, re-
newable energy, chemical industry, rocket and space technology, biology, medicine - this is far from a complete list of
areas where various products made of porous and composite materials are used, which, depending on the constituent
components, microstructure, size and shape of pores and inclusions, and production technology, have different physical
and mechanical properties. Modern technologies place particular emphasis on the creation of nanomaterials with prede-
fined properties. This process is always preceded by mathematical modeling of their possible properties, in particular,
strength, which is based on the study of the stress-strain state in the body near inhomogeneities. In this context, the
sphere or spherical cavity plays a fundamental role as the most natural and simple heterogeneity in a body. As early as
1933, J. Goodier used spherical inhomogeneity in an elastic body to model the stressed state of a material with small air
bubbles and steel with slag balls. It is interesting that while there is a sufficient number of scientific articles from the
mid-19th century to the present day devoted to problems about an elastic sphere or a space with a spherical cavity, there
are no studies of even axisymmetric problems in the general formulation about a sphere with a spherical inclusion or a
space with spherical inclusions and a layer. The latter is due to the serious complexity of such problems, especially when
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strictly justifying their solutions. The question of constructing a justified solution (except for problems for a simple
stressed state, where this is not necessary at all) for any problems about a sphere has never been considered at all.

In this work, an exact, well-founded analytical solution of an axisymmetric problem in the general formulation
about a loaded elastic ball with a spherical inclusion is obtained for the first time. The conditions for the solvability of
this problem by the Fourier method in a certain class of functions are established. The results of a computer experiment
with different types of ball and inclusion materials are presented. A parametric analysis of the stresses on the inclusion
surface is performed.

Review of previous research results. The problem of an elastic hollow sphere was first considered by G. Lamé in
his lectures [1]. In this treatise, Lamé considered two problems: on the vibration of a solid sphere and on the normal
pressure on the concentric boundary surfaces of a hollow sphere. The work presents the system of Lamé equations in
spherical coordinates, introduces a potential function, thanks to which the system of Lamé equations is reduced to a
wave equation. Then, the method of separation of variables is used. When solving the Legendre differential equation,
some analogs of functions were used, which are today called associated Legendre functions. There is no justification for
the solutions given. A closed-form solution was found for the empty sphere. Chronologically, the second work on the
empty sphere was done by W. Thomson [2] more than 10 years after the publication of Lamé's lectures. Here the problem
has already been considered in a general formulation. The solution was written as a power series in the radial coordinate,
the coefficients of which are combinations of surface spherical harmonics (for some reason expressed in Cartesian coor-
dinates). After substitution into the equation of equilibrium in the displacements, a system of differential equations was
obtained with respect to these harmonics on the surfaces of the sphere. The problems of convergence of the obtained se-
ries and justification of the solutions are not raised. In the work of Somigliana C. [3], problems for a solid sphere, a
space with a spherical cavity, and a sphere with a cavity (displacements are given on concentric surfaces) were consid-
ered. Displacements were written by combinations of volume and surface potentials. After that, the problems were bro-
ken down into a series of simpler problems for which the integrals with potentials can be expressed in terms of one-
dimensional integrals. In the empty sphere problem, the solutions are written as series, about which in the paper it is
said: «if convergent, all the conditions of the problem are satisfied. The article [4] is devoted to the solution of the prob-
lem for an empty sphere with symmetrical loading on its surfaces. The displacement is written in terms of surface poten-
tials expressed by series similar to the series, which sets the generating function for the Legendre polynomials. The issue
of convergence of series is not discussed in the paper. In various formulations, the problem of elastic solid and hollow
spheres is considered in the article [S] and the monograph [6]. The solutions are constructed in the form of series by
spherical functions. There is no study of the convergence of the obtained series in the work. In [7], an elastic sphere sub-
jected to concentrated forces is considered for the first time. The solution was divided into two groups of terms. The first
of them specifies solutions that have a singularity, obtained by the limit transition from a uniformly distributed load in
the vicinity of the poles of the sphere. The second group is ordinary solutions in the form of series for spherical func-
tions. The issues of substantiation of the obtained solutions were not considered. In the monograph [8], a similar prob-
lem was solved by the method of eigen vector functions. The problem for a spherical inclusion in an unbounded elastic
body was probably first considered in [9]. Solutions in the form of series in terms of spherical functions were used to an-
alyze the influence of a small spherical inclusion on the perturbation of a homogeneous stress state in the body.

Let us dwell on the current state of the problem of an elastic sphere with various complications or space with spher-
ical heterogeneity. In [10], simple types of loading of an infinite matrix with spherical inhomogeneity are considered —
constant uniaxial and omnidirectional loading. An inclusion or a cavity is chosen as the inhomogeneity. The solutions to
the problems are obtained by elementary methods. The displacement of the points of the surface of the inhomogeneity is
given by the displacement of the points of the poles and the equator, which are directly related to the external load. The
relationship between the displacements of the specified points and the stresses on the boundary of the inhomogeneity is
carried out by the method of compatibility of deformations for statically indeterminate systems. In [11], the problem of
displacement and rotation of a weakly deformed spherical rigid inclusion embedded in an unbounded elastic medium is
considered. The surface of the inclusion is described as a perturbed spherical surface using a term that has the first order
of a small parameter. The boundary condition for the displacement vector is set on the perturbed surface and includes the
translation vector and the rotation vector. Series in tensor spherical functions and asymptotic series in a small parameter
are used. The problem is divided into two separate problems for translations and rotations. The work [12] is devoted to
the analysis of the influence of interfacial stresses on the elastic field inside a nanoscale inclusion. The problem is con-
sidered in a symmetric formulation. Goodier's approach is used to construct solutions to the Lamé equation in terms of
two volumetric spherical functions. The displacement field in the matrix and inclusion is constructed explicitly, provided
that the auxiliary harmonic functions are chosen in the simplest form — one or two harmonics. A similar approach was
used in the article [13] to solve the problem of the stressed state of an elastic medium with a small spherical cavity. In
[14], a closed-form solution is given for the stress fields around a rigid spherical nanoparticle under uniaxial tensile load-
ing. The work explicitly takes into account the presence of an interfacial surface around the nanoparticle with a thickness
comparable to the particle size and elastic properties different from those of the matrix. Only the principal terms of dis-
placements and stresses in the matrix and the interfacial spherical layer are taken into account. In [15], the stress field in
an infinite body with a spherical inclusion surrounded by a spherical ring embedded in an unbounded matrix phase is in-
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vestigated. The whole body is subjected to a uniform load in the far field. The approach used is to directly solve the
Lamé equation, separately for the deviatoric part and the hydrostatic part of the far field deformations. The displacement
is assumed to have a form directly proportional to the far-field deformation, with unknown functions that remain to be
determined. Differential equations were obtained for the functions, which were solved analytically. The results were ob-
tained in closed form. Studies of the stressed state of elastic space with a multicomponent system of spherical cavities or
inclusions were investigated by the generalized Fourier method in articles [16 — 18]. More complete research results are
presented in the monograph [19].

The above bibliographic review shows that the problem of symmetric loading of an elastic sphere with spherical
inhomogeneity in a general formulation has not been considered, and the questions of justifying the obtained solutions of
other problems for a sphere have not been posed at all.

General formulation of the problem. Consider a sphere centered at a point O of radius R, , which has a concen-
tric spherical inclusion of radius R; (R, < R,) made of another material. Let us introduce a spherical coordinate system
(r, 0, ¢), the origin of which will be aligned with the point O. Let's mark the domains Q, ={(r, 6, ¢): R, <r <R},
Q ={(r,0,p):r <R;}. We will assume that the material of the part of the sphere that occupies the domain Q; has
mechanical characteristics (G;,v;) (j=0+1), where G — shear modulus, v — Poisson’s ratio, the conditions of ideal

mechanical contact are met on the inclusion surface.
Let us consider an axisymmetric boundary value problem in stresses for a piecewise homogeneous sphere

Q, UQ, , which is specified by the conditions:

620j+1_2vi(60j)=0, feQ;, j=0+1; (1)
J
(UO)\r=R1 = (U, =R, » (FUO)V:RI = (FUI)V=R1 > )
(FUy),—g, = 2Go 2. Lf" B, (cos 0)&, + £V P} (cos 0),] 3)
n=0

Here U ; (j=0+1) denotes the displacement field in the domain Q;, F U ; 1s the stress vector on the surface

I, ={(r,0,9):r=R;} with the normal 7; =e¢,, corresponding to the displacement vector Uj , V is the nabla opera-

tor, {€,., é,} is the unit vectors of the spherical coordinate system, X is a point in three-dimensional space whose Carte-

sian coordinates are related to the spherical coordinates (7, 9, ).

Reducing the problem to a resolving system. Let us solve the boundary value problem (1) — (3) by the usual Fou-
rier method. We will use the results of work [20]. The general solution of equation (1) in the domain Q; (j=0+1) can

be written as follows:

Uy(X) =D [al) Ry W, (r, 0) + al )Ry "W, (r, )1+ Y [a VR ZW (v, 0)+a) RIS, (r, 0)], Q. (4)

n=0 n=0
U, =Y [bl,,,Rf’”le,"n (r, 0)+b, R, (r,0)], X€Qy, (5)
n=0
where
W, (r, 0) = Vwy (1, 0), Wa(r, 0) = 23V (r, 0) = Car Wi (r, 0), V) (r, 0) = V[ wi (1, 0)], (6)

wi(r,0)=r""'P (cos@), w,(r,0)=r"P,(cosb),
Zw=n(dv=3)+2v-2, y, =n(dv-3)+2v-1, ¢, =2n-1)(2v-2), &, =(2n+3)(2v-2).
Here, the vector functions {7, (r, 0), W;', (r, ), Wy, (r, O)}iry ({W4(r, ), Wi, (r, 0), W5, (r, 0)}r_, ) form axisymmet-
ric basis systems of solutions of the Lamé equation for the exterior (interior) of the sphere [20], P,(x) are Legendre pol-
ynomials, and {a(f Nyl 041> J = 0,1 {b; }n 04=1 are unknown coefficients. Let us use the formulas obtained in [20] to

represent the vectors U ;(¥) and F U ;(¥) in the form of an expansion over a spherical basis

n 1
U0 (X)= Zal((? — nP (cosO)e, +P (cosO)ey]+ Zaéog 2 [,6’1 ,(IO)P (cosO)e, + p, , (O)P (cosO)ey ]+
n=0 0 n=0 0
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+Za<” i [—(n+1)P,(cos 0)é, + P} (cos 0)é,]+ Za(l) [ﬂl HOP, (cos ), + ') P (cos 0)8, 1, (7)
n=0 I’
n—l
Ul(x) Zbln I [nP,(cosO)e, +P (cosO)égy] -i—Zb2
1 n=0 1

+1
[B.\VP,(cos 0), + B, P, (cos 0)8,1, (8)

1n

Z al’) ’n ~(n—=D)[nk,(cos 0)z, + P, (cose)e9]+2a§°,3 Ro [ P, (cos 0), + p; P, (cos 0)é, ] +
n=0

+Z a(l) M (n +2)[(n+1)P,(cos 0)é, — P! (cos 0)é, ]+ Z a“> [p1 FOP (cos0)2, + p3') Pl (cos0)é,],  (9)

n+1

n=0
B S - cos08, + Bl o500, 1+ 3y B (cos008 + 5 Bl cos O, (10
2G1 Olan2 n— n e e,g 02nR pln e p2 e,g s
n= 1 — 4

where
I =—nm+3-4v)), BV =n+dv, -4, BV =(n+D(n+dv;-2), B =n—4v, +5,

1,n

o =n(® +3n-2v;), p3\)) ==’ +2v;-2), pi\) =+’ -n-2v,-2), p,\) =n’+2n+2v;-1.

Let us substitute formulas (7) — (10) into the conjugation conditions (2) and the boundary condition (3). After
equating the coefficients in the corresponding Legendre functions, we arrive at the algebraic system with respect to the

unknowns {a\?)}% .\, j=0,1; {b,, 1%

n-2 n
R R
n(R—lJ al®) +(n+1)(n+4vy — 2)[R—1J ) —(n+1)a) —n(n+3—4vy)al) = nby, +(n+1)n+4v, = 2b,,, (11)
0 0

-2 n

R R

(R—lj a%) +(n—4vy + 5)(R—1] al) +a) + (n+4vy —4)as) = by, +(n—4v, +5)b, (12)
0 0

n-2 n
R
(n+)(n+ 2)a(1) + n(n +3n-— 21/0)012 Doy n(n—-1) ( 2 J al(?l) +(n+ 1)(n2 -n=2v,-2) [R—l] ag?z =
0 0

:%[n(n—l)bl,n +(n+1)(n* —n-2v, =2)by,1, (13
0

n-2 n
~(n+2)a’) —(n* +2vy -2)al) +(n- 1)[R j al%) +(n’ +2n+2v, —1)(&] al’) =
0

((;;1 [(n=Db, +(n? +2n+2vi=Db,, ], (14)

0

n+3 n+l
n(n="1)a’) +(n+1)(n" —n—2v,—2)as) + (n+1)(n+ 2)(R j af) +n(n® +3n— 2@(%} al) =7, (15)
0 0

n+3 n+l
R R
(n—=1a%) +(n* +2n+2vy —1)ay’) — (n+ 2)(R—1] al’) —(n* +2v, - 2){R—1] a) = 10 (16)
0 0

From the first two equations of the resulting system, we find b, ,, b, ,

n—-2 n
-(0)
o =1-C2ED gt o o) g0 2O D g (Ko g Ba g (B )
s A—(l) 5 > 5 A_(l) 5 RO > A;(l) > RO

b (2)’! +1) M 4 n(2n-1) (1) A;(O) [ﬁ}n (0) (18)
2, _ 1,n _ 2.n _ 2,n°
n An(l) A~D O] R,

n

where A, =2[(3-4v;)n+1-2v;1>0.

Let us eliminate the unknowns b, ,,, b, , from equations (13) — (16). After some transformations, we write

{[n +(1=2vy)n+1- v0]+2G—1(n DB —4v,)n+2— 21/0]} +
0
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n-2 n
+(1—%J(n—1)(2n+1)(%] <°>+( Oj(n l)(n+l)(2n+3)£ROJ ay) =0,

G, [n +1+2v)n+1+v]
(1)

{n+2+2 } (2n+1)a(1) +n(2n— l)agi]

0

G SO RY
+ 22 + A+ 2v ) n+1+v | —2——2[n* +(1+2v)n+1+vy ] || == | a® =0.
|: GO [ ( l) l] A;(l) [ ( 0) O] RO 2.n

n+l
(n=1)2n+1)a) +(n—1)(n+1)2n+3)as) +2[n* +(1-2vy)n+1- vo](gj a) = 7 +(m+) £,
0

n+3 n+l
R R
—2n® +(1+2vp)n+1+v,las) +(n+2)(2n + 1)(%} al) +n(n+2)(2n— 1)[R—1j al) = £ —nf?.
0

Analysis of the resolving system. Let us write the determinant of the resolving linear algebraic system (19) —

(the order of the rows of the determinant is given from the last equation to the first)
(n+2)2n+D)p"">  n(n+2)2n-1)p""! 0 —-d©
0 d, O p"! a, B,

2n+1)AY n(2n—1)AY 0 AW p"
0 AP (1-Gpa,p" (1-G)B.p"

n

where

d*) = 2n? +(1£2v )n+1xv)], p=—t, Go=—-

, AP =@ O 26  (n-D[B-4vy)n+2-2v,],
RO GO

Pl
AP =42+ G2 e A — Gm”A—”—d*(O), a, =(n-D2n+1), B, =m—-1)n+1)2n+3).

Let us expand the determinant (23) and write it as an expansion in powers of the variable G,
0 1 2
A, =19+ IVG, + 1P G,
where

19 =~ n(n+2)*2n-12n+ DB, p*"" —a, (n+2)2n+1)d, Od 7 p>+ 4

+a, Bn(n+2)*2n-1)2n+1)p* ! +a, (n+2)2n+1)d Va0 +
+a,(n+2)2n+1)d;Od; O p*? 4 n(2n-1)(n+2)*2n+1)B,p*" -
—a,n(n+2)*2n-0)2n+1)B,p*" " —a,(n+2)2n+1)d;Od; O p* |

+(1)
IV =, n(n+2)*Cn-)Q2n+D)B,p*"" —a,n(n+2)2n-1)2n+1)4, % P

n

A (0)
+a,(n+2)2n+1)d,” = s dy O o7 —a, (14 2)2n+ D(n=1)(A, O +2)d; 0 > —
d+(1)
—a, B,n(n+2)*2n-1)Q2n+1)p*"* +a, f,n(n+2)2n—1)(2n + 1)% P4

d +(1)
+a,(2n+)d; d, FRURLS (n+2)2n+1)d O (n-1)(A;© +2) -

n

(
-a, (n+2)(2n+l)d+(0)d (0) ant2 _ o (l’l+2)(2n+l) d+(l)d (0) 4n+2
+(1)

—a,n2n-1)(n+2)*2n+1)B,p>"" +a,n2n-1)(n+2)2n+1)p, dy <1) P

+(1)

+a,n(n+2)*2n-12n+1)B,p"" " —a,n(n+2)2n-1)(2n+1)A, Z ) P

n

(19)

(20)

(e2))

(22)

(22)

(23)

24

(25)
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a o
+a,(n+2)2n+1)d; Vd,; 0 p*" ! —a, 2n+1)d; Od, ﬁ o>, (26)

+(1 - 0)
19 =, n(n+2)2n-1)2n+1)4, AT 1 p? 3 g (n—1)(n+2)2n+1)(A, Y + 2) d*m P -
d+(1 +(1)
—a, B,n(n+2)2n-1)(2n+1)—"— AT P v a, (n-1)2n+1)d (A +2)) A"

A © a0

+(1)

+a n(n + 2)(2” l)(ZI’l + l)ﬁ (1)

2n-1 d+(1) 2n-1
P +a,,<2n+1)d;<°’d;(°>ﬁp 27)

Theorem 1. The multiparameter determinant A, (23) for all values of the parameters G; >0, v, €[-1,0,5)
(i=0,1), pe(0,1), and an arbitrary natural number n > 2 is positive. Moreover, the inequality holds
A, > Gly(n* =1’ n(2n+1). (28)
To prove the theorem, we first prove a new classical inequality.
Lemma 1. For p €[0,1] and an arbitrary natural number n , the classical inequality holds
41— p*r p23 L 5812y s (o 1y 2n43)(pP Tt =22 4 213y (29)

Proof of the lemma. Let's factorize the expression
4(l_p2n—l _p2n+3 +p4n+2)_(2n_1)(2n+3)(p2n—1 _2p2n+1 +p2n+3) —
2n=2  2k+2
=(1-p)* |43 p' Y pF —@n-D2n+3)p™" (Hp)z}.
i=0 k=0

Let us prove that the expression in square brackets is non-negative. Since (1+ p)> < 2(1+ p?), it is actually sufficient to
prove the inequality

=2 2k+2
23 00 P —@n-1@2n+3)p*" 1+ p7) 20. (30)
i=0 k=0
By replacing the summation indices in the product of series, it can be represented as
2m-2  2k+2 2n-2 2142
DI —Z(m+l)p +@n-1) > p"+ Z An+1-m)p™ . (31)
i=0 k=0 m=2n-1 m=2n+3
We perform the identity transformation of the expression that is included in the left side of the inequality (30)
2n=2  2k+2 2n-2
2 P Y P = @n-1@n+3)p" 1+ pM) = Y mm+ )| p" (1= p)=p* (1= p) |+
i=0 k=0 m=1
12020 -0 p7 (1= p)= " (1= p) |- @n -1 P77 (1= p) - " (1= ) |. (32)

All expressions in square brackets in (32) are non-negative at p €[0,1]. In addition,

[P (1=p)-p> 1= p) |2 (1= p)- P (1= p) |

Therefore, the inequality
-2 2k+2

23 00> P —@n-1@2n+3)p™ 1+ p7) 20, (33)
i=0 k=0
holds, and the lemma is fulfilled with it.

