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STUDYING THE BEHAVIOR OF RANK (QUASIRANK) AND INFINITESIMAL CORRELATION
FUNCTIONS OR CORRELATION DIFFERENCESIN LINEAR TRANSFORMATIONS OF RANDOM
FUNCTIONS

The first-order linear stochastic equatimﬁ n+1) = ax( rj+ hf( r) x(n)\n:O =¥ determines the simplest kind of regression signal that is widely
used in applications. The case where the right part is a non-stationary sequence has not actually been investigated. In the paper the properties of the <
lution of this equation are studied within the framework of the correlation theory in the case'(«rt)erh)elongs to a particular class of random non-

stationary signals, in addition, the classification is carried out using the concepts of rank or quasirank of non-stationarity. The Hilbert approach to the
correlation theory of random sequences utilized in the paper allows us to study the question of the asymptotic behavior of the correlation function and
makes it possible to obtain a simple inhomogeneous representation of the correlation function in terms of the correlation difference.

Key words: correlation function, mathematical expectation, non-stationary random sequences and processes, rank of non-stationarity.

H. B. YEPEMCBKA

JOCJIKEHHS TTOBEAIHKY PAHTY (KBA3IPAHT'Y) TA IHOIHITE3UMAJBHUX
KOPEJSILIMHUX ®YHKLI ABO KOPEJISILIMHWUX PI3HULB IMTPU JITHIHAX
MPEPETBOPEHHSIX BUITAJIKOBUX ®YHKLITIA

Jliniiine pisHuLeBe CTOXACTHYHE piBHsHHA nepuioro nopsiaky X(n+1)=ax( N+ &( 1), x(n)‘rrO = X%, BM3HA4ac HANNPOCTIWMIA BUX perpeciiHoro
CHUTHAITY, KU IHPOKO BUKOPUCTOBYETHCS B 3aCTOCYBaHHAX. Bumaiok, Komm npaBa YacTWHA € HECTAlliOHAPHOIO MOCTIIOBHICTIO, ()aKTHYHO HE J0CIi-
JUKyBaBcsl. B cTaTTi JOCIIDKYIOTECS BJIACTUBOCTI PO3B’A3KY LIBOTO PIBHSHHS B MEXaxX KOpEJALiNHOI Teopii y BUNaaKy, ko & (n) HAJIEKUTb TOMY
YY iHINOMY KJIACY BUIAJKOBUX HECTALliOHAPHUX CUTHAIIB, JI0 TOro *k Kiacuikalis 31ifiCHIOETbCA 3a JOIOMOIOI0 MOHATh paHry a0o0 KBasipaHry He-
cTarioHapHocTi. ['iM0epTiB MiAXia 10 KOPEILiiiHOI Teopii BUMAIKOBHUX MOCIHiZOBHOCTEH, BUKOPUCTAHUI y CTATTi, JO3BOJIAE AOCTIIKYBAaTH MUTAHHS
MPO ACUMITOTHYHY TOBEAIHKY KOpETALiiHOT QyHKIii i OTpUMaTH MpocTe OAHO3HAYHE MPEICTaBICHHS KOpeIiitHoi QyHKLIT yepe3 KopesuiiiHi pi3-
HUL.

Kuo4oBi cjioBa: kopensniiina GyHKIis, MaTeMaTH4HE O4iKyBaHHs, HECTAalllOHApHI BUIAIKOBI MOCIIJOBHOCTI 1 MPOLIECH, PAHT HECTalLliOHAPHO-
CTi.

H. B. YEPEMCKAA
UCCJIEAOBAHUE MOBEJEHWS PAHT'A (KBASUPAHI'A) U MHOUMHUTE3UMAJIBHBIX
KOPPEJSILMOHHBIX ®YHKLIUI WU KOPPEJSILMOHHBIX PASHOCTEM MPU JIMHENHBIX
TMPEOBPA30OBAHUSIX CJIYYAUHBIX @®YHKLUN

JluneiiHoe pasHOCTHOE CTOXACTHYECKOE ypaBHeHue nepeoro nopsaka X(n+1)=ax( )+ &( 1, x(n)‘m0 = X% ompeenseT NpOCTEHIINil BUL per-
PECCHOHHOTO CHTHANA, KOTOPBIH IIMPOKO HCTOMb3yeTcs B MpHiokeHHsx. CiTydaif, Koraa npaBas 4acTh MPeCTaBIseT coboii HECTAIMOHAPHYIO MOCTIe-
JIOBATELHOCTh, (DAKTHUECKH HE MCCIIeNIoBalcs. B cTaThe MccienyloTes CBOMCTBA PeleH s 3TOr0 ypaBHEHHs B paMKaxX KOPPEISUMOHHON TEOPUH B
ciyaae, korna &(N) NPUHAUICKAT TOMY HIM MHOMY KJIAcCy CITyYaifHBIX HECTALMOHAPHBIX CHTHATOB, NPHYEM KIacCH(UKALWS OCYMECTBIACTCS C

