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EFFECTIVE DIVERSIFICATION AND STOCK PORTFOLIO DYNAMICS UNDER CONSTRAINTS

This scientific study considers the mathematical problem of optimal diversification of a portfolio of shares in the presence of market constraints. Math-
ematical formulation of the constructing trajectory problem of one share the market value is given in the class of ordinary first-order differential equa-
tions. The procedure for constructing a general solution of such an equation is given. Of particular practical importance is the mathematical problem of
constructing an optimal portfolio structure in the presence of quantitative and qualitative market constraints. Such constraints arise at every moment of
portfolio diversification and their consideration significantly complicates the problem. The procedure for building a dynamic model of the formation of
the market value of one share is based on the application of the market model of W. Sharpe and the fundamental theory by H. Markowitz. The princi-
ples of H. Markowitz theory make it possible to determine the optimal values of the portfolio's expected profitability and riskiness when applying the
procedure for building an optimal portfolio of risky securities. The application of optimal management theory methods in the optimization of the stock
portfolio involves an iterative procedure for determining the optimal structure. The work also considers an important applied problem of applying the
theory of H. Markowitz to solve the problem of optimal diversification of a portfolio of risky investments in the presence of restrictions that are
formed by the stock market at each moment of time. The presence of market restrictions significantly affects the decision-making procedure regarding
optimal portfolio diversification. This scientific study presents an algorithm for optimal diversification of a portfolio of risky securities in the presence
of market restrictions.
Key words: portfolio optimization, fundamental analysis, portfolio diversification, effective set.

B. P. KYJIIH, M. B. KOPOBOBA, O. O. OHBKOBA, I'. O. IOJIEHKO
€DPEKTUBHA IUBEPCU®DIKAIIA TA JUHAMIKA NIOPT®EJS AKIIIIA 3A YMOB OBMEKEHb

VY naHoOMy HayKOBOMY JOCIHI/UKEHHI PO3IJIAAAEThCsl MaTEMAaTHYHA 3aa4ya ONTHMAIbHOI AuBepcudikaiii moprderns akuiif 3a HasIBHOCTI PUHKOBHX 00-
MexeHb. Taka IPUKIIaJHa 33a/1a4a € aKTyaJIbHOI MPOGIIEMOI0 iHBECTYBaHHS Y PH3UKOBaHI akTHBH 1 10 il pO3B’s3aHHS IPUKYTa yBara MPOBIIHUX Ma-
TEMaTHKIB Ta €KOHOMICTIB B ychoMy cBiti. Cepen HaiOinblmn BimoMux MoxkHa Hasath I. Mapkoswuus, [I. Tobina, K. Ito, @. Buek, M. [lloyas,
P. MepTon. MatemaTn4Hy IIOCTaHOBKY 3a1adi OOYI0OBH TPAEKTOPil pyXy OAHi€el akiiil 32 pUHKOBOIO BapTICTIO HABEICHO B Kiaci 3BHYaitHUX qudepe-
HIIaIBHUX PIBHSAHB 1 HOOYJOBAHO, CIIMPAIOYNCE HA PUHKOBY Mozeis B. Illapma. OcobuiiBe NpakTHYHE 3HAYCHHSI Ma€ MaTeMaTHYHA 3a/a4a 00y 10BH
ONTHUMAIILHOT CTPYKTYpH MOPT(dEs 32 HAsBHOCTI KUIBKICHUX Ta SKICHUX PHHKOBUX OOMEXeHb. Taki OOMEXEHHS BHHUKAIOTH IPU AuBepcH(ikaiii
nopTdesst i HeoOXigHICTh TX BpaXyBaHHs CYTTEBO YCKIAIHIOE 3aaady. [Ipouenypa noby 0By AUHAMIYHOT Mozeli popMyBaHHs PUHKOBOI BApTOCTI OA-
Hiel akuii 6a3yeTbes Ha 3acTocyBaHHI puHKOBOi Mozeni B. [llapna Ta ¢pynnamentansHoi Teopii I'. MapkoBina. Y poOoTi TaK0kK pO3IIISIAETHCS BaXKIIU-
Ba NPUKJIaJHA IpodieMa 3actocyBaHHs Teopil I'. Mapkosina 1y po3B’si3aHHS 3a7adi ONTHMAaBHOI JuBepcHdikarii nopTdenst pusHKoBaHUX iHBECTH-
1iit 32 HAsABHOCTI OOMEXeHb, 10 (hopMyroThest GpoHnoBUM puHKOM. Takwmii minxin BpaxoBye noOymoBy Ta 3aCTOCYBAaHHS JOITyCTUMOI Ta epeKTHBHOI
MHOXXHUH 1opTdeniB uiHHuX nanepis. 1{i MHOkuHY, 3rinHo . MapkoBuito, GOpMyIOThCS Ha OCHOBI HasSBHUX HAa PUHKY aKTHBIB. HasBHICTH PUHKOBUX
0OMEXEHb CYTTEBO BIUIMBA€E HA NPOLEAYPY NPUITHATTS PilliecHb MIOJ0 ONTHMAIBHOI quBepcudikanii moprderns. Y oMy HayKOBOMY JOCIIUKCHH] Ha-
BEJICHO aITOPUTM ONTHMAaIbHOT AuBepcHBiKanii mopTdens pU3NKOBaHUX IIHHKX MarepiB 3a HAsSBHOCTI 0OMEKEHb.
KuouoBi ciioBa: ontuMizaiiis, pyHIaMeHTanbHUI aHati3, 1uBepcudikanis moptdens, eheKTHBHA MHOXKUHA.

