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MATHEMATICAL MODEL OF THE DEVELOPMENT OF A SINGLE TWIN LAYER IN METAL
CRYSTALS

By analyzing the experimental data available in the scientific literature, a mathematical model of the development of a single twin layer in metal crys-
tals has been obtained. The model has the form of a differential equation, the order of which is determined by the required accuracy of obtaining the
results associated with the solution of this equation. Even in the linear approximation of one of the main parameters of the phenomenological model,
the latter gives qualitatively the same dependences of the development of single twins under different loading conditions compared to the experiment.
Despite a large number of experimental works devoted to twinning, there is still no rigorous quantitative theory of the development of twinning layers
in different media and under different conditions. However, in these works, the mathematical approach was demonstrated only in relation to elastic
twins. This work is an introduction to the creation of a quantitative theory of twinning in metal crystals. Comparisons with the experimental results of
the proposed phenomenological model were limited in this work to the task of demonstrating the performance of the model in the sense of predicting
the most specific effects of the development of twins under various conditions and loading modes. In particular, the model implies the effect of loss
and subsequent restoration of hardening by twin boundaries during stress pulsations, the Bauschinger effect upon a change in the sign of the applied
voltage, and a number of other effects observed experimentally on a number of different metal crystals.
Key words: model, twin, crystal, loading mode, differential equation, forest dislocations.
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MATEMATHYHA MOJEJIb PO3BUTKY OJUHUYHOI'O JBIMHIKOBOI'O ITPOIIAPKY B
METAJINMYHUX KPUCTAJIAX

3a ocTaHHI AeCATh POKIB JBIHHUKYBAHHS 10YAJIO0 JOCHTh aKTHBHO BUKOPHCTOBYBATHUCS IIPU CTBOPEHHI HAHOCTPYKTYpP Ta HAHOTEXHOJIOTIH. 3a 10oMo-
TOI0 aHANI3y EKCIIEPUMEHTAJIBHUX JAHUX, SKi 3HAXOAATHCS Y HAayKOBIi JliTepaTypi, OTpuMaHa MaTeMaTHyHa MOZENb PO3BUTKY OJUHUYHOTO JBIHHHKO-
BOTO IIPOIIAPKY B METAJIEBUX KpUCTanax. Mojess Mae B JuepeHiabHOrO PIBHSHHS, MOPSJOK SKOT0 BU3HAYAETHCS HEOOXIIHOK TOYHICTIO OTPH-
MaHHsI Pe3yJIbTaTiB, OB’ 3aHNUX 3 PO3B’A3KOM L[bOTO PiBHAHHA. HaBiTh y JiHiliHOMY HaOJIMKEHHI OJHOTO i3 OCHOBHUX HapaMeTpiB peHOMEHONOriuHOT
MO/IEJTi, OCTaHHS Ja€ SIKICHO O/IHAKOBI i3 €KCIEPUMEHTOM 3aJISKHOCTI PO3BUTKY OAMHUYHUX JIBIMHUKIB IPH Pi3HUX PEXUMax HaBaHTaeHHs. He3ma-
JKAIOYM Ha BEJIUKY KUIBKICTh eKCIIEPUMEHTAIBHUX POOIT, IPUCBIYCHNX BIHHUKYBAHHIO, CTPOTOl KiJIbKICHOI Teopil pO3BUTKY ABIHUKOBHX IIPOLIAPKIB
y PI3HHX CEepelOBHIIAX Ta B PI3HUX YMOBAX HOKH 1[0 HeMae. B nesikux poboTax omucyBaBcsi pO3BUTOK JBIHHUKIB B TEpMiHAX AUCIOKALIHHUX B3a€EMO-
niit. OpHak, B IMX poOOTax MAaTeMaTU4HUH MiAXiJ MPOJEMOHCTPOBAHUH TIBKU CTOCOBHO NPY)KHUX ABIHHMKIB. LI poGoTa € BCTYHOM 10 CTBOPEHHS
KUIBKICHOT Teopii IBIHUKYBaHHs B METaJIeBUX KpHCTajaX. [IOpIBHSIHHA 3 €KCIIEPUMEHTAIBHIMHU Pe3yJIbTaTaMH 3alPOIIOHOBAHOI (PEHOMEHOJIOTYHOT
Mozeri Oy oOMexeHi y Iii poOoTi 3aauero JeMOHCTpaLil Mpare31aTHOCTI MOZeli B CeHCI nepeadadeHHs HailoinbI cienudivHuX eeKTiB pO3BHT-
Ky JIBIMHHUKOBI 3a Pi3HUX YMOB Ta PEKHUMIB HABAHT)KCHHS. 30KpeMa, 3 MOJIEN Ciliye e(eKT BTPATH Ta MOJATBLIOTO BiJIHOBJICHHS 3MIIIHEHHS MEXaMU
IBIHHUKIB IIpY ITyJbcalil NpuKiaaeHol Hanpyry, edext baymuHrepa npy 3MiHi 3HaKy MPUKJIAIEHOI HANIPYTH Ta PSA IHIIHX e(eKTiB, IO CIocTepira-
FOTBCS EKCIIEPHMEHTAIIBHO Ha Psifii PI3HMX METaJIeBUX KPUCTAIIIB.
Kuro4oBi cjioBa: Mojenb, IBIHUK, KPUCTA, PEKUM HaBaHTaKeHH:I, AU(epeHIliaibHe PIBHIHHS, IUCIOKALT Jicy.