TIOMOIIBIO MOHSTHIT paHra WM KBa3UPaHra HECTALMOHAPHOCTH. [ MIbOEepTOB MOAXO K KOPPEIALMOHHON TEOPHH CITy4aliHBIX MOCIEI0BAaTEIbHOCTEH,
HCHOJIb30BAHHBI B CTAaThe, MO3BOJISIET UCCIIE0BATh BOIPOC 00 aCHMIITOTHYECKOM TTOBEICHUH KOPPEIISALIMOHHOM (YHKIMHU ¥ HOTYy4YUTh HPOCTOE OJIHO-
3HA4YHOE MPEJICTABICHNE KOPPEIALMOHHOM (YHKIMY Yepe3 KOPPEIALMOHHYIO PAa3HOCTb.

KnroueBsie ¢10Ba: KOppensALroOHHas (yHKIHSA, MaTEMaTHIECKOE 0XKUIAHNE, HECTALOHAPHBIE CIIyYaifHbIC MOCIECA0BATENLHOCTH U TIPOLECCHI,
paHT HECTALIMOHAPHOCTH.

Introduction. To solve applied problems, it is often necessary to consider deterministic linear transformations of
random functions and find appropriate probability characteristics (mixed moments of various order, distribution laws).
For instance, a necessity might arise in finding statistical characteristics of the output of a linear filter if the input is sub-
jected to a random influence or determining statistical characteristics of an electromagnetic field on a chaotic screen, etc.

Analysis of recent research. An important role in applications is played by the class of linear transformations that
preserves the properties of stationarity (homogeneity) [1 — 4]néioistationary(inhomogeneogsrandom functions,
the structure of linear transformation did not play any role, since there were no characteristics that would describe devia-
tions fromstationarity (homogeneity The introduction in [8, 9] of infinitesimal correlation functions and correlation
differences necessitated the consideration of new problems related to the study of the behavior of these functions in the
linear transformations of random processes, sequences and fields. Obviously, with an arbitrary linear transformation of a
stationary (homogeneous) random function, a new random function arises, which has, generally spealinge
rank (quasiranR. Therefore, as in the case of linear transformations of stationary random functions, we should restrict
ourselves to the corresponding classes of linear transformations [5, 6].

Formulation of the problem. To simulate a wide range of processes with discrete time, stochastic linear differ-
ence equations are used with a random right-hand part representing a discrete white noise [3, 7]. The case where th
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right-hand part is a sequence belonging to a class of non-stationary random sequences has not actually been investigated.
Also the nature of non-stationarity has not been studied. Given the above, the relevant task is to study the properties of
the solution of linear difference stochastic equation of the first order (1) within the framework of correlation theory in

the case when it belongs to a class of random non-stationary signals, in addition, classification is carried out by means of
rank concepts [8] or quasirank non-stationarity [9].

M athematical model. We begin by considering the linear first-order difference stochastic equation:

x(n+1)=a( g+ #( ), x(n) =%, €

n-1
the solution of which is x(n)=a"%+ by d&(n1- ). If x(n)|
i=0

eyt = %, then x(n)=ad""™x+

n-1 n-1 o
+b Y a" DE(K); if ng - —w and [ <1, then x(n)=bY d*DE(K= b @E( 1~ P (steady mode),
k=ry k=-00 p=0

where £(n) is a random sequence with a given expected vBIdgn, w) and known correlation functid€;; (n, m).
Besides,Mx(rny, w)= Mx (w), %(w) and &(n, w)— are independent random variables.

Note that (1) defines the simplest kind of regression signal that is widely used in applications. Most often, when
analyzing a system of form (1),‘,(n) is assumed to be a stationary random sequence, morKgy(an, m) = Oy

where d,,,, is a Kronecker symbol
From (1), for the steady mode correlation function, we obtain

a0 <[t 3, & & k(3= p iy (<), @

Consider some particular cases of (2).
Let {(n) be a stationary in a broad sense random sequence. Then

2 0 —
Ky (N M) =4 Z & d Is’{( mm(p Y= K(r o
p.q=0
that is x(n) is a stationary random sequence.
1) This fact is well known in applications [4], and the rank of non-stationarilg( 0) is zero.