Introduction. The problem of mathematical description of the dynamics of market value formation of one share
and a portfolio of shares has long been relevant and attracts the attention of scientists and practitioners. According to
H. Markowitz, mathematically, such a problem is formulated as a two-criterion problem of nonlinear optimization. The
criteria are mutually contradictory and it does not have a single solution. Despite this, its practical importance is ex-
tremely great. Taking into account the complexity of mathematical statements and their practical implementation, re-
searchers have identified important principled approaches to decision-making on optimizing the structure of the invest-
ment portfolio. Among such approaches, the most famous can be distinguished:

— H. Markowitz approach, using a valid and effective set, investor indifference curves. The theory of H. Markowitz
is classic and its principles are the basis of many decision-making strategies in the stock market.

— Splitting two-criterion investment portfolio optimization problem into two one-criterion. The mathematical two-
criterion problem of optimizing a portfolio of risky securities involves maximizing the expected return and minimizing
the risk of the investment portfolio.

— Methods of technical analysis. The most common technology for making practical decisions involves the use of
known statistical information about the dynamics of the market value of one share.

— Methods of fundamental analysis. The theory of fundamental analysis is actively developing and includes new
mathematical models and methods for describing the dynamics and procedures for making decisions about the optimal
structure of an investment portfolio. In the researches of K. Ifo, F. Black, M. Scholes, and R. Merton, new fundamental
results are formulated. The results are actively developed and implemented in the practice of decision-making on the
stock market.

In this study an algorithm for identifying of mathematical model parameters of market value dynamics of one share
and a portfolio of shares is proposed. The principle of operation of the algorithm is based on the application of an itera-
tive procedure, at each step of which model parameters are calculated that improve the value of the selected quality crite-
rion. It is worth noting that the choice of model parameter optimization procedure may depend on the selected quality
criterion.

Development of Portfolio Investment Theory. The portfolio model was originally proposed in [1, 2]. Based on
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the relationship between income and risk, H. Markowitz constructs the mean-variance model. He put forward the risk
measurement and the modern principles of portfolio investment. This has laid a theoretical foundation for the researches
of securities investment portfolio. Sharpe’s capital asset pricing model have been known and are used by many investors
when solving the problems of investing in shares [3, 4].