Proof of the theorem. Let us prove that all coefficients / ,(li) (i=0+2) in formula (24) are either non-negative or
positive for arbitrary values of the parameters specified in the conditions of the theorem. Let us transform / ,(,0> to the fol-
lowing form

10 =, (n+2)2n+1)| d;Od, O (1= " = p? 4 p" ) n(n+2)2n =D, (0" =207 + p7") |
Using the result of the lemma, we can estimate

I >a (n+2)2n-1)2n+1)(2n+3) Bd;“’)d;“’) —n(n+2)(n-1)(n+ 1)} P 1= p*)?.

The expression in square brackets can be written as:
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%d;(o)d;(o) —n(n+2)(n=D)(n+1)=[n* + 1+ 2v)n+1+v,1[n* + (1 =2vy)n+1-v,]—(n* + 2n)(n* ~1) .

The smallest value of the previous expression as a function of the parameter v,, on the interval v, €[-1;0,5) is taken at

v, =—1 and it is equal to zero. Therefore,

19 >0. (34)
In addition, the inequality
|:dn+(0)dn—(0) (1_p2n—1 _p2n+3 +p4"+2)—n(n+2)(2n—1),3,, (p2n—l _2p2n+1 +p2n+3 )J >0. (35)
is proved.
Now let's convert the coefficient 7, ()
1(1) =a,(2n +1) n( [d*(o)d O p2nl _ p2n=3 | pine2y

n

4+
—n(n+2)2n—-1)p, (p2n—1 _2p2n+l +p2n+3)]+a Qn+)dn d, d+(0)d (0)( 2n-3 p4n+2)+
AL

+a,(2n+ 1){(;1 D(n+2)d; QA Q +2)0- p* )+ (n+2)d Vd O (T - p* )+

(
tn(n+222n—-1B,(p* " —2p¥ 4 2n+3)+(n+2) d+<1)d O (23 _ pine2y |
Due to inequality (35), the first term of the previous formula is nonnegative, and all the others are positive.
The coefficient 7*) can be written as:

+(1) (0)
I® = a,n(n+2)2n-1)2n+1)4, Z &0 P (1= p?) +a, (n=1)(n+2)2n+1)(A, <°>+2) d*“’ 3y
0 0 dm) 0 0 d ( 1 0) y4n+2
+a, (n-1)2n+1)d (A >+2)] L, Qn+1)dOd;© AT p "ta, (n+2)(2n+1) d“ )d ;O ptrt

I’l n

From this expression of the coefficient / ,52) it follows that all its terms are positive and, as a consequence,

d-®
1D > a,2n+1)(n-1)d; O (A;® +2)] A” =

n?+(1+2v)n+1+v,
B-4v))n+1-2v,

=4(n-1)?Q2n+1)*[n> + 1+ 2v)n+1+v, [3—4vy)n+2-2v,]
The minimum value of the last expression at v; €[-1;0,5) (i =0,1) is equal to

2 —
An-D2Cn+ )20t +2n+3/2](n+ D "2 s (0 —1)*n(2n+1),
Tn+3
which finally proves the theorem.

Theorem 1 makes it possible to reasonably construct an exact solution to problem (1) — (3).

Theorem 2. If the series
017 enl 17D, (36)
converges and external load "
F(0)=2G, S 11 B, (cos 038, + 1l (cos )z, .

n=0
acting on the surface I, of the sphere Q, UQ_1, is balanced
fp(f©@).e)ds =0, (37)
Lo

then there exists a unique solution to problem (1) — (3) up to the rigid displacement vector, which has the form
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Gr.0) = {UO (r,0), R <r<Ry, a9

U,(r,0), 0<r<R,
and belongs to space C>(Q,UQ)NC (Q,UQ)NCQ,UQ,). Vector functions U,,U, are given by formulas (4),
().

Proof of the theorem. Let us analyze the solution system of equations (19) — (22) separately for n =0, n=1 and
nx2.

For n =0 there are no equations after equating the coefficients for Pol = 0, therefore, we have only three equations

—al'y +(4vy —2)al) = (4v, = 2)b, ., (39)
2“1(,18 -2+ 2V0)a§?3 ==Gy(2+2v)b,, (40)
—(2+2vy)asy +2p%al) = £ @1
System (39) — (41) has a unique solution

Loy A Lo, VA0 4 f0

0) _ 1 0 M _ | 0 3 0 3
as=—|1+G —, a;4 =—(+vy))| 1+G = + R 42
2,0 [ 102_4‘/1]2A0 1o =—(1+vp) 102_4]/1 ZAO'D 5 P (42)

1 1+v, |/ ) 24y L4y, ) £
byyg=——| -(+vy)| 1+G ! 0 53420 S 01 1+G, 1 |Jo , 41

20 2—41/[ ( 0)( 1"2—4‘/IJ2A0’) 2 P T 2man T 2w 24, @0

where
— 3 1+ Vi 3
Ay =(1+vy)A-p)+——Gp[l+vy +(2—-4vy)p ]1>0.
2-4v,
Since the solutions szo (r,0)=0, Wl,_o (r,0) =0, then the coefficients a% , a1(,%) and b, can be chosen arbitrarily.

The resolving system for » =1 has the form

P_lal(,?) +2(4vy — 1),0“2)1) - 2a1(,11) -(4- 4‘/0)“51} = b1,1 +2(4v, - 1)b2,1 > (42)
plal) +(6-4vy)pall) +afy +(4vy =3)al) = by, +(6-4v)b,,, (43)
6“1(,11) +(4-2v, )ag? —4(1+v, )pagf)]) =—4G (1+v))b,, (44)

_3‘11(,11) +(1- 2‘/0)“21) +2(1+v, )Pag,)l) =2Gy,(1+v)by, (45)
6(1-vy)p’as) = 17 +2 /7, (46)

“2(1+vy)as) +3ptal) + p*af) = (A7 = O)/3. (47)

Note that the statics condition (37) for the external load leads to the following relation:

£ +2/9=0.
Then from equation (46) it follows that a(sz =0. Two equations (44), (45) are proportional, so one of them must be
eliminated. There remains a system of four equations (42), (43), (45), (47) with respect to the unknowns al(,ll) , al(g) , ag?l) ,
by . The variable b, is free and can take on any values. The term with it in the general solution corresponds to the rigid

displacement vector. We fix the center of the sphere and then 5, =0. After substituting into the previous system

ag]) =0, b; =0 and simplifying, we obtain

by = p7lal) 4 pal) (48)

a)) +[l—%(6—4v1)}plafﬁ> +40 —v)pal) =0, (49)

3aj) —% Gio2+21)p"'a)) +[2+2v = Gyy (2+20)]pay) =0, (50)
3p%al) —2(1+v,)as) = %( 1= (9. (51)
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System (48) — (51) has the determinant
1 {1—%(6_4‘/1)} P 4vi—vo)p

A=]-3 _%G10(2+2v1)p‘1 [2+2v) =Gy (2+2v))]p| =

3p* 0 “2(1+v,)
12 8-12
(1) S (1 4)+EG10(1+V0)(1+V1)p_1+6G10 Y0 (14+v)p*. (52)
Formula (52) shows that the determinant A1 is positive. Therefore, the system (48) — (51) has a unique solution
al) = (K = [~ 120)(14v) + G B 120)(14v))] (53)
1
2 B

al = —3T(fl( ) A1+ 6v, = 5vy - G (1+ V)], (54)

r - —V r
af) = (K = fO)4=6% + G+ w)] o7 by === (1 = ). (55)

1

Now consider the resolving system at n > 2. Since by Theorem 1 the determinant of the system is positive, the sys-
tem has a unique solution, which looks like this:

In —

() _ ¢ (0)
afl) = X I, AP A 4 (1 Gy layn(2n DB, AD (07— ) -,y A p ) ¢

”) Q)
+f"+(Z—+)f"(1 —G)a,n2n-DAPd O o172 4 g p(n+2)2n—1)AW pT | (56)

n
0

o :_fn(r)—”fn( )
2,n A

(r) (0)
L O (1 Gy e, 2n DAL 7 4 0+ D2+ DA 9, (57)

n

(1-Gyp)a, 2n+1)B,AY (p" 2 = p") -

n

) ©
a® =L~ - Ui [0+ 1)BAPAD (1= Gy )2n + D BAC O 4 ] ¢

n

") L na1) £O
+%[(2n + 1)A512)A£l3)dn+(0) + (}’l + 2)(2n + I)Aflz)Agf),Oan 4

n

H1=GigIn(n+2)2n=D2n+ DA,AP (07 = p™) |, (58)
0 f(r) f(H) o . o
al) =21 (g 2n+DAPAY - (1-Gyp)ar, @n+ DAY d, O p* -
(r) ©)
_W(l_Glo)ann(”+2)(2’1—1)(2n+1)A;3)(p2"_1 _p2n+l) ] (59)

From formulas (56) — (59) and Theorem 1, we obtain estimates of the coefficients of the constructed solutions (4),
S)atn=>2

1 9 -2 1 -1 9 -2 0 -1 0
lal) < C (£ 1 +n | 12 Dp" 2, 1l Ik Con” (£ 140 £ D" 16 (< G~ (£ 140 £19 )
0 -2 0 0 -2 0 -2
[a) |< Cun 2 (| 7 [+0 ] 2D 1y, < Csn( £ 140 ] £2Dp" 2, by, < Co( £ 1+0] £ 10"

where (C,)S_, are positive constants that do not depend on . These estimates ensure absolute and uniform conver-
gence of the series in formulas (4), (5) in the sphere up to its boundary, as well as the fulfillment of the condition
UeC*(Q,UQ)NC'(Q,UQ,)NCQ,UQ,). So, the theorem is proven.

Computer experiment. Problem (1) — (3) was solved numerically under the following conditions: the ball material
was chosen to be steel with elastic constants G, =82 GPa, v, =0.28, the inclusion materials were chosen to be brass

(G, =35.2 GPa, v; =0.35) or aluminum ( G; =26 GPa, v, =0.34).
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The first type of load. The external load on the surface of the sphere is given by a vector function
f(0) =—osin geé. (it is automatically balanced). Fig. 1 shows the distribution of normal stresses on the surface of a
brass inclusion depending on the relative size of the inclusion p =R, /R, . Naturally, the maximum modulus of com-

pressive stresses on the surface of an inclusion act in its equatorial region, and they are greater the larger the relative size
of the inclusion. At the poles of the inclusion, on the contrary, the greatest modulus of stress is observed at the smallest
relative size of the inclusion.

G,./C
1.5 3.0 0
0.0 -

p=0.8 p=0.2
0.22 /

-0.44

-0.88

Fig. 1 — Stress graphs on the surface of the brass inclusion. The first type of load.

Fig. 2 shows the distribution of normal stresses on the surface of an aluminum inclusion. The external load is the
same as in the previous case. The nature of the stresses remains unchanged, and the absolute values of the stresses
change by a small amount. A fundamentally different situation is observed when the materials of the inclusion and the
outer sphere are interchanged. Fig. 3 shows the graphs of normal stresses on the surface of the inclusion when the mate-
rials of the sphere and the inclusion are aluminum and steel, respectively. Now the maximum modulus of compressive
stress is observed at the smallest ratio of the radii p = R,/ R, of the inclusion and the sphere.

G,./6
0.0 1.5 3.0 0
: o,/6 g
p=0.8 p:0.2 0.0 13 30 E
-0.16 -
p=0.4
-0.32 £
-0.48
-0.64
-1.5
-0.80
Fig. 2 — Stress graphs o, / o on the surface of an aluminum Fig. 3 — Stress graphs o, / o on the surface of a steel
inclusion. The first type of load. inclusion. The first type of load.

The second type of load. Fig. 4, 5 shows the distribution of tangential and normal stresses on the surface of the in-
clusion (inclusion material is brass) under an external load on the surface of the sphere, which is described by the vector

function 4}7(6’) =o[3sinfcos e, + sin’ 6é,] . Unlike the first type of load, each component of ]7(19) is not balanced, but
the entire vector satisfies the static condition (37). The tangential stresses and the moduli of normal stresses increase
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with increasing relative size of the inclusion. The nature of the normal stresses differs from the previous case and is de-
termined by the peculiarity of the external load. With a large relative size of the inclusion, a region is observed on its
surface in the vicinity of the poles where the sign of the normal stress differs from the sign of the load.

The practical convergence rate of the method is shown in Tables 1, 2 using the example of calculating normal and

tangential stresses on the surface of the inclusion at p = 0.8 (the second type of load). Here n_,, (convergence parame-

max
ter) is the upper limit of summation when replacing infinite sums with finite ones. The lowest accuracy is observed when
calculating o,.(0)/ o at n_, =30.Itis equal to 0.05 %.

a./c

p=0.8
0.66 N\ S

p=0.6 /0
0.44 LN -

0.44

\

0.0 15  3.0[/7%

0.22
-0.22 4

-0.44 \\\_///
\ / 0.0 1.5 30 9
-0.66 N

Fig. 4 — Graphs of stresses o,/ o on the surface of the inclusion.

Fig. 5 — Graphs of stresses 7,, / o on the surface

The second type of load. of the inclusion. The second type of load.

Table 1 — Practical convergence of the method when calculating ¢,.(6)/ o, p=0.8

Y 0 /6 73
30 ~0.10743 0.69313 0.87618
40 ~0.10752 0.69314 0.87618
50 ~0.10753 0.69314 0.87618

Table 2 — Practical convergence of the method when calculating 7,,(68)/ o, p=0.8

Mpax VO /6 /3 /2
30 0.50210 0.45777 0.40011
40 0.50210 0.45777 0.40011
50 0.50210 0.45777 0.40011

Prospects for further research. The results obtained in the work can be applied to solving a number of problems
important for practice: on elastic space with a spherical layer, on a layered piecewise homogeneous sphere, on a sphere
with an inclusion under the action of concentrated forces. A separate direction of research is associated with non-
concentric spheres and spherical heterogeneity.