M. E. BOCHH, E. II. TOMO30B, T. I. IPbIT’'A4 . . . .
MATEMATHYECKAS MOJEJIb PA3BUTHA EAJVHUYIHOU IBOMHUKOBOMU ITPOCJIONKHA B
METAJVIMYECKUX KPUCTAJIJIAX

C 1moMOIIbIO aHANM3a HMEIOIHMXCS] B HAYYHOMH JINTepaType SKCIepPHMEHTaNbHBIX JaHHBIX MOJydeHa MaTeMaTHdecKas MOJENb Pa3BUTHUS eIXMHIYHON
JIBOMHHUKOBO#! IPOCIIOAKH B METAUTMYECKUX KpUCTa/Liax. MoJens uMeeT BuA AU GepeHIHaIBHOTO yPaBHEHHS, IIOPSA0K KOTOPOTO ONpPeIeNsieTcs He-
00X0MMO# TOYHOCTBIO TIOJTY4CHHS PEe3yJIbTAaTOB, CBI3AHHBIX C PELICHHEM 3TOr0 ypaBHEHHUs. Jlaxe B JIMHEHHOM HPUOIIIKCHUN OHOTO U3 OCHOBHBIX
apamMeTpoB (PEHOMEHOIOIHISCKON MOJIENH, HOCTIEAHSS JaeT Ka9YeCTBEHHO OJMHAKOBEIC C IKCIIEPUMEHTOM 3aBHCHMOCTH Pa3BHTHS JHHHYHBIX JBOI-
HHKOB IIPU PasHBIX PeKUMax HarpyxeHus. HecMoTpst Ha 60JIbIIOE KOIMYECTBO SKCIEPHUMEHTAIBHBIX PAbOT, MOCBSIICHHBIX JBOHHUKOBAHHIO, CTPOTOH
KOJIMYECTBEHHOW TEOPHHU Pa3BUTHsI JBOWHMKOBBIX IIPOCIOCK B PasHBIX CPeJax M B Pa3HBIX YCIOBHSX IIOKa HET. B HEKOTOpHIX paboTax OMMCHIBAIOCH
pa3BUTHE TBOWHHKOB B TEPMHHAX JHCIOKAIMOHHBIX B3auMoelcTBuil. OfHAKO, B 3THX paboTaXx MaTeMaTHYECKHIl TOAX0M ObLI IPOJEMOHCTPUPOBAH
TOJIBKO IPUMEHHTENBHO K yIPYTHM JBOHHHKaM. JlaHHas paboTa sBIISETCS BCTYIUICHHEM K CO3JaHUIO KOJIMYCCTBCHHOMN TEOPUH JBOHHUKOBAHHS B Me-
TaIMYeckui kpucramiax. CpaBHEHHS C 9KCIEPHMEHTAIBHBIMI PE3yJIbTaTaMH IPE/UIOKCHHOH (hEHOMEHOJIOIHYECKON MOJEIN ObUIH OrPAaHHYCHBI B
JTaHHOMU paboTe 3ajaueill AeMOHCTpanuy paboTOCIIOCOOHOCTH MOJICIH B CMBICIIE ITpe/icka3aHus Hanboiee cnenupuaeckux Qp(EeKToB pa3BUTHS ABOM-
HHKOB IIPH Pa3INYHBIX YCIOBHSAX M PEKHUMax HarpyxeHus. B yacTHocTH, n3 Mozenu crneayeT 3(GeKT notepu M IMOCICAYIONIEr0 BOCCTAHOBICHUS
YIPOYHEHNS IPaHNLAMH JBOWHHKOB NPH IyJIbCAI[MN HATpPsDKEeHHMH, a3 ekt bayumnrepa npu M3MEHEHNN 3HAKa NMPHIOKEHHOTO HAMPSDKCHUS H PsiT
Ipyrux 3¢ dexToB, HAGIIOAACMBIX SKCIIEPIMEHTAIBHO Ha PSIe Pa3INYHBIX METAUIMIECKUX KPHCTAILIOB.
KuioueBble cJ10Ba: MOJIENIb, IBOMHUK, KPUCTAILT, PEXXUM HarpyxeHus, AndepeHnnansHoe ypaBHEHNE, JUCIOKALNHY Jeca.