Among other important approaches to solving applied portfolio theory problems, the following can be noted:

— qualitative and quantitative analysis of investment management models [5, 6];

— evolutionary and memetic computing for project portfolio selection [7, 8];

— an exploration of meta-heuristic approaches for the project portfolio selection [9];

— a simheuristic methods for project portfolio selection under uncertainty [10, 117;

Construction of a mathematical model of a stock portfolio. Let's consider a mathematical model of the market-
value of the investment portfolio and build appropriate analytical trajectory. At the time interval ¢ € [to, T ] equation de-

scribing the profitability of the portfolio shares r,, has the form
rp (1) = 22,5 ()7 (1) M

where x; — proportion of shares and type of portfolio; 7 — expected return on equity. Having differentiated both parts of

(1), we get
dr (t) dx~(t) dr, (t)
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The dynamic model of the market value of the stock portfolio will have the following form
dr (t) f.  dx (t) 1
PV g - A A J / ) 3
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This is a first order linear differential equation. Applying the method of variation of arbitrary constants and getting
its general solution
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where

£ (6)=(aySM (1) + 1 (1)) 7, (’)J"ZL'B@'/FJ (1).

In latter ratio the assumptions made phenomenon that describes the dynamics of the formation of the market value
of the portfolio of risky securities. A more detailed analysis indicates two important properties that characterize the mar-
ket value of the portfolio: dynamics depends on the dynamics of both the expected profitability of shares and changes in
the structure of the portfolio. In relation (3) f; is the right-hand side of the differential equation that describes the dy-

namics of the formation of the market value of the shares [5]. Its structure and content corresponds to a market model of
W. Sharpe [3].

We were able to construct a sequence paths at selected time intervals, allowing you to create the initial structure of
the investment portfolio. However, this approach can not effectively influence the structure of investment and not fully
using the mathematical description of the properties listed in mathematical models (4).

Among other, it contains a factor

de; (1) 1
o x,(1)
that describes the possible changes in the structure of investment. To simplify further calculations mathematical model
(4) is presented in more general terms

7 =fp(r xi’xi’ri’i'i)’ i=L1. ®

P p’

Optimal portfolio diversification. In this study, attention is focused on the possibility of applying the theory of ef-
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fective and admissible sets by H. Markowitz for the diversification of the portfolio of risky investments. The real market
involves a dynamic change in the market values of shares, which prompts the investor to actively diversify the portfolio.
According to the algorithm for constructing the admissible set, the portfolio that is more effective in terms of expected
profitability and riskiness for the investor will be located higher and to the left on the "expected profitability — riskiness"
plane. According to H. Markowitz, portfolios that are elements of the effective set will be optimal. Such portfolios are
Pareto-optimal. The classic problem of portfolio optimization is formulated without taking into account restrictions on
changing the portfolio structure. Such a feature significantly affects the possibilities of real investment. The algorithms
proposed in this study make it possible to take into account such limitations and form a portfolio that is closest to the op-
timal one that is potentially possible at the moment on the market. The developed method can be effectively applied to
computer programs that perform automated selection of the optimal portfolio structure.

We consider the problem of optimal portfolio diversification under constraints. Let's move on to the second prob-
lem in the general formulation of H. Markowitz about optimizing the risk of the portfolio of shares that is optimal in
terms of expected profitability. For this, we will use sets of admissible and efficient portfolios corresponding to the se-
lected set of shares. The risk optimization procedure for the optimal expected return portfolio consists in choosing at
each step admissible portfolios that lie on the EF line. This line connects point £, which corresponds to the optimal
market value of the portfolio, and point F', which belongs to the efficient set. This line is parallel to the portfolio's riski-
ness axis. The peculiarity of this selection of the optimal portfolio is that on this straight line, according to the definition,
each of the portfolios corresponds to the same expected return, but the riskiness decreases in the direction of the axis.
This property of the admissible set of investment portfolios allows, on the one hand take into account the restrictions

x()eX(1), i=Ln

and on the other hand — to determine the portfolio of "optimal" expected return with less risk.