Conclusions. For the first time, an exact analytically justified solution of a classical problem of the theory of elas-
ticity — the second axisymmetric boundary value problem in the general formulation for a sphere with a concentric
spherical inclusion — was obtained using the Fourier method. The justification for the solution of such a problem and the
establishment of its solvability class by the usual Fourier method is based on the analysis of a solvable algebraic system
of the sixth order with coefficients that depend on five independent continuous parameters and one discrete one. The
general solution of the problem is given in the form of series in terms of axisymmetric vector basis solutions of the Lamé
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equation for a sphere, constructed by the authors in one of the previous articles. After transitioning to stresses and satis-
fying the boundary conditions, a solution system of the above form is obtained. When analyzing the system, a lower es-
timate for the modulus of its determinant was found for the first time, from which not only the condition for the unique
solvability of the system follows, but also estimates of the solutions of the system itself. When estimating the determi-
nant, a new classical inequality was proved for one continuous and one discrete parameter. The next step was to prove a
theorem about the conditions that must be imposed on the vector of the external load applied to the surface of the sphere,
which ensure the existence of a solution to the problem in a certain class of functions. In the numerical implementation
of the solution to the problem, two types of loads on the outer surface of the sphere were considered, which satisfy the
equilibrium condition. In the numerical implementation of the solution to the problem, two types of loads on the outer
surface of the sphere were considered, which satisfy the equilibrium condition. A computer experiment was conducted
with three materials of the ball and the inclusion: steel, brass, aluminum. Graphs of normal and tangential stresses on the
surface of the inclusion were obtained, their parametric analysis was performed depending on the geometric and me-
chanical parameters. The practical convergence of the method was investigated.
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H. B. CTYYHHCBKA, M. J. AHJIPIHYYK, I1. B. MUKHTEHKO

ONTUMI3ALISI BAPOBHUYUX TA JIOTICTUYHUX 3AJIAY Y ®APMAIII 3ACOBAMUA
MATEMATHYHOI'O TA KOMI’IOTEPHOT'O MOJAEJIFOBAHHA

VY cTaTTi NpeACTaBICHO KOMILUIEKCHE JOCIIDKEHHS, 10 TO€IHY€E TEOPETUYHI Ta MPAKTUYHI ACIIEKTH 3aCTOCYBAHHS METOIIB MATEMAaTHYHOTO MOJIEIIO-
BaHHA y (apManii, MOXKIMBOCTeH HOTr0 BUKOPHCTAHHS JUIS MiABUIIEHHS e()EKTHBHOCTI BUPOOHMYHX IIPOLECIiB, ONTUMi3amii JIOTiICTUYHUX DillIeHb i
BJIOCKOHAJICHHS Iporiecy (axoBoi MiArOTOBKH MaiOyTHIX (apmalieBTiB. 31iliCHEHO aHalli3 MOTPed Ta MOKIMBOCTEH BUKOPUCTAHHS METO/IB MaTeMa-
THYHOT'O Ta KOMII'IOTEPHOrO MOJIETIOBAHHS [UIs palioHami3amii IpoieciB po3poOaeHHs] HOBHX MpenapaTiB Ta IOBEACHHs (papMaleBTHYHHX 3aC00IB i
BUPOOIB MEIMYHOTO NPH3HAYEHHS BiJl BUPOOHNYOI 10 crioxkuBYoi cdepu. [IpoBeneHo orms HayKoBHX IIyOuIiKaliil y KOHTEKCTI PO3BUTKY METOJIB Ma-
TEeMaTUYHOTO NporpaMyBaHHs Bix migxoxis JK. Jlarpamxka 10 cy4acHUX METOMIB JIIHIHHOTO Ta HENiHIHHOrO NporpaMyBaHHs, IO 3HANIIUIH IIHPOKE 3a-
CTOCYBaHHS B €KOHOMIL Ta (papManeBTHYHIH ramy3i. Oco0auBy yBary NpHAIIEHO MATEMAaTHYHOMY MOJEIIIOBAaHHIO ONTHMAJIbHOTO PO3MOILITY pecyp-
ciB 1 TpaHCIOPTHOI JoTicTHKH y hapmanii. Po3risaryTo pons cucteMm xomm 1orepHoi MateMmatuxu (CKM), takux sk MathCad, y cnpomenHi npomecy
PO3B’sI3aHHS ONTHMI3aL[iHHNX 3aa4. 3aBISIKH MOXKIIHBOCTI OIIEPaTHBHOTO 3MiHEHHS BUXIHHX ITapaMeTpiB (3aracy CHpOBUHH, COOIBApTICTh IPOIYKIIiT
Toio), nporpama MathCad nae 3mory eeKTHBHO MOZEIIOBATH Pi3Hi CIeHapii BUPOOHULITBA Ta JIOTICTUKH y (hapMallii, IIBUIKO OOYHMCIIOBATH 3a1a4i
JIHIHHOTO Ta HENHIKHOTO MPOrpaMyBaHHs, aBTOMATU3YIOUH PO3PaxXyHKH Ta MIHIMI3yIOYH PU3UK IOMUIIOK. B paMKax J0CHiPKEHHS IPOAEMOHCTPOBa-
HO METOIMKY PO3B’sI3aHHS ONTHMIi3aLiifHOI 3aiaui BUpOOHHITBA JiKiB. L{inboBoI0 (yHKIIEIO0 € MakcUMalbHUH NpUOyTOK Bix peamizanii. Takox 3a-
MPOIIOHOBAHO METOJMKY PO3B’SI3aHHSI THIIOBOI TPAHCIOPTHOI 3ajaui, Mo mependayae MiHIMi3alilo BUTPAT Ha MEPEBE3CHHSI TOBApY Bil AEKUIBKOX
CKJIaJIiB 10 JEKIJIbKOX CIIO’KMBAiB 3 ypaxyBaHHAM OOMEKEeHb Ha pecypcH. BukoprctaHo MeTo]| moTeHIiaiB, o 3ade3neyye KOpUryBaHHS TPAHCIIOP-
THUX MapIIPYTiB 3 METOO 3HIDKCHHS 3araJlbHHUX JIOTICTHYHUX BUTpAT. PO3IISIHYTO IMIaKTHYHKI aCIIEKT 3aCTOCYBAaHHS MaTeMaTHYHAX MOJeNIei y 1ii-
JrOTOBLI MaiOyTHIX MarictpiB ¢apmarii. BukopucTaHHS KOMII'IOTEPHOIO MOJENIOBAHHS B HABYAJILHOMY MPOLEC CHPHSIE PO3BUTKY aHATITHYHOTO
MUCJIEHHS Ta HABUYOK pOOOTH 3 ONTUMI3AL[IHHUMHU METO/IaMH, 110 € BaKJIMBUMHU JUIsl €(pEKTUBHOTO YIPABIiHHS pecypcamu y papMaleBTHYHIN rarysi.
ABTOpH OOTPYHTOBYIOTH IOLIBHICTS peaiizalii Ha MPaKTHYHNX 3aHATTSX 3 AucHMIuTiHE «KoMI'roTepHe MoziefoBaHHs y (apmaiii» peaJbHuX 3a1ad
(hapManeBTHYHOI Tany3i, sKi € BaXIHBUM 3ac000M (opMyBaHHs NPOheciiHUX KOMIIETCHTHOCTeH MaifOyTHIX mpauiBHUKIB (hapManeBTHIHOI chepH.
OTpuMaHi pe3yJIbTaTH BKa3ylOTh Ha €()eKTUBHICTh BUKOPHCTAHHS METO/iB MAaTEMAaTHYHOTO MPOrpaMyBaHHs JUls BUPIIIEHHS 33/1a4 onTuMizauii y ¢a-
pMarii. BukoprcraHHs MaTeMaTHYHUX MOJIEJICH ae 3MOTy TOYHIIIE [IPOTHO3YBAaTH MOIHT, [UIaHyBaTH BUPOOHHYI MOTYKHOCTI Ta JIOTiCTHYHI TIpore-
CH, 110, B CBOIO 4ePry, 3MEHIIye PU3HKH OpaKy abo HammumKiB npoaykuii. [Togansumii po3BUTOK MaTeMaTHYHUX METO/IB Ta KOMIT FOTEPHUX TEXHO-
JIOTi{ BiIKpUBA€e MEPCHEKTUBH JJIsl MOJIEPHI3allii npoleciB po3podaeHHs, BAPOOHHUIITBA Ta OCTA4YaHHS JIIKApChbKHUX 3aC00iB 1 BUPOOIB MEJMYHOrO MpPH-
3HAYCHH, IX Pal[iOHAJbHOr0 BUKOPHCTAHHS TSl ()apMaLleBTHYHOI OIIKH Ta i ABUILEHHS SKOCTI MEIMYHOT IOIIOMOTH HACEJICHHIO.

KurouoBi cioBa: JiHiliHe mporpamMmyBaHHs, MOJETIOBaHHS, IMiTalliliHe MOJETIOBaHHS, ONTHMI3aLlis, eKCTPEMalbHi 3a/a4i, [iIp0Ba (QYHKIIS,
Mero nmorenmianis, MathCad.

N. V.STUCHYNSKA, M. D. ANDRIICHUK, P. V. MYKYTENKO
OPTIMIZATION OF PRODUCTION AND LOGISTICS TASKS IN PHARMACY USING
MATHEMATICAL AND COMPUTER MODELING

This publication provides an analysis of the development of mathematical programming from the approaches of J. Lagrange to modern methods of lin-
ear and nonlinear programming, which have found widespread application in the economy and the pharmaceutical industry. Special attention is given
to mathematical modeling of optimal resource distribution and transport logistics in pharmacy. The role of computer mathematics systems (CMS),
such as MathCad, in simplifying the process of solving optimization problems is considered. MathCad allows for quick formulation and computation
of linear and nonlinear programming tasks, automating calculations and minimizing the risk of errors. Due to the ability to promptly adjust input pa-
rameters, such as raw material stocks and production costs, various production and logistics scenarios can be effectively modeled. The study demon-
strates the methodology for solving an optimization problem in drug production, where the objective function is maximizing the profit from sales. Ad-
ditionally, a methodology for solving a typical transport problem, which involves minimizing transportation costs from several warehouses to several
consumers with resource constraints, is proposed. The potential method, which ensures the adjustment of transport routes to reduce overall logistics
costs, is applied. The educational aspect of applying mathematical models in the preparation of future pharmacy masters is also considered. The use of
computer modeling in the educational process contributes to the development of analytical thinking and skills in working with optimization methods,
which are essential for effective resource management in the pharmaceutical sector. This work proposes the implementation of real pharmaceutical in-
dustry problems during practical lessons in the course «Computer Modeling in Pharmacy», which are crucial for the formation of professional compe-
tencies for future pharmaceutical workers. Thus, the article presents a comprehensive study that combines theoretical and practical aspects of mathe-
matical modeling in pharmacy. The prospects for its use to improve the efficiency of production processes, optimize logistical decisions, and enhance
the educational process are identified. The results obtained indicate the effectiveness of using mathematical programming methods to solve optimiza-
tion problems in pharmacy. The use of mathematical models allows for more accurate demand forecasting, planning of production capacities, and lo-
gistics processes, which, in turn, reduces the risks of shortages or surpluses of products. Further development of mathematical methods and computer
technologies opens up broad prospects for improving existing processes and implementing innovations.

Key words: linear programming, modeling, simulation modeling, optimization, extremal problems, objective function, potential method,
MathCad.

Beryn. @apmayesmuuna canyss, Oynydn OHIEKO 3 BAXIMBUAX CKIAJOBHX CUCTEMH OXOPOHH 3/I0POB’Sl, € BOJHOYAC
OJTHIE€IO 3 HAMOLIBIT TEXHONOTIYHUX Ta HAYKOEMHUX Tally3ei MPOMHUCIOBOCTI YKpainu. Pearnizytoun 3a0e3neueHAs HaCe-
JICHHA JIIKapChbKUMHU 3aco0amy, HeOOXiMHUMHE IS pallioHANbHOI (apMakoTeparrii Ta (papManeBTHYHOI OMIKH, cydacHa
(bapMaleBTHYHA TPOMHUCIIOBICTh CTHKAETHCS 3 BEJIMKOIO KUIBKICTIO BUKIIHKIB, Cepel] SIKMX: BUKJIMKH BOEHHOTO CTaHYy,
BHCOKa KOHKYPEHIIisl, CyBOPE PEryJIroBaHHs, MoTpeda B iIHHOBALISX Ta JOTPUMAHHI BUCOKUX CTAaHJAPTIB SIKOCTI Ta KOH-
KypPEHTOCIPOMOKHOCTI MPOIYKIii. 32 TAKMX YMOB 3pOCTaE BXKIIUBICTh ONTHMI3al] YCIiX JTaHOK (DYyHKIIOHYBaHHS raiy-
3i: BiJ| ITPOLIECIB BUPOOHUIITBA Ta IOCTAYaHHS JIIKAPCHKUX 3ac00iB 1 BUPOOIB MEJMYHOTO MPU3HAYEHHS 10 iX 3aCTOCY-
BaHHS AJIs HAJIEKHOTO JIIKApChKOro 3a0e3ledeHHs HacelleHHS. Mamemamuune Ta KOMN 10mepHe MOOeno8anHs € iH-
CTPYMEHTaMH, SIKi MarOTh BUCOKHMH MMOTEHIIaN [yl palioHasi3amii ynpasiiHHs pouecaMn po3poOKH HOBUX IpenapariB

© H. B. Ctyuuncska, M. . Aunpiitayk, I1. B. Mukurenko, 2025
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Ta JAO0BeJeHHS (hapMaleBTHYHUX 3ac00iB i BUpOOIB MEIUYHOTO IPU3HAYEHHS Bl BUpOOHHYOI 10 crioxxuByoi cdhepu, 3a-
Oe3rneueHHs paIlioHATEHOTO BUKOPUCTAHHS PECYpCiB 1 TOTPUMaHHS BUCOKHUX CTaHIAPTIB HaneoicHoi anmeynoi npakmu-
ku (Good Pharmacy Practice, GPP) BomHOYAC.

Y KOXHIii KOHKPETHIH BUPOOHWYIN 49X JIOTICTHYHIA CUTYyamii MaTeMaTHYHUHA aHali3 3a0e3nedye BUOIp ONTHMAh-
HOTO MIIXO/y 3 ypaxyBaHHSM K €KOHOMIYHOI CKJIaZ0BOI, TaK 1 IKOCTI MEIUYHOT A0MOMOru (BUOOPY €(peKTHBHOTO Me-
TOJY OIIKH, KM MOKHA OIIHIOBATH 32 PI3HUMH KPHUTEPISIMH: IMOKA3HUKHU 30POB’S, 30UIBIICHHS TPUBAJIOCTI KUTTS,
MOKpAIIEHHS HOTO SIKOCTI TOmmo). EKOHOMIYHA CKi1ag0oBa MOTpeOye OBl TOYHOTO MPOTHO3YBAHHS TOMNTY, IUTAHYBAHHS
BUPOOHHYMX MOTY>KHOCTEH Ta JIOTICTUYHKX TIPOLECiB, 3MEHIIIEHHS PU3MKIB IPY BUPOOHUIITBI Ta MOCTa4YaHHI (papmares-
TUYHOI NpoyKuil. MoJenroBaHHs 3a/1a4 BAPOOHUITBA Ta TPAHCIIOPTYBAHHS € BU3HAYAILHUM JUIS 3a0€3M1e4eHHs KPUTH-
YHOTO PiBHA 3aIaciB, 3MEHILEHHS 4acy JOCTABKH Ta YHUKHEHHsI 3aTPUMOK, L0 € BRKJIUBUM Uil (papMarieBTHYHOI Ipo-
JYKLii, IKa 4acTO BUMarae oCOOJMBHX yMOB 30epiraHHsi Ta TPaHCIIOPTYBaHHS 1 Ma€ OOMEXEHHUH TepMiH MPUIATHOCTI.
TakuM 4yMHOM, pO3poOKa Ta BUKOPUCTAHHS METOJIB MaTeMaTUYHOTO MOJIEIIIOBAHHS Jja€ 3MOTy (hapMaleBTUYHUM KOM-
MaHisIM TpUHMaTH OOTPYHTOBaHI pIlIEHHS, SKi MiHIMI3YIOTh BHTPATH, ONTHUMI3YIOTh NMPOAYKTUBHICTH i MOKPAIIyIOTh
SKICTB (papMarieBTUYHOI omiku. KepyBaHHA, mo 0a3yeThcss Ha MaTeMATUYHAX MOJEINAX, € BU3HAYAIGHUM IUIS ITiJ[BHU-
IICHHS €(eKTHBHOCTI BUPOOHUIITBA, MIBUIIIOTO aJaNTyBaHHS [0 3MiH PHHKOBHX yYMOB, peaiizallii e)eKTHBHOI Ta Ha-
IIAHOT MEAUYHOT JOITOMOTH.

AKTyalbHICTh TaKMX JOCIIIXKEHb MTOCUITIOETHCS TAKOXK MOTpedaMu MiAroToBKU (axiBiiB (apMaleBTHIHOT ramysi,
SIKI BOJIOJIIIOTh Cy4aCHMMH TEXHOJIOTISIMU aHaNi3y Ta ONTHMI3alil BAPOOHNYMX 1 JOTiCTHYHUX MpoteciB. 1{e 00ymoBuio
MOCWJICHHS YBaru JI0 HaBYaIbHUX JUCLUIUIIH, IO CIPUSIOTH (JOPMYBaHHIO Y 3400yBaviB BHIIOI OCBITH HpodeciiHux
KOMIIETEHTHOCTEH Ta MPAKTUYHUX HABUYOK pO6OTl/I 3 CUCTCMaMU KOMH’IOTepHO.I. MaT€MaTHKH Ta MAaTCMaTUYHOI'O MO/JIC-
moBanHs. Tak, B HMY imeni O. O. Bozomoavbysi OHOBJICHO 3MICTOBE HAallOBHEHHS! OKPEMUX iHPOPMATUBHUX JWUCLHUILIIH,
a HaB4aJbHA aucuuiuiina «Komir’'toTepHe mMozentoBaHHs y (apMmamnii» 3 HaCTYyITHOIO HaBYAJIBHOIO POKY IIEpEeHECeHa 3
BUOIpKOBUX /10 000B’s13k0BHX KoMItoHeHTiB OIIIT «®apmanist. [Ipomuciosa dapmarisy.

AHaJgi3 ocTaHHIiX JociaimkeHb. [cTopis onTuMizalii K HAyKH Ma€ TIIMOOKI KOpPEHi, M0 CATaoTh IIIe JaBHIX YaciB,
KOJIM JIFOJICTBO 3ITKHYJIOCS 3 HEOOXiMHICTIO e()eKTUBHOTO BUKOPHCTAHHSI 0OMEXEHHX pecypciB. MaTeMaTHdHe Iporpa-
MYBaHHS — PO3IIT MPUKIaTHOI MAaTEeMAaTHKH, IO BHBUAE OaraTOBUMIpHI eKCTpeMalbHi 3amavi 3 oOMexxeHHsamu. [leprri
JIOCHI/DKEHHST y Taly3l BUBYEHHS LMX 3a/1ad 31iiicHeHo (paHiy3bkuM matematukom JK. Jlacpanocem (1736 — 1813),
MPUCBSIYEHO TIOIIYKY eKCTPEMYMY (hyHKyii bazambox sminHuX, SIKi 33/I0BOJILHIIOTH HAKIIA/IEH] HA HUX BIIMOBIAHI 0OMe-
xeHHs [1]. OgHak, cygacHe MaTeMaTH9YHE IPOTPaMyBaHHA [IEPEAYCIiM PO3TIISAae BIACTUBOCTI Ta PO3B’A3KH MaTeMaTH-
HHUX MoOJeJiell eKOHOMIYHUX IpoueciB. ToMy moyaTkoM Horo po3BHTKY SIK CAMOCTIHHOI'O HAYKOBOT'O HalpsMy CIijl BBa-
JKaTH Tepli CIpoOH 3aCTOCYBaHHsS METOJIB MaTeMaTHYHOTO NPOTpaMyBaHHS B MPUKIAJHUX AOCIIKEHHIX, HacaMmIie-
pen B exoHoMimi. 1939 p. — JI. B. Kaumopoeuu MoHorpadist «MaTteMaTHYHi METO/IM OpraHizalii i niIanyBaHHS BUPOOHH-
LTBa»: BiH 3aKJaB OCHOBM TEOpii ONTHMaJLHOIO BUPOOHMYOro IUIAHYBaHHS W JIiHIHHOTO mporpamysaHHs; 1951 p. —
Jrc. [lanyueom ta T. Kynmarcom BBEIICHUHA TEPMIH «IHIlIHe Npo2pamy8anusy [2].