Introduction. Twinning deformation has become the subject of close study in connection with the development of
cryogenic technology, which is necessary both for space research and for the development of technologies requiring
low-temperature conditions. Over the past decade, twinning has begun to be used in the creation of nanostructures and
nanotechnology. Despite a large number of experimental works devoted to twinning, there is still no rigorous quantita-
tive theory of the development of twinning layers in different media and under different conditions.

Analysis of recent research. The development of twins in terms of dislocation interactions is described in [1]. The
work [2] is also of some interest in this sense. However, in these works, the mathematical approach was demonstrated
only in relation to elastic twins. The experimental results that we used in this work were obtained, firstly, on different
materials (primarily on metals): zinc [3, 5, 7, 8, 9, 11], beryllium [6,12], bismuth [10], iron and its alloys [4], etc.; sec-
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ondly, under different loading conditions: under creep [9], under shock loads [11], under cyclic loads [12], under uni-
form loads [4; 7], under stress pulsations [8]. It was also interesting to take into account the presence of defects in crys-
tals, for example, the type and density of forest dislocations [7], radiation defects [10].

Formulation of the problem. In this work, an attempt is made to obtain an isotropic mathematical model of the
behavior of twinning layers, the conclusions of which would correspond to the experimental results. We emphasize that
so far we are not talking about the creation of a rigorous mathematical theory; only after clarifying the exact meaning of
the phenomenological parameters can we talk about the transformation of the phenomenological model into a physical
and mathematical theory.

Mathematical model. Fig. 1 shows a particular case of the arrangement of a twinning layer in the parent crystal.
Particularly, firstly, the twin is plane-parallel (most of the twins are wedge-shaped, and the top of the twinned wedge can
be located inside the crystal), and secondly, twin boundaries are perpendicular to the faceting of the sample only at a cer-
tain orientation of the latter. The initial thickness of the twin is indicated in Fig. 1 through « 5, ». After the load P is

by i applied (as shown in Fig. 1), the thickness of the twin increases and reaches
> the value Ab. We denote the relative thickening of the twin by ¢ :
Ab
E=—.
by
Taking into account the property of twin boundaries to accumulate and
possibly lose hardening which is irreversibility and reversibility observed
during the development of twins, we represent the relative thickening of the

)