2) Let f(n) be a non-stationary dissipative random sequence of finite non-stationarity ramkch has an opera-
tor image inthe correspondingHilbert space H of the form E(n) = A'¢,, where A is a limited dissipative operator

with afinite non-HermitiansubspacedimImAH =r <o . Then
r 00 P —
Kee(nom) =33 8, (n+7)¢, (m+7)+ KD (n-n),
a=1r=0
where ¢(n) = < A&, g>, g is a channel element of the operafor and forK,, (n, m) we get

r o

K (nm)=> > 0, (n+7)d, (m+7)+ Kig)(n— ny,

a=17=0

where @, (n+7)=>" ag, (n-1- p+r). It follows that x(n) is a non-stationary random sequence which rank does
p=0
not exceed.
If we consider unsteady solutions of stochastic difference equation (1), thKQXﬁH, m) we have

n-1m1 —
Ko (nm) =687 > d Ak (m1- jm1-)). 3)
j1=0

It can be seen from (3) that even Whé('n) is a stationary random sequemx(én) is a non-stationary sequence.

Consider the case wheli; ( p, q) is of the form:
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Kee(p.a) = i:lwa( P¥a (9. (4)

wherey, (p) :<Ap£0, q,>, e, is a basis in the Hilbert spadé .

Equality (4) is a finite-dimensional analoguetbé Karhunen— Loevedecompositiorfor random sequences [10].
Then from (3) given (4) we obtain:

Ky (. m) = z W, (), (m, ©)

-1
where W, (n) = nz aly, (n-1- ).
j=0

The rank of non-stationarity in this case does not exc&redsince each summand in (4) or (5) generates two
summands in the correlation difference. For example:

if Kee (P, o) =¢ ()¢ (9), then Ky (p q)=w(nw(m, W(n)= Zl)ajw(n—l— i) and

W(nm=Kn - Kl m)= LP(ﬂ)“”(m)-“’(n+1)“”(rﬂ*l)=§6a(n)Ja;z@ﬁ(m),

where ©,(n)=¥(n), ©,(n)=W(n+1), that is ©,(n+1)=0,(n), and the matrix J has the form

1 0
J :(O 1) (in the general cas¥ (n) and W (n+1) are linearly independent).

It can be seen that the rank of non-stationarity does not exceed two. It is equal to one in the caB(an)/hmd
W(n+1) are linearly dependent functions.

Considera Hankel randomsequenceé (n) with Kg (n,m) = K (n+ ). Then in the steady mode we obtain

from (2) thatK, (n, m) :|k12 i 4 Ke(nt m p e 2), henceK,, (n, m) depends only om+m. If &(n) is of

P.G=0
finite quasirank, that i (n, m) is represented in the fort; (n, m) = ﬁi% (n- I)m+ KS)(”*’ m),
then we obtain a similar image fd,, (n, m): o
Kl )= 330, (n-1)@, (m+1-1)+ KO (n+ ),
a=1i=0
where®, (n) = i aPg, (n- p-1).
p=0 o .
Remarkln the unsteady modi,, (n,m)= > > ®(n,r)®(m7), where®(n,7)=bY alg, (n-1- j+7).
jl=0 7=0 i=0

0

SinceW(n m =| I¢2 Y o(nr)e( mr)-| 52(13( rl,7)®( m17), then the rank of the corresponding quadratic
=0 7=0
form in the general case is infinite.

Consider a linear system in the case of continuousttimkich is described by a stochastic differential equation of
then—th order of the form:

LE®) =n(t), ©)
n k
wherel, = Z ak;j—k , and/7(t) is a random process with a known mathematical expectation (let it be zero for simplic-
k=0

ity) and a correlation functior,, (t, s) . Taking into account the corresponding initial conditions at,, the solution
of equation (6) has the form:
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t
gt(t) = &uniform (t)+_[G(t_S)/7(S) ds, @)
0
where G(t-s) is the correspondingCauchy (Green’s) function If all the roots of the characteristic equation

n
Zak/]k =0 are negative or have a negative real part, then in (7) one can pass to the ltgit.for and obtain the
k=0
steady mode:
t

fsteady(t) = _[G(t—s)q(@ ds. (8)

It follows from (8) that if/7(s) is a stationary random process, th@{gady(t) is also a stationary random process.

This simple reasoning is the basis for solving many applied problems of the correlation theory of stationary random
processes (linear problems of filtering theory, forecasting, and others). [2 — 4, 7, 11 — 15].