Ha cywyacHoMy erami MareMaTH4HE MPOTpaMyBaHHS BKIIIOYAE INUPOKE KOJIO 33/ad 3 BINIOBIIHHMH METOIaMH
po3B’s3anHsA [2]. 3amadi, AKi po3B’SA3yIOTHCS METOJAMH MaTeMaTHYHOTO MPOTPaMyBaHHS KIaCH(IKYIOTh 32 XapaKTepoM
3aJIeKHOCTI MK 3MiHHUMH: JIiHIMHI 1 HeMiHiHHI. Ko minmsoBa QyHKIS Ta 00MEXEHHS € THIHHUMEI QYHKIISIME, TOOTO
BOHH MICTATH 3MiHHI y nepiioMmy abo HyJlIbOBOMY CTETIEHi, TO Taka 3adaua € jiHitHoto. B yCiX 1HIINX BHIAAKax 3agada
Oyne ueninitinoro. MaTtemMaTH4Ha MOJAETh BUPOOHUUOI 3a7a4ui Moxke OyTH 3acTOCOBaHA UL PI3HMX 3a/1ad, [1¢ BUHHUKAE
mpobiemMa BHOOpY HalKpamoro (ONTUMaIbHOT0) BapianTa. CIIOBO «ONTHMATBHUI MOXOAUTH Bill IATHHCHKOTO optimus,
10 3HAYMTh — HaMKpaiuii, fockoHanui. 11106 3HalTH ONTUMAaNbHUIA cepes MHOXHMHH PI3HMX BapiaHTiB, JTOBOAUTHCS
PO3B’sI3yBaTH 33a4i Ha 3HAXOJDKEHHsI MAaKCUMYMy 4YM MIHIMyMy NMEBHUX NOKa3HHKIB, TOOTO PO3B’sI3yBaTH 3aj1adi, 110
00’ €THYIOTHCS €UHUM TEPMIHOM «eKCMPeManbHi 3a0aui» ado «3adaui Ha extremumy [3].

MognenroBanHst, opmaiizamis Ta BUKOPUCTAHHS alapary MaTeMaTHYHOrO aHajli3y B JIOTICTHIl BUCBITIIOETHCS B
poborax OaraThOX BYCHHX, cepel sKux podotu B. M. [opbauyka [4], A.B.Iopb6osoi [5], HA. A.Jleskina [6],
0. A. Cepeienxa [7], O. B. Yanoeo [8] Ta iHIIHUX.

IMocTranoBKka 3amavi. Meta pobOTH moNsATae y AOCTIIKEHHI Ta aHai31 METOIB KOMII FOTEPHOTO MOICIIOBAHHS,
SIKI BUKOPHCTOBYIOTBCS JUISI ONTHMI3allil BUPOOHUYMX 1 JIOTiICTUYHUX TpoIeciB y (apmaneBTuuHiit ramysi. B mocii-
JOKEHHI HAaMU PO3TJISIIAI0OTHCS MOXKIIMBOCTI BUKOPUCTAHHS KOMIT FOTEPHOTO MOJICIIOBAHHS JUTs MiHIMi3alil BUTpar y ¢a-
PMaleBTHYHOMY BUPOOHHUITBI Ta ONTHMAJILHOTO BUKOPHUCTAHHS CHPOBHMHHM, a TAKOXX MOJeNi HaiKkopoTmmx abo Haiine-
IIEBIINX IUISXIB TPAHCIIOPTYBAHHS JIIKAPCHKHUX 3aC001B, BPaXOBYIOUHM Yac, BUTPATH Ta HAsIBHICTh CKIIAMIB.

MaTteMaTHYHA MOAedb. /)i TOCATHEHHS BU3HAUCHUX I[IJIed HAMH BUKOPHCTOBYBAIKMCH PI3HOMAHITHI METOIH J10-
CJIIJPKeHHSI, BKJIIOYAIOUYH aHaJli3 HayKOBOI JIITepaTypH, MaTeMaTHYHE MOJICJIIOBAHHS Ta IPOrpaMyBaHHs Ha MoBi Python.
Takuii miaXix 103BOJISE HE JIMILE TEOPETHYHO BUBYUTH NPEIMET, alie i 3aCTOCOBYBAaTH OTPUMAaHI 3HAHHS Ha MPAKTHII],
110 € KJIFOYOBHM €JIEMEHTOM YCHIIIHOI MiArOTOBKKA MaliOyTHIX (axiBLiB y hapmaneBTHUHIN rarysi [9].

OnTrMi3amis MoJsATae B MOCIiZOBHOMY BHKOHAHHI JEKITBKOX ITPOTOHIB MOAETI 3 pi3sHUMH 3HAYCHHSIMH TapaMeTpiB
1 3HaXOJKEHHI ONTUMAaJIBHHUX PE3YNbTATIB, MPH SKUX HTb0BA (DYHKIIIS TOCATaE CBOTO eKCTpeMyMy. CTpyKTypa ONTHMI-
3aliifHOI MOJIENi CKIIATA€THCS 3 TPHOX OCHOBHUX €JIEMEHTIB: IiIb0BOI (PyHKIIT, oOMexeHb Ta ii 3miHanX. LlimsoBa ¢yH-
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KIist OynyeThesl SIK MaTeMaTUYHUH BUpas3, A0 CKJIAMy SKOTO BXOJSTh BUXiJHI NMOKa3HUKH W (iHOAI) 3a1aHi mapamerpu
Mozeri. OOMeXeHHS MO 3BY)KYIOTh 00JIaCTh AJOMYCTUMHX PIllIeHh MO, 3a0af0Th Iiala30H JOITyCTUMIX 3HAYCHb
JUIS 3MIHHUX, 3a0BOJBHAIOTH BCIM 33aJaHUM OOMEKEHHSIM, 1 THM CaMUM JO3BOJISIIOTH 3HAXOAWUTH MPHAHATHI
PO3B’sa3aHHS 3aa4i MoaetoBanHs [10].

ITpu po3B’s3aHH] onTHMi3aliflHUX 3aJa4 BOKIMBHM € 3HAXO/PKEHHS HE JIOKAIbHHUX eKCTPEMYyMIB, a IJI00anbHOTo
MaKCHMYMY Y TJI00aIbHOr0 MiHIMyMY (HaiOLIbIIOr0 00 HAMMEHIIIOr0 3Ha4eHb) (yHKIIT Ha MHOXMHI X . Y BUMNaJKYy,
KOJIM LTbOBa (YHKIS, SIKa ONTUMI3Y€EThCS, I OOMEKEHHS JIiHIIHI, 3aBJaHHS ONTHMI3allii BUPILIYETHCS METOAAMH JIi-
HIIfHOrO mporpaMyBaHHsI i 3a3BM4ail Ha3MBAETHCS 3a0auero AIHIUHO20 npocpamyéanHs. 3anada JiHIHHOTO Mporpamy-
BaHHs [I0JIATA€ B 3HAXO/KEHH] 77 3MIHHHX X;, X,, ..., X,, IKi MIHIMI3yl0Tb (200 MaKCHMIi3yIOTb) JiHIHHY LiNbOBY (yH-

KIIifO:
Z = [ (X, Xy, 0 X, ) =X +CoXg + o 40X,
Ipu DiHIHHAX 00MEKEHHSIX — PIBHOCTSIX:
A Xy + Xy + ot ay,x, =4, 0e i=1,2,.., k.
[ miHITHIX OOMEXCHHSIX — HEPIBHOCTSIX:

Apxy+Apx, +..+ A4, 2B, 08 j=12,....m.

JomycTumMuM po3B’sI3KOM 3aj1adi JIiHIIHOTO MporpaMyBaHHS € BITOPSIIKOBaHA MHOKHHA YHCEJI (xl, Xy ey X,y ) , o

3aJI0BOJIbHAIOTh 0OOMexeHHs M. Haifuacrile onTumanbHUi po3B’sI30K, SIKIIO BiH icHYE, € equHuM. OHAK MOXKJIMBI BH-
MaJIK1, KOJIM ONTHMAIBHUX PO3B’s3KIB JeKiibKa. Toli KOMI' IOTEpHE MOJIEITIOBAHHS PO3TJISIAEMO TAKOX SIK IHCTPYMEHT
BUOOpPY HAHOLIBIN PAI[iOHAIILHOTO MiX0Ay HAa OCHOBI MOPIBHSUILHOT OILIHKK €(DEKTUBHOCTI KOXKHOTO 3 aJlbTePHATUBHUX
PO3B’SI3KIB.

PesyabraTu mociaimkenb. OnHIEIO 3 OCHOBHUX 3a1a4 y (papManeBTHYHOMY BUPOOHHUITBI € e)eKTUBHE BHKOPHUC-
KOPHCTAHHS I 3MEHIIICHHS BUTPAT Ta MiJIBUIICHHS e()eKTHBHOCTI BUPOOHUYOT0 mpouecy. MaTeMaTiHyHe MOJEIIIOBaH-
HS B LI cdepi HaigacTilne BKIFOYa€ TaKi METOTH:

— imimayitine MoOen08aKHs — TO3BOJISAE BIATBOPIOBATH CKJIAIHI MPOIECH, TaKi SIK BUPOOHHIITBO JIIKAPCHKUX 3aCO-
0iB;

— cmamucmuiHe MOOen08anHs — BAKOPHCTOBYETHCS I aHANI3y PU3UKIB Ta IPOrHO3yBAHHS IONUTY Ha Ipenapa-
TH;

— MOOemo6anHs Ha 0CcHO8L mepedic [lempi — edeKTUBHE IS YIIPABIIiHHSI OTOKAMH MaTepiaiiB 1 mpoayKiii Ha ¢a-
PMalLEBTUYHUX ITiIPHEMCTBAX.

Jo ontumizaniiHuX 3a7a4 MaTeMaTHYHOIO MOJICJIIOBAHHS Y ()apMalleBTU4HIH JOTICTHII BIHOCSTHCS:

— BU3HAYCHHS HAHKOPOTIIMX ab0 HaliJemeBNIINX IUIIXiB TPAHCIIOPTYBAHHS JIIKAPCHKUX 3aC00iB, BPaXOBYIOUH Yac,
BUTpATH Ta HAsBHICTh CKJIAJIiB;

— BUKOPUCTAHHS CTATHCTHYHUX METOJIIB JUIsl epe0adeHHss HeoOXiqHOT KiJIbKOCTI IperaparTiB y pi3HUX perioHax;

— BUOIp HaKpaIX MOCTAYaIbHUKIB 3 YpaxXyBaHHSAM BapTOCTi, Yacy TOCTABKHU Ta SIKOCTI MPOAYKIIii;

— BU3HAYCHHS HAWOLIBII €eKOHOMIYHO BUTITHUX METO/IB IIEPEBE3CHHS JTIKAPChKUX 3ac00iB 3 ypaxXyBaHHSIM MHTHUX
BUTPAT Ta OOMEIKEHb.

BaxumBy ponb y MaTeMaTHYHOMY MOJEIOBAHHI BiAirpalOTh KOMII'IOTEPHI CHCTEMH, 30KpeMa, CHCTEMH
koM’ rorepHoi Maremaruku (Matlab, MathCad), a Takoxx moBu nporpamysanust (Python, R), siki mmpoko 3actocoBy-
I0ThCA ISl aHANI3y BENMKHX 06CATiB JaHMX Ta MoOyJ0BM ONTHMi3aliifHuX Mozeneii. IX BuKopucTaHHS 11 TO6YI0BH
MaTeMaTHYHUX MOJIeNIe po3mIIHYyTO HaMu B mpaiti [10].

st 3100yBauiB BUILOT OCBITH crienianbHOCTi 226 «®DapMaltis» Ha MepuiomMy Kypci BUKIIQIAEThCsl HaBYaJIbHA JANC-
murmiina «KoMn’otepHe MozaentoBaHHs y Gapmarii». MeToro BUKIaAaHHs AUCLMILUIIHK € PO3BUTOK Ta (popMyBaHHS y
MaricTpis ¢apmariii KOMIIETEHTHOCTI 11010 3aCTOCYBaHHS METO/IIB MaTeMAaTHYHOTO MOJICTIOBaHHS y (apmalii Ta cTaTh-
CTHYHOI 00pOOKM (papMalieBTUUHKX AaHUX 32 JOIOMOTOI0 KOMIT IOTEpHHUX TEXHOJIOTIH, HaOyTTs 3HaHb Ta HABUYOK II[O-
JI0 3aCTOCYBaHHS NU(POBUX IHCTPYMEHTIB y (papMameBTUUIHOMY TOCTIKCHHI JIIKapChKUX 3ac00iB, Ta 3a0e3MCUCHHS
eTarmHoCTi (hopMyBaHHS HHU(POBOI KOMIETEHTHOCTI MalfOyTHIX MpamiBHUKIB OXOPOHHU 370pPOB’S YKpaiHu. 30KpeMa, 10
po0OYOro HABYANBFHOTO IHIAHY MUCHUILTIHA «KoMmIr'toTepHe MoemoBaHHS y (hapMalii» BKIIOUYEHO Temy: «Mopero-
BaHHS 33a4 PO ONTHMAaJbHUH IIaH BUPOOHUUTBA (apMalleBTHYHOI NPOAYKLil. MoJeaoBaHHS 3a1a4 ONTUMAIbEHOTO
TPaHCIIOPTYBaHHS (papMalieBTUUHOI MPOAYKIii». 3700yBaui OCBITH MalOTh 3MOI'Y OCBOITH CY4acHi IHCTPYMEHTH JUIs
PO3B’sA3aHHA pPeabHUX 3a7a4 (papMaleBTUYHOI ralys3i, pO3BUBAaTH HAaBMYKM MAaTEMAaTHYHOI'O MOZAENIOBAHHI, aHATI3y Ta
ONTUMI3AILIT, 0 € BAXJIMBUMH I iX MPOGECIHHOT MisITBHOCTI.

Po3risiHeMo ofHy 3 3a/1a4 onTHUMi3anii BAKOPUCTaHHS CUPOBHHHU y BUPOOHMITBI JIIKAPCHKUX 3ac00iB, sKa MPOIIO-
HYETbCs 3100yBavaM BUIOI (hapMaleBTHYHOI OCBITH Ha MPAKTHYHUX 3aHATTAX. PapMaleBTHYHE IMiANPUEMCTBO ITOBH-

HHO BUTOTOBUTH 100 OIUHMII JTIKIB TPHOX BHIIB (xl,x2,x3) , ane He MeHme 20 OMHHUITE KOKHOTO Buay. Ha BUTOTOB-
JIeHHs! ofiHi€eT oauHuLi JikiB X1, x2, X3 BiANoBigHO BUTpadaeTbes 4kr, 3,4Kr, 1 2Kr CUPOBHHH THIy A, a 11 3amacu
ckimanaoTh 340Kr, a TakoX Ha BUTOTOBJICHHS IMX JIKIB BUTpadaeThCs CHpPOBMHA TUIy B BigmomimHo mo 7,75kr,
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11kr, i 2kr iii3anacu cknagarote 700kr . [IpudyTok, 110 nae peasizaiis KoxHOT onuHML JikiB ckiaanae 40, 30 1 20
rpH. BU3HAaUnNTH CKUIbKM OJMHULB JIKIiB KOXKHOTO THIY X1,Xx2,X3 HE0OXiIHO BUTOTOBHUTH JUIS OTPUMAaHHS MaKCUMajb-
HOTO MPUOYTKY MPH YMOBI BCTAHOBJICHHX 3araciB CUPOBHHHU (« A » Ta « B»).

CdhopmyroeMo MaTeMaTHYHy MOETb 3a1adi: IUIbOBa (DYHKIS, sKa ONTHUMI3yeThCsl W OoOMexeHHs iHikHI. [e
KJIacM4YHa 3ajjadya JiHIHHOTO mporpamyBaHHs. [IpogeMoHCTpyeEMO po3B’ 30K 3aj1a4i ONTHMI3allii BUTOTOBIICHHS JIIKIB B
nporpami MathCad (puc. 1).

f(x],x2,x3) = 40-x1 + 30-x2 + 20-x3 f- LlinboBa dyHKLiA
Floa=all  sxde=11 X3 =1
Given
x! =20 x2
4-x] +34-x2 +2x3 <340

4.75-x1 + 11-x2 + 2-x3 = 700

IV

20 x3 =20

I

Mponuwemo obmMeseHHA

xI] +x2+x3 =100 dyHuin Maximize BusHavae MakcUMansHUi
npwbyToK BiA peana3auii nikiB x1, x1, x3

b

x2 | .= Maximize(f ,x1,x2,x3)

Rt &

X.