Fig. 1 — particular case of arrangement of
twinning layer in parent crystal.

twin in the form:
E=¢,+¢p, 2)
where &, — is the elastic part of the thickening, which disappears after stress relief, and &, — the plastic (irreversible)

part of the thickening.
For &, by analogy with Hooke's law, we write

Ee ="7> (3)

here G, plays the role of an elastic modulus for a single twin.
For ¢p, using the concept of viscous resistance forces that cause irreversibility of the displacement of twin bounda-

ries, we can write by analogy with the well-known Newton's law (the stress of resistance to plastic shear is proportional
to the strain rate):
de . O
Le g, =2, @)
dt n
here 7 is a parameter that has the dimension of the usual viscosity coefficient.
With the growth of the twin, the value of 77 changes in connection with a change in the dislocation structure in the
vicinity of the twin boundaries and, consequently, with a change in the "viscous resistance" forces. That's why
n=n (5 P) . (%)
Restricting ourselves to the linear part of the expansion of 77(&; ) in the Maclaurin series, we write:
dn
n(ep) =iy +——¢ép, (6)
dep
here 7, is the value of 77 at &,=0. From (6) and (4) we find:

dn . i dn dep . .
o= +——¢p |Ep =NyEp +——X——&p =NyEp +7)E, . 7
(770 dsp Pj p =Mép dep  di p =Mép t1E, (7
The parameter 77 has the dimension of the elastic modulus, so we introduce the notation:
=G ®)
From (2), (3), (7) and (8) we obtain a differential equation connecting cande :
0'+T£o":G(£+rG£'), ©)]

here
G,G
==, G=22 o - (10)
G +G, G +G, G,
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Note that equation (9) has a form similar to the equation of the standard linear body. The value of G in this model
is the relaxed elastic modulus, t.andr, — are the stress relaxation times (at constant deformation) and deformation (at
constant stress), respectively.

Solving equation (9) with either law o (¢) or £(¢) given, we find the other function. Comparing the curves &(¢)

and o(t), that is, making a formal change in the solution ¢ — (o) or t — (&), one can construct diagrams o —¢ .
Comparing these diagrams with the experimental curves o-(e), it is possible to recover the parameters Gi, Gz, 7, (see

below).
Equation (9) is an approximate model of the twin development process. To increase the accuracy, one can take into

account the next (quadratic) term in the expansion of 77(5,,) in powers of ¢, . Then instead of equation (6) we get the
formula:
dp 1 d’n ,

Ep )Ry +——&Ep +—X Ep, 11
77(P) o ngPng%P (11)

and instead of (9), the equation

o 2
(. dj [ a] | [‘c) [ d] _
o=ny| é—— |+G| e —— |+ =x—2L | &l 6 —— |-G,| e-— ||. (12)

i
G2

Here & is a new parameter, the meaning of which, like the meaning of other parameters, can be determined by

studying their dependence on various factors (temperature, speed and loading mode, structure, etc.).
Let's consider the main loading modes.
1. Creep mode.
Equation (9) can be written under the condition o = const :

L1
E+—e=

T, Gr,

(13)

The solution of the resulting linear inhomogeneous differential equation with the initial condition &|,_,=0 has the

form:
t

o
e=—|1-e " |. 14

G (14

Comparison of equation (14) with the experimental creep curve will make it easy to recover the parameters G and

Equation (12) gives a more cumbersome expression for the creep. Substituting o = const into equation (12) and
resolving the result obtained with respect to the highest derivative, we obtain:

28% (nye—0o) 28 ¢,

&= 5 T p + E (15)
G, (5 - O—J e :
G, 2
Equation (15) does not explicitly contain the time t and therefore admits a decrease in the order.
2. Active loading mode at ¢ = const .
We put 6 =, that is,
o=Ct. (16)
Equation (9) then takes the form
L1 C
3+Z8—G—Ta(t+rg) (17)
The solution to this equation under the initial condition & |,_,= 0 is the function
C —]C
g_E(rE—rg) l-e ot (18)