D

Efficient set

s
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Fig. 1 — Admissible and efficient sets of portfolios of risky securities.

If the specified portfolio is located at point £, that is, it is one for which it is not possible to reduce the riskiness
according to the rule proposed above, then the "optimal portfolio" is determined by moving it from E , to F', which is
an element of the effective set of portfolios. In effect, this means identifying a portfolio of stocks with higher expected
returns. At the same time, this procedure allows you to constructively take into account existing limitations when diver-
sifying the portfolio. Another mathematical formulation of the problem of optimization of the expected profitability

"y ( T ) of the investment portfolio at a certain time 7 level of its risk T is as follows
N (T)x(T)— max

X (T)yx(T)=1

I'x(T)=1
x(1)20,i=1n,e[t,,T]

X; (t) € X(t),i = I,_n,t € [tO,T]

The procedure for optimizing the portfolio's expected return r, for a certain level of its risk consists in choosing at

each step admissible portfolios that lie on the line 4G connecting point 4 , which corresponds to the optimal portfolio
calculated by expected return, and point G, which belongs to the efficient set. This line is parallel to the axis of market
value r,. The peculiarity of this selection of the optimal portfolio is that on this straight line, according to the definition,
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each of the portfolios corresponds to the same riskiness, but the market value r, increases. This property of the admissi-

ble set of investment portfolios, as in the previous case, allows, on the one hand, to take into account restrictions
x;(t)e X(z), i=1,n and on the other hand, to determine the portfolio with the "optimal" risk and higher expected
profitability.

r, A G D
F 1 K
Efficient set/ Admissible sTt
Ty D
i
o, o

Fig. 2 — Optimizing the market value of the stock portfolio.

If the defined portfolio is located at point K , that is, one for which there is no possibility to increase the expected
return, according to the rule proposed above, then the "optimal portfolio" is determined by moving it from K to F,
which is an element of the effective set of portfolios. In fact, this means reducing the riskiness of the stock portfolio. The
effective set or the set of effective portfolios in figures 1,2 is on the arc. It is a Pareto set [5] for a set of shares existing
on the market.

Prospects for further research. The effectiveness of the application of the above methods may be associated with
the construction of an adequate mathematical model of the dynamics of the market value of the portfolio. The paper pre-
sents one of the possible procedures for constructing such a model. Further research should focus on the development of
approaches to clarifying the structure and parameters of the mathematical model (4).

Prospects for research in this applied field can also be linked to the combination of technical and fundamental anal-
ysis methods together with artificial intelligence approaches. Such attempts have been made in the works [7, 8], as well
as in the studies of other authors. This study is one of the attempts to effectively combine these approaches to decision-
making when investing in securities.

Conclusion. In this study new mathematical formulations of the optimization problems of the stock portfolio struc-
ture are given and methods of their solution are developed. Mathematical problems formulated on the basis of models of
the dynamics of the market value of one share and a portfolio of shares make it possible to solve the problem of optimal
diversification of the investment portfolio, taking into account quantitative and qualitative market restrictions on the
portfolio structure.

The formulation of the problem and built algorithm greatly expand the possibilities of investing, as in every mo-
ment of diversification it is possible to construct a set of alternatives that are equivalent in terms of selected quality crite-
ria. The investor, as in the classical approach, Mr. Markowitz has the ability to take into account when deciding addi-
tional factors that arise in the course of practical investment and are associated with the peculiarities of the system dy-
namics modeling. Mathematical portfolio diversification procedure makes it possible for the above-mentioned models of
the dynamics of the market value of a one share and stock portfolio to solve the problem of portfolio diversification.
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