Ao

LY

3HAXOAUMO ONTUMANHY KiNBKICTE OOWHWULE NIKIB, AKA 3a00BINLHAE 0DMEXEHHAM Ta
NAe MAKCUMANBHWA NpUOYTOK BiA peanizalil

xi 56
x2 [:=:] 20
x3 24

f(x1,x2,x3) = 332x 10°

Puc. 1 — MogemoBanHs onrtuMizaniiinol 3agaui B MathCad.

Buxopucranss cucmem xomn tomeproi mamemamuku (CKM), Takux sk MathCad, cyTTeBO crpomrye po3B’s30K
onTuMizamiitHux 3ama4 y ¢papmarii. DopmansHo MathCad — e mporpamae 3a0e3nedeHHs sl ilKCHEPHUX pO3PaxyHKiB
(Engineering Calculation Software), mpote, pakTu9HO, 11e iHTEpaKTHBHE CEPEIOBHUIIE IS IHKEHEPHUX Ta HAYKOBHUX 00-
YHUCIICHb, SIKE TOEAHYE B OOl TEKCTOBHH PENaKTOp i IHCTPYMEHTH Ui BHUKOHAHHS MaTeMaTHYHHX omeparii [11].
MathCad no3Bosisie mBUAKO (OPMYITIOBATH Ta PO3B’sI3yBaTH 3ajadi JIiHIMHOTO Ta HENIHIIHOTO mporpamyBaHHs. Bcei 00-
YHCJICHHS BUKOHYIOTHCSI aBTOMaTHYHO, IO MIHIMI3y€ PH3MK MOMUIOK Y PO3paxyHKax. Y KOPHCTyBaua € MOXIIUBICTh
3MIHIOBaTH BXIiJHI napamerpu (HampuKiIaj, 3anacu CHPOBUHHU, COOIBaPTICTh TOIIO) I MUTTEBO OTPUMYBATH HOBI Pe3ylib-
taTh. I{e 0coOIMBO KOPUCHO ISl MOJICITIOBAHHS Pi3HUX CLIEHAPiiB BUPOOHMIITBA Ta JIOTICTHUKH.

3n00yBauam BHUIIOI (apMaleBTUYHOI OCBITH TaKOX MPOIIOHYETHCS TUIIOBA TPAHCIOPTHA 33/1a4a, B SIKiil OTPiOHO
MiHIMI3yBaTH BapTiCTh TPAHCHIOPTYBaHHs TOBAPY 3 KUIBKOX CKJIAJiB A0 KUIBKOX CIIOKMBAUiB 3 ypaxyBaHHIM OOMEKEHb
Ha KUIBKICTh TOBapy Ha cKiajax i morpedy crioxkuBadiB. Po3B’si3aHHS Takoi 3a/1a4i 3a3BUYai 3/1HICHIOETHCSI METO/IOM Ji-
HIHOTO MporpamMmyBaHHs a00 Yepe3 crielialibHi METOM PO3B’A3aHHS TPAHCIIOPTHHX 3a]ad, SK, HAPUKIIAL, Memoo nie-
HIYHO-3aXi0H020 Kyma abo memoo nomenyianig. JIns po3B’si3aHHS HEOOXITHO CKOPHCTATHCh METOJIOM MOTEHITialiB (Me-
tox orrumizamii). Ilefi MeTon IpyHTyeThCSI HAa KOPHUTYBAaHHI 3HaUY€Hb TPAHCIOPTHUX MApHIPYTiB TaKUM YHHOM, MI00
3MEHIIINTH 3arajibHi BUTPATH.

Maemo Taki yMOBH 3aJadi: Ha TpbOX cKianax 30epiratotees al =100, a2 =200, a3 =120 oxununs papmanes-
THUYHOI MPOAYKLIii 0OJHOr0 HaiiMeHyBaHHs. [10TPiOHO AOCTABUTH 11 TPHOM CHOXKHBAa4YaM, 3aMOBIICHHSI SIKUX CKIIaqaloTh
b1=200, 62 =110, b3 =80 oauuuub. BapTicTh NEpeBe3eHb OJMHMII MPOAYKIIT 31 CKJIa/Jly OTHOMY CIIOKMBady BKa3aHi
B TPaHCHOPTHiH Tabmmmi (Tadm. 1).

Tabmuns 1 — BapticTh nepeBe3eHb NpOIyKIii

bl =200 b2=110 b3 =280
al =100 4 2 6
a2 =200 7 5 3
a3=120 1 7 6

Heo6xinHo moOymyBaTH TU1aH NepeBe3eHb, KU 3a0e3MeUnTh MiHIMaIbHY BapTICTh JOCTaBKH. [ 11bOT0, OKpIM
3HaueHb bl, b2, b3, morpiGHO BBeCTH 1Ie OJUH, (GDIKTHUBHUM, MYHKT MpHU3HaUeHHS b4 , IKOMY NPHCBOIMO (DIKTHUBHY 3a-
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SIBKY, 110 € PI3HHUIICIO 3aI1aciB Ha CKJIa/ax 1 moTpe0oio BKa3aHoI B 3asBKax. BapTicTh mepeBe3eHs i3 BCiX ITyHKTIB Biampa-
BKM B (DIKTUBHMH ITyHKT IpU3HAYeHHS b4 OynemMo BBaXKaTH piBHOIO HyJIO. BBeneHHS (iKTHBHOTO MyHKTY NTPU3HAYEHHS
3 Fl0ro 3asBKOIO BUPIBHIOE OaiaHC TPAHCIOPTHOI 3aaui (Tabu. 2) i Tenep 11 MOXKIIMBO BHUPINIYBATH SK 3BUYAHY TpaHC-
HOPTHY 3aJady 3 IpaBUIbHUM OalaHCOM (KLIbKICTh IIEPEBE3EHOI0 BaHTa)Ky IIO3HAYMMO CUMBOJNAMHU X ... X, BLIMOBiI-

HO).

Tabmu 2 — bananc TpaHCHOPTHOT 3a1a4i

bl =200 b2=110 b3 =280 b4 =30
al =100 4 xl1 2 x2 6 x3 0 x4
a2 =200 7 x5 5 x6 3 X7 0 x8
a3=120 1 x9 7  x10 6 xI1 0 xI2

ChopmyTioeMO MaTeMaTHYHY MOJEb 3ajadi Ta MPOAEMOHCTPYEMO PO3B’sA30K TPAHCHIOPTHOI 3a7adi B Iporpami
MathCad.

QRIGIN,= 1
i=1.12 w1
3annwem LinLoBy OyHKLiI0, AKa BU3HAYAE 3arantHy BapTiCTe NepeBe3eHHA
Fx) =4x1+2x0+6x3+0x4+Tx5+5x5+3x7+0xg+ I'xg+Txyp+6x11+0x1)
Given
x1+x2+x3+ x4 =100 350000 oBMexenHs:
X5+ X+ x7+xg=200
X9+ X0+ X171 +x12 =120
NO KiNBKOCTI 3aABOK HA OTPUMAHHA NIKIB (CKNagemo CUCTeMy pIBHAHL, NpaBa YacTiHa 3aABKW).
X1+ X5+xg=200

10
iw

[

Iy FEg+ERIj=
X3+ x7+x11 =80

x4 +xg+x12=30
OBmexeHHA No KinbKocTi gocTaekn mae Gytn Binbwe HynA

x1=20 x7p20 x3=0 x40

X520 x20 x720 xg=0
xg20 =x1p20 %1320 =x1220
1
1 7| CropucTaemocs BOyaoBaHOW (yHEmMER Mimimize,
5 | 1g0| A7A 3HAXOMDKEHHA 3HaUeHb X1...x12 mpwu axm
3 ol F(x) (BapTicTs mepepeseHs) Oyae MIHIMATBHOLO.
4 0
5 80
Ivﬁninﬂze(F JX) =g 10 | KIMbKICTE Nepese3eHoro TOBAPY, NPW MIHIMAMLHIN BAPTOCTI THAHCMOPTYBaHHA .

i i x1:=0 x=100x3:=0 xq:=0
2 122 x5:=80 xg:=10 x7:=80 =xg:=30 +
- o = 120 x1p:=0 x13=0 x120=0
1 o| MinivManpHEa BapTiCTh HepeBeseHb:
2] o]  F(x)=117x10°

Puc. 2 — MopemoBanHs TpaHciopTHOI 3aga4i B MathCad.
AmHani3yloun oTpuMaHi JaHi MOXXHa 3pOOWTH BHCHOBOK, IO JUIsS MiHIMi3allii BapTOCTi HepeBe3eHsb 31 ckiany al
JIOILJTBHO TMEPEBO3UTH TMPOAYKIIIIO JIUIIC CIOXHBAaYy b2 (100); 31 ckIamy a2 — CHOXHBavy b1(80), CIIOKUBAYy
b2(10) i cnoskuBady b3 (80); 3i ckmany a3 — nuuie cnoxusady bl (120). TakuM 4MHOM BCi IOTPEOU CLIOKUBAYIB 3a-

noBonbHWIM. Ha cknani a2 € 3amumok 30 oxuHMIb npoaykiii. MiHiManbHa BapTICTh NepeBe3eHb cTaHOBUTH 1170
TPOIIOBUX OAUHHUIIb.
Jis Bizyaimizatiii pe3ybTaTiB MOJICITIOBAHHS CKIIaJIeMO IUIaH MepeBe3eHsb (Tab. 3).
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Tabnus 3 — OnTUManbHUM IUIaH IEPEeBE3eHb

bl =200 b2=110 b3 =280 b4 =30
al =100 4 xI1=0 2 x2=100 6 x3=0 0 x4=0
a2 =200 7 x5=80 5 x6=10 3 x7=80 0 x8=30
a3=120 I x9=120 7 x10=0 6 xI11=0 0 x12=0

TpancropTHa 3a/1a4a € KJIACHYHAM IPUKIIAIOM 3a[adi ONTUMI3aIlil, sKa Ma€e 0e3Jid MPaKTUIHUX 3aCTOCYBaHb, 30K-
pemMa B JIOTiCTHI, ITOCTa4aHHI TOBapiB, YIPaBIIiHHI 3allacaMM Ta po3NoALIi pecypciB. Po3B’s13aHHS TakuX 3a7a4 J1omoMa-
raloTh 3HAWTH ONTUMAJIBbHI MapIIPyTH JJIsl MiHIMI3alii BUTpAT, 0 € BXKIMBUM JUIS 3HW)KEHHS 3arajbHUX ONEpariiiHux
BUTPAT MiANPUEMCTB. 3aTydeHHS MaTEMAaTUIHOTO MOJICIIOBAaHHS Y TPOIIEC MiATOTOBKH MalOYTHIX (hapMareBTiB CIIpHsE
PO3BUTKY aHATITUYHOIO MHUCICHHS CTYJCHTIB, (opMy€ HABHUYKM BHKOPWUCTAHHS KOMII IOTEPHHX TEXHOJOTIH IS
PO3B’sI3aHHS peasibHUX MpolieM ¢apmariii, a TakoX roTye MaOyTHIX (axiBLiB 10 e(eKTHBHOI pOOOTH B YMOBAx Cy-
4acHOT IM(POBOT EKOHOMIKH.

IlepcnekTUBU MOJANBIINX OCTiIAKeHb. [lofanbnmii po3BUTOK KOMIT FOTEPHHUX TEXHOJIOTIH BiIKPHBAE MepCIieK-
TUBH Ul MOJIEPHI3allil MpoIeciB BUPOOHMIITBA Ta ITOCTAYaHHs JIIKAPCHKUX 3ac00iB, iX pamioOHAIbHOTO BHKOPUCTaHHS
Ut (hapMaIieBTHYHOI OITKH Ta MiABUIIECHHS SKOCTI MEAMYHOI TOTIOMOTH HACEIICHHIO.

B mopanemmx qoCHimpKeHHAX MU Oy/IeMO TIpaIfoBaTH HaJ| BAOCKOHAJICHHSIM aJalTHBHUX MaTEeMaTHYHUX MOJIENeH
ONTUMI3allil, 3[ATHUX BPaXOBYBAaTH 3MiHHICTh PUHKOBHX YMOB, JIOTICTUYHI BHKIIUKU Ta PECypCHi 0OMEexeHHs y Gapma-
LEeBTUYHIH ramy3i. Takox Oy/Je NepCreKTHBHUM MPAIIOBATH HaJ IHTETPalli€l0 METOIB MAaTEMAaTHYHOTO MOJICITIOBAHHS 31
IITYYHUM IHTEJIEKTOM JUIS CTBOPEHHS IHTEIEKTYaIbHUX CUCTEM HiATPUMKH MPUUHATTS PIlIeHb Y BUPOOHHYMX 1 JIOTic-
TUYHUX Tpouecax. OkpeMy yBary BapTO NPUALIMTH po3po0Li HaBYAIbHUX U(GPOBHUX MIAT(HOPM 1 CUMYIISATOPIB, 3aCHO-
BaHMX Ha peajibHUX Kelicax (apMmaneBTHYHOI MpakTuku. Taki 3aco0HM CIPUATUMYTh (DOPMYBAHHIO y CTYJCHTIB MPAKTH-
YHO OpPiI€HTOBAHHUX HABMYOK aHAJITHYHOTO MHUCIICHHS, ONTHMI3alifHOTO MOJIETIOBAHHS Ta IPUHHATTSA PillieHh B yMOBaX
HEBH3HAYEHOCTI, 10 € BAXKJIMBOIO CKJIJ0BOIO 1X MPOogeciiHOT MiAroOTOBKH.

BucHoBku. MatemaTnyHe Ta KOMII IOTEpPHE MOJCITIOBAHHA Y (apMallii moeaHye MaTeMaTHIHI METOIH Ta Cy4acHi
KOMIT FOTE€PHI TEXHOJIOTI] JUIs BUPIIIEHHS 3aBJaHb y (hapMaleBTHUYHINA raixy3i. BoHO 0XOIuIioe MaTteMaTHYHE MOJEIIO-
BaHHJ, JJIsl CTBOPEHHS MOJIeJIel aHajIi3y Ta IMPOrHO3YBaHHS MOBEAIHKN (hapMaleBTHYHUX CUCTEM; KOMIT IOTEPHI TEXHO-
JI0Tii, U1 BUKOPHCTaHHA MPOrPaMHOro 3a0e3IedeHHs ONpamioBaHHs (apMalleBTUYHNX NaHWX, IUIAHYBAaHHS €KCIEpH-
MEHTIB Ta KOHTPOJIIO SIKOCTI JIIKAPCHKUX 3ac00iB; iMiTaliliHe MOJEIIOBaHHs MPOLECIB, TAKUX SK pO3poOKa HOBUX IIpe-
napariB abo ONTUMi3allisi BAPOOHUYHX TporeciB. MareMaTHyHe Ta KOMIT FOTEpHE MOAEIIOBaHHS € HE3aMIHHUM 1HCTPY-
MeHTOM y (hapMailii, OCKUTbKH JA03BOJISIE 3HAYHO MiABUINUTU €(DEKTHBHICTh BUPOOHUYMX Ta JIOTiICTHYHMX mpoleci. Le
JTO3BOJISIE CTYICHTaM Ta (axiBIIM pO3BUBATH HABUYKH aHAINI3Y, IPOTHO3YBAHHS Ta MPUHHATTS pilieHb ¥ (apMareBTHY-
Hill npakTuii. BUkopUCcTaHHSI CydacCHUX METOJIB ONTHUMI3allil CIpUsE€ NOKPALIEHHIO SKOCTI JIIKapChKUX 3ac00iB, 3MEH-
LICHHIO BUTPAT 1 320€31EUYeHHIO CTa0lIbHOTO [TOCTAYaHHs TpenapaTiB Ha PUHOK. BKITIOUEHHSI MAaTEMaTHYHOTO MOJEIIO-
BaHHS B OCBITHIM NPOIlEC MEIWYHUX YHIBEpcHUTETiB, 30kpeMa y HMYVY imeni O. O. boromonbns, m03BOJsS€ CTyIeHTaM
OTpHUMaTH MPAaKTHYHI HABUYKH, IO € HEOOXiTHUMH A5l poOoTH y (apmaneBTnuHiil ramysi. MathCad 3a0e3neuye Mox-
JIMBICTh BBOJWUTH MaTeMaTUuHI BUpa3u, Gpopmynu, rpadiku Ta TEKCT B OHOMY JIOKYMEHTI, 13 peasi3alieio QyHKIii aB-
TOMAaTUYHOTO BUKOHAHHS OOYHCIIECHB Ta Bi3yaJlbHOTO aIallTHBHOTO BiTOOpaXeHHS PE3yJIbTaTiB.