The relaxation times 7, and 7, in metals are most often related by the inequality 7, < 7, thatis, G, > G, . Fora

loading duration ¢ < 7 from equation (18) we obtain:
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& :Ltz.
21,

Substituting (16) into a more precise equation (12), we get:

&)

g_i

é:2%[@(5’—L}(g—Ltj—Lt}i(g—L]. (20)
( [:tj G, G, G, G G, G,

(19)

2

If we introduce an auxiliary function (p(t) =& _Git , then instead of (20) we can write
2

N2
¢:2(£j [”—°¢+¢—£zj+£¢. 1)
@ G

Recall that Lt =2 s the elastic part of the deformation, so that the function ¢(t) has the meaning of the irre-
2 2
versible part of the deformation &, =¢—¢,.
3. Active loading mode at & = const .
Let € =kt, i.e., the rate of deformation change is
E=k. (22)
Equation (9) then takes the form
1 kG
o"+—0'=—(t+z'6). (23)
T, T,
The solution of this equation with the initial condition o |,_,=0 leads to the function
t

o =kGt+kG (7, —7,)|1-e ™ |. (24)

Expression (24) can be simplified by expanding the exponent in a Maclaurin series and choosing 2 — 3 terms in the
expansion. But this requires the fulfillment of the inequality ¢ <z, which should be dictated by the conditions of the

experiment.
Substituting (22) into equation (12), we obtain:

L \2
I -
(ﬁzZﬂxL{a—no[k—iJ—Gl [kt—iﬂ—@[k—i}:. (25)
G ( o jz G, G, G G,
ket ———
G,
We introduce an auxiliary function
o
w(t)=kt G (26)
This function has the same meaning as gp(t), introduced earlier, that is, it is the difference between deformation
and its elastic part. But since plastic deformation in the modes ¢ = const and & = const proceeds in different ways, the
functions () and ¢(z) are significantly different. Taking into account (26), equation (25) can be written in the form:
. i (. G+G, G, G, ..
S e e e e
The solution of this equation under the initial condition o |,_,=0 or, which is the same, y |,_,=0 gives the de-
pendence G(l‘) during loading. The latter can be measured experimentally. Comparison, firstly, provides information

about the effectiveness of the model, and secondly, it allows to determine the parameters G, G,, 1,, &.

4. Mode of pulsating loads.

Let us choose for the pulsation the regime & = const = during loading and & = const =(' during unloading. Let
also the loading rate be significantly less than the unloading rate C < (', as it was in the experiments [8]. The voltage
ripple amplitude is denoted by o, . Solving equation (9) sequentially, first for loading at a rate of ¢ =C, then for un-

loading at a rate of & =C’, then for repeated loading at the same rate C and for unloading at a rate ', etc., we obtain a
diagram similar to that obtained experimentally in [8]: with each cycle, a certain displacement of twin boundaries is ob-
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served, which decays with the number of cycles. For each repeated cycle, the relative displacement of twin boundaries is
equal to
_ 9o
B =gle M (28)

oy . . . . . . . . .
here &' =g, —G—O is the relative displacement of twin boundaries during the first loading cycle minus the elastic part
2

o . . .
—U  Experiments [8, 12] show that the most stable measure of this loss effect and the subsequent restoration of harden-
2

ing by twin boundaries under voltage pulsations is the value ¢ =2 f, . The series with terms given by (28) is conver-
gent, it is easy to calculate its sum:

o0 , 1
o= Zﬂk =& LT . (29)
k=1 oml g
Relation (29) is in satisfactory agreement with experiment.