We note that if/7(s) is a non-stationary dissipative random process of finite rank of non-stationarity, then it fol-

lows from (8) that{steady(t) is a non-stationary random process of finite rank of non-stationarity that does not exceed

r [ee]
the rank of the non-stationarity of(s). Indeed, sinceK,, (t, s)=ZI¢a (t+7)¢, (s+7)dr then we obtain for

a=1o
r 00 00
Ke (t,s) the image g (t, s)=ZI<Da (t+7)o, (s+7)dr, where ®, (t+r)=IG(01)¢a(t+r—al)dal. In this
a=1p 0

r
case, the infinitesimal correlation function has the fggpft, s) = > @, (t)®, (9. The statement is also true for non-

dissipative ~ non-stationary ~ random  processes, wher¥, (t,s) is of the fornK  (t,s)=

© r -

I Y . (t+7)34585(s+7) o, with theinvolutivematrixJ =(J,4) , such thatd® = 1, J7=J.

oa.B=1
If in equation (6) the coefficienta, depend on, then the rank of the non-stationarity is, in general, not finite, be-

causeé (t) takes the formynderzeroinitial condition3 &(t) IG (t-s)n(9 dsand
to
tt

K (t.s) = ”G(t,al) G(s0,) K, (01,05) d71W2=Zr:T¢a(t* r)®, (s 7) dr,

to to a=lo

t r N
where @, (t, r)=IG(t,Jl)¢a (0,+7)do; and the rank ofthe quadratic form ) V&c(ta,tﬁ)aaaﬁ, generally
to a,p=1

—F 0P, (s T
speaking, is infinite, smcv&( t s ZJ'( (s, T)+¢a(t, r) aa( )jdr
a=10p S
If we turn to linear transformations of fields, a sufficiently general linear transformation of the field

£(x) (x=(%..... %)) has the image:
)=Je(x () o, ©)

where G(x, y) is Green's function of the corresponding differentiainbegro-differentialoperator, and /7(y) is the
field of given random sources. B(x y) = G( x- y), andV = R, , then
&(x) = I G(x=y)n(y) dy. (10)
Rn
It follows from (9) thaté(x) is a statistically homogeneous fieldjf(y) is a statistically homogeneous field. If

the field /7(y) has a finite rank of inhomogeneitythen, as in the case of non-stationary random processes, it is easy to

show that the fieIcE(x) has a rank of inhomogeneity that does not exceed
For continuousHankelrandomprocessesandfields it is also true that the solutions of the form (7), (10), which
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can be considered as linear transformations of the Hankel process or Hankel field, phessnvgerty of Hankelin-
variance and random processes and fields of finite quasirang are mapped into random processes and fields of finite qua
sirang.

The following statement is crucial for further study. If we consider the general linear problénofdahe form:

LE(x)=n(x), (11)
whereL is an arbitrary linear deterministic operator, a7(d<) is a random process or a field with a continuous correla-
tion function, then embeddinq(x) into corresponding Hilbert spade, we also obtain a corresponding embedding of

{(x) in H,, and stochastic problem (11) turns into a linear deterministic problet) iof the form L, =7, . Within

the framework of the correlation analysis of this problem, the corresponding correlation function is represented by a sca-
lar product:

Ky (% Y) =<f7x,f7y>Hq ,andKg (x, y) =<( )| L_lf)y>H

This transition follows directly from Karhunen — Loeve orthogonal decomposition and can be used for solving linear sto-
chastic problems.

Prospects for further research. The results obtained can easily be transferred to the case of vector equations of
the form (1), wherea and b are matrices of the corresponding order, or waeand b are operators in auxiliary vari-
ables. The proposed approach can be used to model non-stationary random sequences and their classification in th
framework of correlation theory.