Po3BUTOK MaTeMaTHYHUX METOIB Ta KOMIT IOTEPHUX TEXHOJIOTIH BiIKPHBAE MIMPOKI MEPCIICKTUBY JUIs ONTHMI3allii
MPOLIECIB PO3POOKH, BUPOOHUIITBA Ta IMOCTAYaHHs JTIKaPCHKUX 3ac00iB i BUPOOiB MEINYHOTO NMPU3HAYECHHS, 1X palioHa-
JBHOTO 3aCTOCYBaHHS ISl (hapMalleBTHYHOI OIIKM Ta AKOCTI MEJUYHOI JOIIOMOTH HAaCEJICHHIO.
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H. B. CTYYHHCBKA, I'. B. XPAIITHYYK

BUKOPUCTAHHA METOAIB MATEMATUYHOI'O TA KOMII'IOTEPHOI'O MOJIEJIIOBAHHS
JJIA JOCIIIZKEHHA ®PAPMAKOKIHETUYHUX ITPOLECIB

B po6oTi npoBeeHo aHani3 MOXKIMBOCTEH BHKOPHCTAHHS METO/IB MATEMAaTHYHOIO Ta KOMII IOTEPHOI0 MOJEIIOBaHHs JUIsl OMKCY MPOILECB, IO Bij-
OyBalOThCS B OPraHi3Mi IIPU Pi3HUX CHOCO0aX BBEIEHHS TiKapchKux 3aco0iB (JI3). ABTopH meTanbHO pO3rIANalOTh (papMaKOKIHETHYHI MOJEN, 10
aJICKBaTHO OIHCYIOTh HAHOUIBII yXKHMBaHI y MEMYHIN IPAKTHLI CIIOCOO BBEJIEHHS JIIKAPCHKHX 3aC00iB — OHOKaMeEpHY JIIHIHHY MOJIelb, OHOKaMep-
Hy JiHiiHY MoJenb 3 aeno. Po3risaaoTh eTanu cTBOPEHHS BiAMOBIAHUX MoJesIeil 3a JOIOMOro AudepeHiaibHIX PiBHIAHb, METOIH X PO3B’sI3aHHS,
aHAIII3YIOTh OTPUMAaHI pe3yJIbTaTH Ta LIIOCTPYIOTH X rpadikamu. 11i papmakokiHeTHuHi MOJENl JAaI0Th 3MOTY JOCTaTHRO JOOpE OIMUCATH MPOLECH, 10
BiZIOYBaIOThCS IIPU OIHOPA30Bil iH’ €Kil B KpoB, iHDY3ii, IepopabHOMY i BHYTPIIIHEOM SI30BOMY BBEJICHHI JIIKapCHKUX IpenapariB. BoxHouac posy-
MIHHS CYTHOCTi L[HX HPOIIECIB € 0A30BUM [JIsi CTBOPEHHsI IHHOBALIHUX METO/IB, 37aTHHUX 3abe3neynTr eeKTHBHUN (apMaleBTUYHUI CyNpoBia B
YMOBaX Cy4acHOTO TEXHOJOTT4HOTO IPOrpecy. ABTOPH OOIPYHTOBYIOTh IOLIIBHICT BUKOPUCTAHHS CHCTEM KOMII FOTEPHOI MAaTeMaTHKY (Ha MPHKIAL
MathCad) mns ananizy dapmakokinernannx mogeneii. Illupoki moximBocti nporpamu MathCad naroTh 3Mory olepaTHBHO 3MiHIOBATH BHXIi/HI Iapa-
MeTpH (cTaiy eniMiHawii, KoedillieHTH PO3YMHEHHs 1| BCMOKTYBaHHSI, IIBUAKICTh 1H(Y3ii TOLI0), MOACNIOIOYH Pi3Hi CLeHAPil pO3MOIiiay Ta 3MiHU KOH-
LEHTpAllii JIIKapChKOT0 Mpernapary B OpraHi3Mi pu pisHUX croco0ax HOro BBEJACHHS. Y CTATTi aBTOPH JEMOHCTPYIOTh CIIEKTP MOMIIMBOCTEH 3aCTOCY-
BaHHSI METOJ[iB KOMIT FOTEPHOT0 MOJICJIFOBAHHS IIPH ITiArOTOBII MaiOyTHIX (haxiBILIiB rany3i oxopoHH 3740poB’s. [TokazaHo, 110 YMiHHS 3aCTOCOBYBATH
METO/IM MOJICJTIOBAHHS [UTsl PO3B’sI3aHHSI NIPAKTUYHHX 3aBJaHb y Cy4acHii MEAULHIHI € BAXKIMBOIO CKIIaJ0BOIO MPOdeciiiHOI KOMIIETEHTHOCTI Cy4acHO-
ro jikaps Ta ¢apmanesra. Ha npuxiani oqHokamepHux (GapMakOKiHETUYHUX MOZENEH MPOAEMOHCTPOBAHO METOAMKY CHHEPIeTHYHOIO MOETHAHHS
¢yHnameHTaIBHUX (010(i3MKH, MaTeMaTHKH, KOMII'FOTEPHOTO MOJEIIOBAaHHS) Ta (PaXOBUX KIIHIYHMX JUCHMIUIH. HaTpeHOBaHI 1O aBTOMaTH3My
BMIiHHSI MOJICJTIOBATH 1 aHaNi3yBaTH NOAIOHI MPOIIECH CKIIAIAI0Th OCHOBY JOCHIAHHUIBKOI KOMIIETEHTHOCTI i JaI0Th 3MOT'Y BUKOHYBAaTH HPOEKTH 3 TPaH-
cAepManbHOTO (MiIIKIPHOTr0) BBeACHHS JI3 4K iHIIMX HOBAaTOPCHKUX TEXHOJIOTIH, OCHOBAMHM SKUX MaiOYTHI JliKapi MalOTh OBOJOJITH B IPOIECi Ha-
BYAHHS B MEIMYHHX YHiBepcuTeTax. Po3polOieHa qUaakTHYHA CHCTeMa OpiEHTOBaHA HAa BUBUCHHS MaTEMAaTHYHMX Ta KOMII IOTEPHHX METOIIB MoOJe-
JIFOBaHHSI Ta iX LIMPOKE BUKOPHCTAHHS y HAYKOBUX JOCIIDKEHHX 1 podeciiiHuxX Keifcax.
Kui1io4oBi c1oBa: qugakTuka HaBYaHHs, MOJICNIIOBaHHS, Oiodisuka, MmeauyHa Qisuka, hapMakoKiHETHYHI MoJieNi, HU(POBI KOMIIETEHLI.

N. V.STUCHYNSKA, H. V. KHRAPIICHUK
USING MATHEMATICAL AND COMPUTER MODELING METHODS TO STUDY
PHARMACOKINETIC PROCESSES

This paper analyzes the possibilities of using mathematical and computer modeling methods to describe the processes occurring in the body during
various drug administration routes. The authors provide a detailed examination of pharmacokinetic models that adequately describe the most com-
monly used drug administration methods in medical practice — namely, the one-compartment linear model and the one-compartment linear model with
a depot. The stages of creating the corresponding models using differential equations are discussed, along with the methods of their solutions, an
analysis of the obtained results, and graphical illustrations. These pharmacokinetic models allow for a sufficiently good description of the processes
that occur during a single injection into the bloodstream, infusion, oral, and intramuscular drug administration. At the same time, understanding the
essence of these processes is fundamental to the development of innovative methods capable of providing effective pharmaceutical support in the con-
text of modern technological progress. The authors justify the feasibility of using computer mathematics systems (using MathCad as an example) to
analyze pharmacokinetic models. The broad capabilities of the MathCad program for the operational modification of input parameters (elimination
constant, absorption and distribution coefficients, infusion rate, etc.) allow for modeling various scenarios of distribution and changes in the concentra-
tion of the drug in the body with different administration routes. The article justifies the feasibility and demonstrates the range of possibilities for using
computer modeling in the training of future specialists in the field of healthcare. It shows that the ability to apply modeling methods to solve practical
problems in modern medicine is an important component of the professional competence of today’s physicians and pharmacists. Using one-
compartment pharmacokinetic models as an example, the methodology of synergistic integration of fundamental (biophysics, mathematics, computer
modeling) and specialized clinical disciplines is demonstrated. The skills to model and analyze such processes, trained to the level of automation, form
the foundation of research competence and enable the execution of projects involving transdermal (subcutaneous) administration of drugs or other in-
novative technologies, which future physicians must master during their education in medical universities. The developed didactic system is focused
on studying mathematical and computer modeling methods and their extensive use in scientific research and professional case.
Key words: didactics of teaching, modeling, biophysics, medical physics, pharmacokinetic models, digital competencies of a physician.

Beryn. Memoou mamemamuuno2o ta KoMn 10mepHo2o Mooen0éants HadyBaroTh BCE IUPIIOTO0 BUKOPUCTAHHS Yy
pi3HuX cepax cucremMu 0XOpOHH 310poB’s: (papmarii, JiarHOCTHL, JTIKyBaHHI, IPOrHO3YBaHHI SIBHI 1 IIPOLECIB ermijie-
MIOJIOTIYHOTO, 37I0pPOB’130epe)KyBAILHOIO XapakTepy Tomio. Ha ocHOBI MonemoBaHHs (POPMYIOTHCSI IPAKTHYHO BCI Ha-
YKOBI JIOCII/DKEHHS, SIK TEOPETUYHI (/1€ BUKOPHCTOBYIOTHCSI PI3HOMaHITHI 3HaKOBI Ta aOCTpaKkTHI MOJei), TaK i eKcrie-
puMeHTaNbHI. [IOHATTS «modeniy» CIOyTYeE yHigepcanrbHum mMemooom inmezpayii PisHAX HAYKOBHX Taly3eil. AMEpPHKaHCh-
KUl HayKoBelb, MaTeMaTHK 1 meparor Cmigen Kpawny BBaXkae, 0 MOJENI BUCTYNAIOTh KOHCTPYKIISIMU HAIIOTO MHC-
JICHHS, SIKi BIATBOPIOIOTH Pi3HI aCMEKTH peanbHOro cBity [1]. YV meduxo-6ionoziunux 0ocniosxceHHsax METOI MOJEITIOBaH-
Hs BiZlirpae 0COOJIMBY POJIb, OCKIIBKH 0€3 HOTo 3aCTOCYBaHHS MPAKTHYHO HEMOXKIMBO OTPUMATH YSABIICHHS IIPO MOBEIi-
HKY TaKuX CKIIQHUX CHCTEeM, SIKUMH € Jicusi opeanizmu. Po3yMiHHS 3aKOHOMIpHOCTEH (Di3MYHUX MPOLIECIB B OpraHizmi
JIIOJIMHU cripusie npodeciiHOMY PO3BHTKY B MpOLeci HaBYaHHS MaiOyTHIX MenukiB. [1o4aTKOBI TEOpETHUYHI ySBICHHS
0710 Oyab-s1K01 MozeNi (POPMYIOTBCS, HACAMIIEPE]l, HA OCHOBI eKCHEPUMEHMAbHUX Q0CTI0NCeHb TIPUPOIHUX MPOIIECIB 1
MOKJIMKaH1 CIIPUSITH TPaBUIBHOMY PO3YMIHHIO Ta NPOTHO3YBaHHIO X AWHAMIKH.

Dapmaroxinemuyni mMooeni NArOTh 3MOTY JOCHIDKYBaTH MPOIECH, IO BiMOYBAIOTHCS B OPraHi3Mi IpH BBEICHHI
JiKapchKuX 3aco0iB. TpaaumidHIMK 1 HAUOUIBIT YacTO BXXUBAHHMH METOJIAMH € TaKi, II0 OMUCYIOTHCS 33 JOMOMOTOFO
JUHIUHUX OOHOKAMEPHUX MoOeell: OJHOPa30Ba iH KISl B KPOB, KpanenbHUL (ingy3is), mepopalibHe 1 BHYTPIIIHBOM 'sI-

© H. B. Ctyuunceka, I'. B. Xpamiituyk, 2025
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30B¢ BBEJACHHS JIIKAPCHKUX MpenapariB. BomHouac, cTpiMKO PO3BHUBAIOTHCS 1 HAOYBAarOTh BCE IMIMPIIOTO 3aCTOCYBaHHS
HOBITHI METOIU: BUKOPUCIAHHA NiNiOHUX HanouacmuHok (LNPs), ex3ocom, TpaHCIepManbHE BBEACHHS JIKIiB 3a JOTIO-
MOTOIO CTICI[IAJIFHUX MAaTUiB 3 MIKPOTOJIKaMH TOII0. KoMIT FoTepHEe MOJETIOBAHHS CIPUsE TTHOMHHOMY PO3YMIHHIO CYT-
HOCTI (papMaKOKIHETHYHUX TIPOLECIB i MOXKE CTaTH OCHOBOIO JJIsI CTBOPCHHS iHHOBALIMHUX METOIIIB, 3IaTHHUX 3a0e3Ie-
4uTH e(heKTHUBHUI (papMalleBTHYHHUI CYIPOBIJ B YMOBaX Cy4aCHOTO TE€XHOJIOTIYHOTO nporpecy. Bukopucranus cucmem
xomn tomepnoi mamemamuxu (Harnpukiag MathCad 15) mae 3Mory ornepaTvBHO 3MIHIOBAaTH BHXIJHI TapaMeTpu (CTaiy
eniminayii, KoeQillieHTH PO3YMHEHHsI 1 BCMOKTYBaHHs, MIBUAKICTh iH(DY3il, KiJBKICTh 1 JiaMeTp MIKPOToJOK TOIIO),
CTBOPIOIOYH Pi3HI CLieHapii po3MOALTy Ta 3MIHM KOHIIEHTpaLlii JIIKapChKOTO MpenapaTy B OpraHismi.

BukoprctaHHiO MoJieliel y HaBYaIbHUX TEXHOJIOTISIX BUINOT MEJAMYHOI OCBITH, 30KpeMa B Kypcax BHIIOi MaTeMa-
TUKW, MEIUYHIA Ta OiloioriuHii ¢i3ui, npucBsueHi HayKoBi mpami E.J/Iuuxkoscokoeo, H. [lodonpuzopa, I1. Ceepoana,
H. Cmyuuncokoi, B. Timantoka, O. Yanoeo, JI. Icuuxo, C. Cmaouiuvenxo Ta iHImx [2 — 4].

MeTa: BUBYMTH MOXKJIMBOCTI BUKOPHCTaHHS METOJIB MAaTEMAaTHYHOIO Ta KOMII FOTEPHOTO MOJIEITIOBAHHS UL J0-
CIiDKEHHS (papMaKOKIHETHIHUX MPOIIECIB.

BukJjiajg ocHOBHOro Matepianay. MozenoBanHs € eeKTHBHAM METOJIOM ITi3HAHHS 1 1a€ 3MOTY BUPIITyBaTH BENH-
Ky KUIBKICTh 33/1a4 MEIMYHOro XapakTepy. Y Mequ4Hid i Oiojoriyniid ¢izuui, Oioorii Ta MEAUIMHI YaCTO BUKOPUCTO-
BYIOTh MOJIEII, SIKI 32 IPUPOIOI0 MOXKHA PO3ALIMTH Ha TP TUMHK: (i3UUHI, MaTeMaTH4Hi Ta OiosioriuHi (MIPUKIAIN HaBe-
JieHi y Taou. 1).

Tabmuus 1 — Tunu Ta npuKIagn MojeIeH

Tunu mopaesiei

DizuyHi (aHano208i)

BUKOpPHUCTOBYIOTBCS Ul IIPOBEICHHS
IOoCHimKeHb 01000’€KTiB, 0 MAalTh
moiOHI BIACTHBOCTI A0 (i3HYHHUX CH-
CTEM HEXUBOI IPUPOIH.

Mamemamuuni

PeanbHi MpOLECH OIUCYHOThCSA 3a JOIO-
MOTOI0 MaTeMaTHYHHUX PiBHSIHb, QYHKIIH,
rpadikiB Ta TabIHILb, IO LTIOCTPYIOTH Pi-
3HI BJIACTUBOCTI BIiATIOBIIHOTO MPOILECY,
00’exTa abo SIBUIIA.

bionoziuni (npeomemni)

3pyuni GionoriuHi 06’€KTH, 1[0 BUKOPHC-
TOBYIOTBCS Ul BHBYCHHS 3arajbHHX 3a-
KOHOMIpHOCTEH Ha 3pYYHHX O10JIOTIYHHX
00’€eKTax.

Hpuxnaau:

a) U1 BUBYCHHS CIEKTPHYHHX BIac-
THBOCTEH O10JOTIYHUX TKAHWH 3aCTO-
COBYIOTb cxemu Ppike — Mopze abo
Illsana — xkoMOIHaALIs €MHICHUX 1 aK-

[puxnaau:

a) MOZeTi PO3BUTKY HOMYJIALIH;
0) IOIIMPEHHS eMiIeMiif;

B) peakii IMyHHOI CHCTEMU;

r) (hapMaKOKIHETHYHI MPOLECH.

Hpuxnaau:

a) 3aKOHOMIPHOCTI BUHUKHECHHS Ta MOIIN-
PEeHHSI TOTeHIiany Amii y XpeOeTHHUX BH-
BYIJIM Ha TiITaHTCHKOMY aKCOHI KalbMapa;
6) 0coONMMBOCTI CKOPOYEHHS MiOKap/a 10-

THUBHUX OIIOPIB,;

©) AU TOCIIKEHHSI KPOBOHOCHOI CH-
CTeMU BUKOPHCTOBYIOTh Modeni Dpa-
HKQ — TIOEJIHAHHS €JIaCTHYHOTO pe3ep-
Byapy i )KOPCTKOI TpyOKH.

CIIIKYIOTh HAa OCHOBI ITAIIIPHOTO M sI3a.

JMIaKTHYHO 3HAYYIIMM MPHUKIAZAOM Y Kypci MEAMYHOI Ta 010J0TiYHOT (Pi3UKH € MaTeMaTUYHI KOHIICTIIIi BBEJCHHS
JIKapChbKHX TpenapaTiB B OPraHi3M JIIOAMHU. BUKOPUCTOBYIOUHM YUCIIOBI Ta HAOYHI KOMIT FOTEPHI MOJIENi, CTYIEHTH MO-
JKYTh CAMOCTIMHO JTOCHIDKYBATH Pi3HI 3aJI€XKHOCTI Ta CLeHapil po3BUTKY (apMaKOKIHETHYHMX IIPOIECIB, 3MIHIOBATH iX
MIBUAKICTB, KOH(ITypamnio Ta napaMeTpy CUCTEMH, a TaKOXX TEOPETUYHO CTBOPIOBATH 00 €KTH 3 HOBUMHM BIIACTUBOCTS-
Mmu. TepMiH «papMaKkOKiHETHYHD» BXXUBAIOTh JUIsl y3arajJbHEHHS (Di310JIOTIYHHX MPOLECIB, SIKI BU3HAYAIOTH PYX JIKapCh-
KO peYOBUHHM B OpPTaHi3Mi TiCIs 11 BBEICHHS.