5. Mode of alternating loads.
Let us apply equation (9) to study the behavior of twin boundaries under alternating loading of the sample. Let the

second loading, in contrast to the case considered above, be performed at a speed ¢ = —C, that is, a load of the opposite
sign o =-Lt is applied (the time is counted from the beginning of repeated loading). Under the initial condition
&l,_o=¢" for &(t) we find:

C ~ C
e=|e'+—(r, -7, )|e " +—(r, -7, —1). 30
[ o7 75) oo =7.~1) (30)
By the time ¢, stress — o, and deformation &, will be reached, which is calculated by substituting the value

ty = 20 into expression (30). If we postpone the 6‘(0‘) curve under loading of the opposite sign in the positive direc-

C

tion of the coordinate axes, as is done in the illustration of the Bauschinger effect [13], then for o = o,, the deformation
value will be
& =2¢"-¢,. 31)
The measure of the Bauschinger effect is usually taken as the measure of the discrepancy between the curves of re-
peated loading in the forward and reverse directions at |0| =0, . Denoting it by S, , we obtain

t

Py =2¢"|1-¢ @ |. (32)

. o o, . .
or, making the substitution #, = =2 instead of (32) we write

C

By =2&'|1-e % |, (33)

Expressions (32) and (33) make it possible to estimate the measure of the Bauschinger effect in twinning within the
framework of the phenomenological consideration described above. To simplify calculations, consider the limiting case
7, <1, and t < 7, . Moreover, from (32) we find:

By = 2€’ﬁto, (34)
o

2
to =y 7R (35)
C
, 2¢g
By = 26'G, /—E 0 (36)
o

or, setting ¢’ =~ g, (since for G, > G, ¢, < &p, €, < &), instead of (36) we can write
2
G, 3

&y -
It

and from (19) for #, we have

Substituting (35) into (34), we obtain

Py ~2V2

(37
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Approximate formula (37) is more convenient for analyzing the dependences of f; on various factors.

6. Values of phenomenological parameters.

Thus, the mechanical behavior of twin boundaries under different loading conditions within the framework of the
proposed phenomenological consideration is described in terms of three parameters G;, G,, and 75,. These parameters
are determined both by the characteristics of the twin boundaries themselves and by the defect structure of their sur-
roundings and should, therefore, depend on the degree of incoherence of twin boundaries, the type and density of forest
dislocations in crystals, the presence of clusters of point defects, etc.

The parameter 77, is most easily determined by comparing the experimental dependence g(t) during the loading

period with the approximate formula (19), which includes only this parameter. The comparison showed that this parame-
ter is sensitive to the density of dislocations of the body in crystals: with an increase in the initial density of the pyrami-

dal forest in Zn crystals from 10° to 10" cm™, the value of 1, increases from 9-10° to 4,5-10* MPa-s. This makes

it possible to assume that the viscous deceleration of twin boundaries is largely due to the presence of forest dislocations
in the crystal.
The parameter G, with a known value of 7, can be found from the measured values o or f; using formulas (29)

and (36). The order of this value for twins in Bi and Zn crystals is 10 MPa.
The parameter G, is easily estimated from the reverse displacement of the twin boundaries after unloading the

crystal, that is, from the value of the elastic part of the relative deformation &, using formula (3). The order of this value

G, ~10* MPa (for Bi) and G, ~10°> MPa (for Zn), which confirms the condition G, > G, used above.

Results of work. Thus, the proposed model predicts the behavior of twin boundaries under various loading condi-
tions. After obtaining a mathematical model by comparing its conclusions and experimental data, some conclusions were
made about the meaning of the phenomenological parameters included in the model equation.

In particular, the model implies the effect of loss and subsequent restoration of hardening by twin boundaries dur-
ing stress pulsations, the Bauschinger effect when the applied voltage changes sign, described in the literature, and a
number of other effects observed experimentally on a number of different metal crystals.

Prospects for further research. In the future, the authors intend, by analyzing all the experimental data available
in the literature, to clarify the meaning of all the phenomenological parameters of the phenomenological model proposed
in the work. Only after this can we talk about the creation of a quantitative theory of twinning.

Conclusions. This work is an introduction to the creation of a quantitative theory of twinning in metal crystals.
Comparisons with the experimental results of the proposed phenomenological model were limited in this work to the
task of demonstrating the performance of the model in the sense of predicting the most specific effects of the develop-
ment of twins under various conditions and loading modes.
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