JHocmimkenns, 30iHCHeHI Ha OCHOBI (papMaKOKiHETHYHUX MOZEIEH, JOTIOMaralTh TIIHOIIe PO3KPUTH BIACTUBOCTI
Ta 3aKOHOMIPHOCTI IPOIIECIB, IO BiAOYBAIOTHECSA B OpraHi3Mi Mix i€r0 JIKapChKUX TpemapartiB [5, 6]. Bukopucranas
METO/IIB KOMIT'FOTEPHOT'0 MOJISITIOBAHHS Ta CIUMYIAYIUHO020 HAGYAHHS € 000B’I3KOBOIO YaCTUHOIO CY4aCHOTO OCBITHBO-
o Iporecy B MeAnyHHX BUmax [7, 8, 9]. ToMy BayKIMBO TOTPUMYBATHCSA NEBHUX OUOAKMUYHUX NPUHYUNIG T €(EKTH-
BHOT'O BUKOPUCTaHHs 1IMX iHCTpyMeHTiB [10].

JlocBin mokasye, 10 HaWCKIaIHIIIKAM CTYJCHTIB Ta HAYKOBIIIB € eTal CTBOPEHHs Mojeni. /it nboro moTpiOHi Ha-
BUYKH aHaJi3y Ta CHHTE3Y, YMIHHS CITiBBiJTHOCHTH BHXI/IHI MOHSTTS 3 BAOPAHUMH MaTeMaTUYHUMHU Y1 (DI3MYHUMHU aHa-
JIOTaMH, BUOKPEMJIIOBATH CYTTEBI 3aKOHOMIPHOCTI Ta XapaKTEPUCTUKH, a TAKOXX BMIHHS KOPUCTYBAaTUCS HAYKOBOIO TEp-
MIHOJIOTI€IO Ta HIIMMH iHCTpyMEHTaMH MaTeMaTHkd Ta (iszuku. CryzneHTaM He(i3WYHUX CreliaJbHOCTel (MenuKam,
Oiostoram, XimMiKam) CKJIaJTHO IA€THCS abCTparyBaHHs BiJl HEICTOTHUX J€Tajleld, BAOKPEMIICHHS KJIFOYOBHUX PHC, CIIUIBHUX
JUTS Pi3HUX SIBHII 1 MpoIleciB, YMiHHSA (opMani3yBaTH Ta HAOYHO MPEICTABIATH CKJIAIHI MPHUPOIHI MPOIECH, PO3YMITH
CIPOIIEHHsI, BUKOpUCTaHi B Mojaeni. CKIIaIHOIII TaKOK BUHUKAIOTH NPH aHANi31 OTPUMAaHUX Pe3yNbTaTiB Ta ix iHTEp-
mpeTarii.

3mina Macu (1031) JIKapChKUX 3aCO0IB B OpPraHi3Mi 3ajie)KUTh BiJ OaraTboX IPOIECIB, ajie, 3pOOUBIIN MIEBHI MPH-
nylieHHs (adcTparyro4mch BiJ 0arato cTaaiifHOCTI METOUKH BBEJCHHS, IEPEHOCY Ta BUBEIEHHS IIpenapary, irHopyo-
YM MEXaHI3MH MOJIEKYJISIPHUX IPOIECIB), MOKHA OTPHUMATH MPOCTi T4 HAOYHI MOJENI, SIKi aJleKBaTHO OMHCYIOTh lieh
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CKJIATHMI TIpoliec. 30Kkpema y GpapMaKOKIHETHIIl Ui CIPOLICHHS BUKOPUCTOBYIOTh OJHOKAMEPHY MOAEINb. «Kamepoo»
(compartment) yMOBHO 03HAYaIOTh BCE TiJIO, € JIKU PiBHOMIPHO PO3MOAUISIOTECS, TOOTO I HE aHATOMIYHA CTPYKTYpa,
a Mamemamuuna abcmpakyis. MoJenb Takoro TUITY a€ JOCUTb TOYHE YSBICHHS Ul 0araTbox IpenapariB 3 IPOCTO
KiHETHKOIO, KOJIH TIicTIsl BBEICHHS HACTa€ MUTTEBE W PIBHOMIpPHE PO3IOAUICHHS, a IMOTIM BiIOYBa€ThCS BHUBEICHHS (€i-
MiHallis) npernapary 4epes3 Ne4iHKy abo HUPKH.

st rimOuioro BuBYeHHS (hapMaKOKIHETHUKH JIiKiB BUKOPHCTOBYIOTH JIBOKAMEPHY YW OaraTokamepHy JiHiitHI MO-
neni. B nBokamepHiit MoJieni penapaT cro4yarky MBHIKO MEPEPO3MOAUIIEThC MK HEHTPAIBHOIO 1 iepudepiiHo Ka-
MepamH (HamlpHKJIal, KpoB i M’s3H), TOTIM MTOBUILHO ETIMIHYE.

PosrnsHEMO 3aKOHOMIPHOCTI 3MiHM MacH JIKapCchKOTO 3aco0y m(t) B OpraHi3Mi IpU TPHOX OCHOBHUX CIIOCO0ax

Horo BBeleHHS: | — OJIHOKpaTHa iH ‘€Kyiss B KPOBOHOCHE PYCIO, 2 — iH@y3ia (3a JONOMOTOI0 KpamneabHHUIi), 3 — BHyTpi-
IIHBOM ’sI30B€ Ta nepopaibHe. Onuc yX JiHIHHEX (PapMaKOKIHETHYHUX MOJIENIei HaBeJeHO HIDKYE B TaOII. 2.

Tabmus 2 — JIiniiiHI papMaKOKiHETUYHI MOAETL

Hasea mooeni OnHokamepHa OanokamepHa OnHokamMepHa
¢apmakokiHeTHUHA ¢apmakokiHeTHYHA MO/Ie]Ib ¢apmakokiHeTHUHA MO/Ie]Ib
Mo/ieJTb OJHOKPATHOIO 3 mocTiiiHOI0 MBHAKICTIO iHDY3ii i3 neno
BHYTPIIIHLOBEHHOT'0 BBE/ICHHS
Cnocit eseden- BCsI 71032 Bifipasy (00II0CHO) BHYTPIIITHHOBEHHE BIMBAHHS 3a J0- BHYTPIITHHOM SI30BE Ta
Hsl HOTPAIUISE B KPOBOTIK IPH MIOMOTOI0 KparleIbHHUII HepopalibHe BBEACHHS
JKi8 OJTHOpa30Biif iH’eKuii (iHQy3uBHO)
Hocnioocysanuii MIPOLIEC 3MEHILECHHS Macu 0e3repepBHO BBOJMTHCS JIIKAPChKUI | TPOLIEC BUBSICHHS Mpernapary
npoyec JKapCchKOTo Mpenapary — Openapar i3 CTajlol WBHAKICTIO O 3 OpraHi3My Ta OJHOYacHEe
MIBUIKICTh BUBEICHHS (eTiMiHAaIii) HAJIXOKCHHS Tperapary 3 Je-
1o (3 M’5130BO1 TKAHUHU 200
TalIeTKN)
Jugpepenyianvre dm dm dm _
: — =—km, —=0—km — =—km+rMse™"
PDIGHAHHS dt dt dt
k — crana enimiHaii
Yacmunnuii npu t=0 Maca mpenapary fopis- | npu t =0, m=m: npu t =0, m=my:
038 "A30K -
p HIOBAJa m = my: (O 0 My o
ket m=e | =e" +m,= | abo m(l)—i e —e |,
m(t)=mye k r—k
0 (0 . M, — movaTKoBa Maca mperna-
_x | 2 _ —kt
m(t) Tk k My |e paty B Oemno; r — KOHCTaHTa
BCMOKTYBaHHS
I'paghix sminu m m m
macu JI3 3 ua- »
com ' Ok | oo -
I hY
I A
; .
1
!
Ofle-me 1 bR N 4
i ~
1 R
! =~
o > [ 8

OpmHOKaMepHi JTiHIHHI MOJIENi aJeKBaTHO OIMMCYIOTH MPOIECH, SIKi BiTOYBAIOTHCS IIPU BBEIICHHI 0araTboX JIiKapch-
Kux npenapariB. [IpuIycKaeThbCst, 110 OPraHi3M € CHCTEMOIO i3 CTaluM 00’eMOM V , HMPKYJSLisE KPOBI B SIKOMY
IPaKTUYHO Binpasy 3a0e3nedye pPIBHOMIPHUM PO3MOALT 103U (Macu) 4u KOHUeHTpauii ¢, =m,/V . llIBunkicts Bu-
BeJIeHHsI (eNiMiHallis) ikapcbkux 3aco6ig (J/13) MiHIHO 3aeXnuTh BijJl Oro Macu m y MEeBHUIl MOMEHT 4acy ! ; Ipoliec
eMiMiHAIl] Ha KOPOTKOMY MPOMIDKKY 4acy 3[iHCHIOETHCS 31 CTAIOI0 MIBUAKICTIO. TakKi CIPOIICHHS € 3arajlbHAMH 1 9acTo
BUKOPUCTOBYIOThCA TIPU CKJIAIaHHI Ougepenyianvhux pisusans. IXae posyMiHHS HeoOXiaHe M yerimuoi popManizanii
OaraTpoX (hi3MYHMX, O10JOTIYHUX, MEJUYHUX, XIMIYHHAX Ta 1HIINX MPOLECIB.

Po3risiHeMo 3MicT cTasoi eiMiHalli. 3a JOMOMOI0OK I[LOr0 MapaMeTPy 3MIMCHIOETHCS OMHMC €KCITOHEHI[IAbHOTO
3MEHILIEHHS MacH JIKiB B I1a3Mi KpoBi 3 yacoM. @opMmyita, 1110 0B’ A3y€e cTally eliMiHalii 1 nepio/ HaNiBBUBEAEHHS 7,5
Mae Burian k =In-2/t,,. Tobro Oinbiue 3Ha4eHHs & O3Hayae, 110 IIpenapar MIBHUILIE BUBOIUTHCS 3 OPTraHi3My.

B Tabun. 2 rpadiuHO MoJaHO YaCTHMHHI PO3B’S3KM PIBHSHHS OJHOKaMEpHOI JIHIHHOI (apMakoKiHETHYHOT Mozedi
MIPH OJTHOKPATHOMY BBEJIICHI PI3HUX JIIKAPCHKUX PEYOBUH Bifpa3y B KPOBOTIK, TOOTO BHYTPIIIHLOBEHHO, 3 YPaXyBaHHIM
YMOBH, IO iX cTauni exiMiHamii pi3Hi (k1 > k2) TIpH OJHAKOBiM MOYATKOBIl Maci m,. ['padidHO Moka3aHa 3MiHa MacH 3

4acoM IIPH Pi3HUX 3HAUSHHAX cTajoi eniMiHanii (kpuBa 1 BifNOBizae MEHIIOMY 3HaYeHHIO &, KpUBa 2 — OLIBIIOMY 3Ha-
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4yeHHIO k, ). IIporpama B Mathcad mo3Bosisie HAOYHO JEMOHCTPYBAaTH OTPUMaHi pe3yJbTaTH IJIs Pi3HUX 3Ha4eHb Iapa-

MerpiB k, O, r Ta my, 10 BXOAATH y PO3B’A3KU AudepeHlialbHuX piBHAHb 3 Ta0ul. 2. Lle 3abe3neuye 3py4nuii i 3po-
3yMiJHi CrIoci0 BUBUEHHS BIUIMBY LIUX BEJIMYMH HA PE3yJIBTATH, IO CIPHSE TIMOMIOMY 3aCBOEHHIO MaTepiary Ta HOCH-

JIFO€ MOTHBAIIIF0 BUBYATH TUCIHILTIHY.

CTyzneHTH MOXYTb 3MOJEINIOBATH pi3HI CHUTyalii, 3MIHIOIOUM 3HA4YeHHA m, Ta [apaMeTrpy k (HalmpuKiIaz,

0,1-0,5rox ). OGUHCICHHS IEMOHCTPYIOTh MOXUIHBICTh IPEICTABICHHS Pe3y/IbTaTiB K y rpadiuHoMy, TaK i B Tab-

muaHoMy (opmarax (puc. 1). 3mo0yBadi OCBITH CaMOCTIHHO a00 CUPAOYUCH HA MIATPUMKY BHKIIAJa4a MAtOTh 3pOOUTH
BHCHOBOK, III0 CTaja eNiMiHaIii € BaXIIMBOK CY0 €KTUBHOK XapaKTEPUCTHKOI OpPTraHi3My, OCKIJIbKHA BOHA € BEIHYH-

HOI0, 00EPHEHOI0 JI0 IIPOMIKKY 4acy 7 (k = l/r) , 32 SIKUI Maca mpenapaTy B KPOBi 3MEHIIY€EThCS B e = 2,7 pa3u.

+F DaMoxamepHa NiHiRHa G apmaKkoKiHeTHYHA MOLENE !E bl

11(1)=0.050
=63 £1(0)=0.045
1=54  F1(1)=0.041
=55 11(1)=0.037
=56 11(1)=0.033
t=57 11(1)=0.030
=68 11(1)-0.027
=59 11(5)=0 025
=B 11{1)=0.022

1Z(1)=0.000
12()=0.000
2{1)=0.000
2(1)=0.000
2(1)=0.000
2(1)=0.000
12()-0.000
2{)=0.000
2{1)=0.000

13(1) =0.000
13(1) =0.000
13(0)=0.000
13(1) = 0,000
13{1) =0.000
13(1) =0.000
13(1)-0.000
13(1)=0.000
13{1) =0.0D0

f4()=0.000
14(5)=0.000
f4()=0_000
14ty =0.000
14{)=0.000
f4(1)=0.000
14(0)=0.000
f4()=0.000
14{)=0.000

15(0)=0.000
5(1)=0.000
5(1)=0.000
5(1)=0.000
5(1)=0.000
15(0)=0.000
15(0)-0.000
5(1)=0.000
15(1)=0.000

~

Boenirs napanerp mo B [6. 6. [ B, -
Bnenite nopansrpk %1 (02 [03 (0.4 [0§
W OK I L Ciose |

Ihcpopriauin

Ft)=m0" exp(-k"t)

o
0123456 78 9101M112131415161718192021 222324 252627 20293031 32333435 3637 303940414243 4445 46 47 48 4950 51 5253 54 5556 57 58 5960
t

[—fm —rn —BH —#n —6o |

Puc. 1 — 3miHa MacH JTiKapChbKOTo MpenapaTy 3 4acoM MPH Pi3HUX 3HAUCHHSX CTaJOl eNiMiHaIil £ Ta mO4aTKOBOT

I BHYTPiWHLOBEHHE BSAMBAKHA 33 AONOMOr 0K KpaneskHMLi

t-52 11()-1238
=53 11(1)=1.239
t=54 11()=1.240
=55 11(t)=1.241
=56 11()=1.241
t=57 11()=1.242
=58 1(1)=1.243
=59 11()~1.243
=60 1(1)=1.244

2(5)-14 425
2(0=14.491
12()=14.556
2(-14.618
2()=14.679
12(0)=14.737
12()=14.794
2()=14.850
12(1)=14.903

3(1)-9 159
3(1)=9.184
3(1)-9.208
3(1)-9.232
3(1)=9.255
13(1)=9.277
3(1)=9.298
3(1)=9.319
3(1)=9.339

MacH M, IpH ONHOKpATHil iH €Kil y BeHy.

14(1)-9. 159
14(t)-9.184
14(1)-9.208
14(1)-9.232
14(1)=9.255
14(t)=9.227
14(1)=9.298
14()-9.319
14(1)=9.339

15(1)-12 002
15(1)=12.042
15(1)=12.080
5()=12.117
5()=-12.153
15()=12.188
15(1)=12.222
15(1)-12.255
15(1)=12.286

f{t)=Q/k+(mO-(Qlk))"exp(-k't)

Beenite noparerp mo (1[5 6. 5. 2 -
Boenite napamerp k  [0.08 (003 [0.03 [003 [0.03
Beenite napamerp O CE] [os 0.3 (0.3 0.4

| " OK | i close |
~ IHpoprauis

it

012345678 910111213 14151617 18192021222324 252627 28 293031 32333435 3537 3939 4041 4243 44 4546 47 484950 51525354 555657 58 5960
t

=

[—f —20 —BH —Bn —60 |

Puc. 2 — 3miHa MacH JiKapchKOTO MpenapaTy 3 4acoM MpH iHPY3UBHOMY BBEICHHI.
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PiBHSIHHS, sIKe ONMCY€ BBEIEHHS JIIKAPCHKOTO Mpenapary 3a JOINOMOroro KpaneiabHuIi (iHQy3ii) B iHImIiN dapmaxo-
KIHeTHYHIH MOJeNi, MICTUTh TPH KOHCTaHTH: k, Q Ta m,, Pi3HI 3HAaUEHHS SKHUX CTYJEHTH MOXYTh HiIiOpaTu camo-
CTIHHO, CKOPHCTaBIIKCH JIOTIOMOTOI0 CHCTEM IITYYHOT'O IHTEJEKTy abo JOBIIKOBHMH JAHUMH JUls KOHKpeTHHx JI3.
[IBuaxicTe BuBeneHHs () TPsSMO TPOIOPIIiitHa 10 MacH JI3, HasiBHOI B KPOBi B JaHWi MoMeHT 4acy. [Ipemaparu, Taki
SIK TJIFOKO03a, YaCTO BBOJSTH 32 IOTIOMOTOIO KpareIbHHUIII i iX HOpMaJbHA KOHIICHTPAIiS B KPOBI BiIPi3HIETHCS BT HYJIS,
TO JIOTIYHO BBaXKaTH, o 1pu ¢ =0, m =my .

Benuky yBary npuaiisieMo aHaii3y rpadikiB 4aCTHHHHX PO3B’S3KIB Ju(epeHIiaIbHOro piBHIHHS (pHUC. 2), BUKO-
PHCTOBYIOUYM 3HAYCHHS NapaMeTpiB, MAKCUMaJIbHO OJM3bKI 110 pealibHuX. 3 (axoBoi TOUKU 30py KOPHUCHO JOCIIIKyBa-
TH, SIK 3MIHIOETBCS XapaKTep 3aIeKHOCTL m(t) npu 3MiHi k&, O Ta m, B pamKax wiei (1pyroi) papMaKOKiHETUYHOI MO-

neni. 3 rpadika BUIHO, IO NPU ¢ —> 00 Maca JIKapCchKOTo Mpenapary aCUMITOTUYHO HAOIMKAEThCs 10 3HaueHHs O/ k .
L1iit BeMMuMHI TPagULIHHO MPUCBOIOIOTH 3MICT PIBHOBAXKHOI KUIBKOCTI Tpenapaty B opranismi. L{inkom 3po3ymino, mo
BapTO MParHyTH 00 PiBHOBaXKHA KINBKICTh Mpenapary B opradizmi Oysa OJH3bKOI0 10 ONTUMAIbHOT, TOOTO TaKolo, 110
3a0e3neuye MaKCHUMAaIbHUH JTKyBaTbHUH e(eKT. 3B 30K MiXK IIBHIKICTIO BBEJeHHA () TpenapaTy Ta ONTHMAaJIbHOIO
KOHILICHTPALI€I0 HE € OYEBUIHOK ICTHHOK ISl CTYyAeHTIB. BOHH MalTh CaMOCTIHHO OiHTH BHCHOBKY, LIO VIS TOCST-
HEHHSI ONTUMAaJIbHOI (TaKoi, 0 Jae OaXxaHWH JIKyBaJIbHUN e(DeKT) KOHLEHTpALlil MBHUAKICTh BBEJCHHS IMOBHHHA OyTH
piBHOIO Q = km . = ke, -V . Tak dhopMyeTbcs po3yMiHHS BXXIMBOTO y NMPaKTHYHIH JisTTBHOCT] acTeKTy: MPH Herpa-
BWJIBHO TiI0paHiil BUAKOCTI BBEACHHS Npenapary sl iHy3ii TiKyBaJlbHUN pe3yJbTaT CyTTEBO 3HUKYETHCS, a THKOJIN
MOKC HaB1Th CIIPUYHHATH IHKOAY.

Tpetst ogHOKaMepHa JiiHiMHA (hapMaKOKiHETUYHA MOJIENb OIKCYE BHYTPIIIHBOM S30BE Ta MEpOpajbHE BBEIACHHS
JikiB. 3MiHa JIO3W TpernapaTy IpH TaKOMY CIIOCO01 BBEJICHHS BU3HAYAETHCS ABOMA JMojgaHKamu. OIUH i3 MUX JTOJAHKIB
OTIHCYE€ TPOIeC BUBECHHS MIPETapary 3 OpraHi3mMy, iHIMMH — BinoOpakae HAAXOHKEHHS IpenapaTy 3 Iemno (HalpuKIa,
3 M’s130B01 TKaHuHH a00 Tabsnerku) [2]. [1]o6 3anucaru npyruii 10AaHOK, HAraaeEMO, 10 MPOIIEC PO3ZYMHEHHS PEYOBUHU
3 TaOJIETKH OMKUCYETHCS HACTYITHUM PiBHSHHSIM:

_ —rt
M(t)=Mye"".
ne M, —noudaTkoBa Maca Ipemnapary B JeNo, » — KOHCTaHTa, SKa XapaKTepU3ye MBUAKICTb BCMOKTYBaHHA. XapakTep
BIUIMBY IIBWJKOCTI BCMOKTYBaHHS JIKIB Ha Ipolec X BUBEICHHS 3 OpraHi3mMy BinoOpakeHHH Ha rpadiky 3a1eHOCTI
m(t), o HaBesieHuH B TAGI. 2 JUIs TPETHOT MOZIEIIi: KpHBa | Bi/IIOBI/a€ 3HAYCHHIO 7} » KPHBA 2 — 7, , TOMI SIK 7y > 1y .
Pe3ynbTaTii KOMIT FOTEPHOTO OOYHCIICHHS 3aJI€KHOCTI m(t) [IPH PI3HUX 3HAYEHHSX CTagol emMiHamil k , moyar-

KOBOi Macu M, Ta IBUAKOCTi BCMOKTYBAaHHs 7 TOJaHi Ha puc. 3.

J" OAHOHaMEpHa NiHIAHA § APMAKOKIHETHYHA MOLENE I3 BEMOKTYEAHHAM !E b4
1-52 f1{1)-5.236 12()-5.006 13(1)-1.868 #(H-1.110 15()-1.118 ~ A s |8. [ 5. |
=53 f1()=5188 12()=4956 13()=1 613 t4()=1067 15()=1.085 HeaniTE NApaHETR MO =

[t=54 f1()=5.140 12()=4.907 13()=1.759 14()=1.025 (5(1)=1.053 Baanits napareTp k joo1 [oor [po3 [opa [oo3

[1-55 1()-5.092 12()-4.858 13()-1.707 (4()-0.985 I5(1)-1.022

=56 fI())=5.045 12()=4.810 13()=1.657 f4(1)=0.946 (5(1)=0.991 Boenite napameTp r jor foz jos foe fos
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Puc. 3 — 3MiHa MacH JIiKiB 3 4aCOM 3a OJJHOKAMEPHOIO JIIHIHHOI0 (hapMaKOKiIHETHYHOIO MOJICIIIIO 3 JISTIO.

AHaizyoun ocoO0ImBOCTI Tpadika A0 TpeThoi (papMaKOKiHETHYHOI MOJEINI, BaXIIMBO 3BEPHYTH yBary CTYICHTIB
Ha Te, 110 MaKCHMallbHa KOHIEHTpALlis JIIKapChKOTO MpernapaTy JI0CATaeThCsl Y MOMEHT 4acy
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lnl

t = .
max ~ T

Toni, Bapiroroun nmapameTpu f,.,. Bil r 1 k, 3100yBadi OCBITH IHTEPIPETYIOTh 3MOJIENILOBAHI CUTYAIlil Ta BU3HA-

max
YalOTh TPUBAJIOCTI MEPIOJy, MIPOTATOM KOO KOHLEHTpALlisl € ONTUMAIBHOIO Ta 3a0e3neuye JKyBalnbHUN edekT, o €
BaXXIIMBUM JUTS iXHBOT podeciitHol AisITbHOCTI.

[TigBuieHwii iHTEpEC Y CTYICHTIB BUKIUKAE TOCTIKCHHS 3aICKHOCTI m (t) IIPH Pi3HUX 3HAYCHHSIX KOHCTAHTHU F ,

sIKa OIMCYE IIBUJIKICTh BCMOKTYBaHHSI JIIKAPCHKUX pedoBHH. Lle nae 3mMory OyayBatu Mozeni 3 mapaMeTpamu, siki ajex-
BaTHO BiJOOpaKarOTh MPOIIECH, IO BiIOYBAIOTHCS MPH BXXUBaHHI JI3, y AKHX NiF0YMA KOMIIOHCHT € OJJHAM 1 THM CaMHM,
ase BapiloThCsl KOeilieHTH BCMOKTYBaHHS 1 BuBeieHHs. CTYJICHTH CaMOCTIHHO MiIOUPalOTh 3HAYCHHSI LIMX KOHCTaHT
JUTSL TIPETapaTtiB 3BUYAMHUX, MIPOJIOHTOBAHMX YH MIBUAKOIFOUNX, HATIPUKIIA]], «IIAIYYHX TaOJIETOK» — JIKIiB i3 100aB-
Koo OikapOoHaTy HaTpilo.

Komn’roTepHe MOIemoBaHHs Ja€ CTYACHTaM MOJIMBICTH aKTHBHO JTOCTIIKYBaTH Pi3HI clieHapii, 3MiHIOBaTH Ta-
pamMeTpu MOZEJIeH Ta CIIOCTepiraTv 3a pe3yibTaTaMH, [0 CHpHUse TIUOIIOMY 3aCBOEHHIO MaTepialy Ta PO3BHTKY aHAaIi-
TUYHMX HaBUYOK. 3aIpOIIOHOBAHUI pO3pOOJICHUH Ta arpoOOBaHMi HAMH TiJIXiJ] Ma€ KUJIbKa CyTTEBHX IEpeBar MOpiBHS-
HO 3 TpagumidauMu Metonamu. CTyAeHT Moemoe (papMaKOKiHETHIHIH MPOLIEC BiAOBIAHO A0 IHCTPYKIIIi, a Mmicist BU-
KOHAHHA KITBKOX OJHOTHUIHHX [Iiif BXK€ CaMOCTIHO (OpPMYIIIO€e Omepallito, Ky IJIaHye BUKOHATH, IO CIIPHSE TOAAIb-
IIOMY aHaJIi3y Ta y3arajJbHEHHIO.

MaremaTiuuHe MOJIETIOBAHHS SIK METO/] IOCHIPKEHHS Mae JIEKiJIbKa IepeBar Uil HayKOBOi AisUIBHOCTI CTY/ACHTIB:

1) BOHO 703BOJISIE CIIOCTEPITaTH 32 SIBUIAMHU, SIKI BAXKKO BUMIPATH, TAKUMHU SIK Au(y3isd uepe3 KIITHHHY MeMOpaHy,
JIUHaMiKa KPOBOOOITY YU BUBEICHHS JTIKAPChKUX MPEMApaTiB 3 OpraHizmy;

2) CTyJeHTH MOXYTb 3MIHIOBAaTH IapaMeTpH MOJIENeH i criocTepiratu 3a pe3ybTaTaMy, 110 J0MoMarae iM Kparie
YCBIIOMHUTH MeXaHi3MH (Pi3MYHIX SBUII B )KHBOMY OPTaHi3Mi Ta IPOTHO3YBATH iXHIO JHHAMIKY;

3) weit MeTox 1O3BOIISIE BUKOHYBATH YHCIICHHI €KCIIEPIMEHTH, SKi B PEaTbHOMY KHTTI MOXYTh BUMaraTu 3HAYHIX
3aTpar 4acy Ta MaTepiajibHUX pecypciB. BiH Takoxk poO3MIUPIOE MOXKIMBOCTI BUKOPUCTAHHS MisIbHICHOTO MiX0Y, SIKHIi
€ OCHOBOIO Cy4YacHOI Teopii aKTUBHOI'O HaBYaHHS i BU3HAEThCA OaraTbMa IeJaroraMy Ta ICHXOJIOTaMH OJHUM 3 Haid-
OUIBII TepPCIIEKTUBHIUX Ta YHIBepcalbHUX B OcBiTi. CIipaBii, 3HAHHS HE MOXKHA OTPHMATH B TOTOBOMY BHTJIA[I, BOHH 3a-
CBOIOIOTBCS 3aBJISIKM IX BUKOPUCTAHHIO Y TUX 4d 1HIIMX (opmax AisibHOCTI [11, 12], crekTp sSKuX 3HaYHO PO3LIMPIO-
€THCS IPU BUKOPHUCTAHHI METO/1iB MOJICIIIOBAHHSI.

Mertox MOZEITIOBaHHS BUCTYIIAE K (DyHIaMEHTalIbHA OCHOBA BCTAHOBIICHHS MDKIIPEIMETHUX 3B’ A3KiB. [IpakTHaHO
B KOXKHIM TemMi Men4HO{ 1 OiosoriyHoi (i3uku po3risaaoThes pizHoMaHiTHI Mogeni [13 — 16]. Leit HaBuanpHui MeTOX
CIHMPAETbCS HA OCHOBHI (DYHKYIl KOZHIMUBHO2O 6NAUBY: eHOCeono2iuHy (3a0e3NeUeHHs] CHPOLICHOTO JOCIHiIKEHHS
00’€KTiB, IKI HEMOXJIMBO BHBYATH Oe€3MOCEPENHBO); infocmpamugHy (CTBOPEHHS HAOYHOI OCHOBH UL aHAJI3y Ta y3a-
TallbHEeHb); egpucmuyny (OTPUMaHHS HOBHX 3HaHb) Ta iHmezpyiouy (GOpMyBaHHS LITICHOTO YSABICHHS PO AOCIHIIKyBa-
He sBHIIe). Mozenb Halae MPOCTOTY CIPUUHATTS a0CTPaKTHUX XapaKTEPUCTHK O0’€KTIB 1 MPOILECiB BiJ NPOCTHX 0
KOMIUIEKCHHX, TIOJIETTIYIOUH CIIPUAHSTTS iX CTyA€HTaMH.

3aBepIIyour BUBYCHHSA TE€MH, IIPOMOHYEMO CTyIEHTAM B paMKaX MPOEKTHHUX POOIT ONMMCATH iHII CIIOCOOH BBe-
JICHHS JIKapChKUX TpenapatiB. TakuM 4MHOM, BUKOPUCTAHHS €JIEMEHTIB MOJIEIIOBaHHS MPH BUBYEHHI MEINYHOI 1 Oio-
JoTiyHO1 (i3UKHU CHpHsie BUPOOJIEHHIO IHTErpauiiHol crpsMOBaHOCTI (DI3MYHMX Ta MaTeMaTWYHUX 3HaHb, PO3LIMPIOE
MOJKJIMBOCTI 3aCTOCYBAaHHS NiIsUIPHICHOTO MIiAXOLy B HaBUYaHHI, 3a0e3medye mpodeciiiHy crpsiMOBaHICTh AUCIUILTIHH,
(opMye 3aranbHOHAYKOBY KYJIBTYPY, MIICHIIOE MIKAUCIUIDIIHAPHI 3B’ SI3KH.

IlepcnekTHBH MOAATBINIHAX TOCTIMKeHb. ABTOPH BBAXKAIOTH MEPCIICKTUBHUM PO3IIUPEHHS MEX 3aCTOCYBaHHS
MaTEeMaTHIHOTO Ta KOMIT IOTEPHOTO MOJIEIIOBaHHS Ha (hapMaKOKIHETHKY CKIATHIMINX KOMIUICKCHIX IHHOBAIIHAX CITO-
co0iB BBeneHHs JI3 (mapeHTepaibHEe 3a JOTIOMOIOI0 KOMIUIEKCY MIKPOTOJIOK, TApTeTHE 32 JOIIOMOTOI0 CIeNiaIbHUX Ie-
NTHIIB, HAHOCTPYKTYP TOIILIO).

[lepcrieKTHBHIM HAIPSIMKOM IOCHIKEHb € BIPOBA/KCHHS €JIEMEHTIB IOCHTIKEHHS (apMaKOKIHETHIHHX MOJIe-
JIeH B MpoIeC MiATOTOBKH (haxXiBIiB PI3HUX CHENiaJbHOCTEH rary3i OXOpPOHHM 30pOB’s, 30KpeMa B MpakTH4Hi i 1abopa-
TOpHI poOOTH 3 MeAMYHOT 1 Gionoriunoi ¢i3uku. Takuii BUJ HABYAIBHOT JISUTBHOCTI MOXKE OYyTH NMOKJIAJICHUH B OCHOBY
HOBHX BHOIPKOBHX HaBYAIBHHUX JUCIMILIIH Ta CIICIIAIbHUX MIKIUCIUILUTIHAPHUX MIKPOKYPCIB.

BucHoBku. TakuM 9YHHOM, TNPOJEMOHCTPOBAHO IIHPOKUHA CIEKTP MOXKIMBOCTEH 3aCTOCYBAaHHSI METOIIB
KOMIT FOTEPHOTO MOJIEIIOBaHHS NIPH JIOCII/DKEHH] (hapMaKOKIHETUYHHX MPOLIECIB SIK B HAYKOBHX (IIPUKIIAAHKUX 1 TEOPETH-
YHUX), TaK i B OCBITHIX LIISIX.

[Noka3zaHo, 0 YMiHHS 3aCTOCOBYBaTH METOAW MOJICIIOBAHHS Ul PO3B’SA3aHHS NPAKTUYHMX 3aBJAHb Y Cy4YacHii
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MEJUIIMHI € Ba)XXJIMBOIO CKJIQJI0BOIO NMPOoQeciiiHOT KOMIIETEHTHOCTI Cy4acHOro Jikaps Ta ¢apmauesra. Ha npukmnazni oxa-
HOKaMepHHX (hapMaKOKIHETHIHHX MOJIENIEH MPOAEMOHCTPOBAHO METOOIOTII0 CHHEPTeTHYHOTO MMOEJHAHHS (pyHIaMeH-
TaIbHUX (010(I3UKH, MaTEMAaTHKH, KOMIT IOTEPHOTO MOJIEIIIOBaHHS) Ta ()aXOBUX KIIHIYHUX AMCLMILTIH, IO € BAKINBUM
Juist OPMYBaHHS LUTICHOTO YSIBJICHHS IIPO OPTaHi3M JIOIUHH.

BazoBanmii Ha KOMIT'IOTEPHOMY MOJIEITIOBaHHI Pi3HOBHI (DOPMHU peaizallii AisUTBHICHOTO MiAXOMy CIIPHUSIE PO3BUT-
Ky IHTEJIeKTyaJbHUX 3110HOCTEll CTY/AEHTIB, MOKpAIlye PO3YMIHHS CKJIJHUX HPOLECIB, SIKi BiJOYBalOThCS B OpraHi3Mi
JIFOJIMHH, TIJIBULILYE IHTEPEC 10 BUBUCHHS NPUPOAHUYMX JAUCIUILTIH.

JlabopaTopHi poOOTH 3 €IeMEHTaMH KOMII IOTEPHOTO MOJICTIOBAHHS € IEPCIIEKTUBHUM HAIPSIMKOM, SIKHHA MTOTpe-
Oye moIanbLIOr0 PO3BUTKY Ta BIPOBAIKEHHA B HaBYaNbHHWN mpouec. [lnaHyeMo pO3MIMPHUTH MeXi 3aCTOCYBaHHA
KOM’FOTEPHOTO MOJICTIOBAHHS Ha CKJIaIHIIN (hapMaKOKIHETHYHI TPOIECH.
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