Conclusions. Thus, the correlation differences introduced in [8, 9] allow one to study quite completely the non-
stationarity structure of some classes of random sequences, which are determined by stochastic difference equations. Tt
Hilbert approach to the correlation theory of random sequences allowed us to study the question of the asymptotic be-
havior of the correlation function and made it possible to obtain a simple inhomogeneous representation of the correla-
tion function in terms of the correlation difference.
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CucreMHuit MOyb «PEe3UCTEHTHICTE» EKCIIEPTHOI CHCTEMH 3 HEHITKUM JIOTIYHUM BUBEJIEHHSM MOOYI0OBAHO 3a Pe3yJIbTaTaMH SIKiICHOTO Ta KiJIbKiCHO-
ro aHani3y npodeciitHuX puU3HKiB CTaHy 3J0pOB’ s pOOOYMX MiAMPUEMCTB XiMiko-(papmarieBTHUHOI ramy3i Xapkosa Ta XapkiBcekoi o6macti. Moayns
«Pe3UCTEHTHICTH» € CKJIAIOBOIO YACTHHOIO HEUITKOI ekcrepTHOi crcteMu «PYU3UK» OliHKK PU3KMKY PO3BUTKY NPOQECIiHO 00YMOBIICHUX 3aXBOPIO-
BaHb. SIKICHHMII aHaNi3 PU3UKIB HAJ[aB MOMIIMBICTh iMeHTU(IKyBATH HANOIIBII BIUTMBOBI HAa CTaH 370POB’si (paKkTOpH PH3UKY. 3anpornoOHOBAHO METOJ
KIJTbKICHOI OLIHKM TMpoeciitHNX pU3NKiB B yMOBax HEMOBHOTH iH(opMarlii Ha OCHOBI aHajli3y KPUBHX OLHKH PE3HCTEHTHOCTI romeocTasy. Meton
Moyke OyTH BUKOPHCTAHH Juisl audepeHLialii piBHiB pU3HKY PO3BUTKY IIMPOKOI0O KOJIa 3aXBOPIOBAHE.

Ku11040Bi cj10Ba: HewiTKa eKCHIEPTHA CUCTEMa, SKICHUIT Ta KUTbKICHUIT aHai3 pusHKY, poQeciitHi pU3HKH, KPUBI PE3UCTEHTHOCTI TOMEOCTa3y.

H.A. YUKHHA, U B. AHTOHOBA, 3. H. CO/IOLIEHKO
CUCTEMHBI MOAYJIb «<PE3UCTEHTHOCTb» HEUETKOM SKCIMEPTHOM CUCTEMBI
MPO®ECCHOHAJIBHBIX PUCKOB

CucTteMHBIit MOyTb «PEe3HUCTEHTHOCTB» SKCIEPTHON CUCTEMBI C HEUETKMM JIOTHYECKUM BBIBOJIOM MOCTPOCH MO Pe3y/IbTaTaM KaueCTBEHHOTO U KOJIH-
YECTBEHHOTO aHalN3a NMpo(eCCHOHANBHBIX PUCKOB COCTOSHUS 3/10pOBbsl pabOUMX NPEINIPUATHH XUMHKO-(hapMalleBTHUECKOil oTpaciu XapbKoBa U
XapbkoBcKoit 06macTi. Moaynb «Pe3UCTeHTHOCTH» SIBIISIETCS COCTABHOM YacThiO HEUETKOi akcmepTHO# cuctembl «PHCK» oneHkn pucka pa3BUTHS
npoeccHOHATFHO 00YCIOBNCHHBIX 3a00neBaHuil. KauecTBeHHBIN aHAM3 PHCKOB Jal BO3MO)KHOCTh MACHTU(GUIMPOBATh (haKTOPBI PUCKA, OKa3bl-
BaloIKe HauOOIbIIEE BIMSHUAE HA COCTOSHHE 30pOBbs. [IpeanokeH METo1 KOJMYECTBEHHOTO aHan3a Npo(eCCHOHANBHEIX PUCKOB B YCIIOBHSX He-
TOJTHOTHI HH(GOPMALIK HAa OCHOBE KPUBBIX OLECHKM PE3UCTEHTHOCTH TOMEOCTa3a. MeTos MOXKeT ObITh MCMONBb30BaH 1 AuddepeHnmanum ypoBHei
pUCKa Pa3sBUTHS MIUPOKOTO Kpyra 3a00eBaHuiA.

KunoueBble ¢/10Ba: HeueTKas SKCNEPTHAs CHCTEMA, KAUECTBEHHBIN 1 KOJMYECTBEHHBIN aHAIM3 PHCKa, MPO(ecCHOHAIBHBIE PHCKU, KPUBBIE pe-
3MCTEHTHOCTH TOMEOCTA3a.

N.A. CHIKINA, I. V. ANTONOVA, E. N. SOLOSHENKO
«RESISTANCE» SYSTEM MODULE OF PROFESSIONAL RISK FUZY EXPERT SYSTEM

The «Resistance» system module of an expert system with a fuzzy logical output is based on the results of the qualitative and quantitative analysis of
the occupational health risks of the chemical and pharmaceutical industries workers in Kharkov and Kharkov region. The «Resistance» module is an
integral part of the «RISK» fuzzy expert system for assessing the risk of developing professionally caused diseases. Qualitative risk analysis made it
possible to identify risk factors that have the greatest impact on the health status. A method is proposed for a quantitative analysis of occupational risks
under conditions of incomplete information on the basis of curves for assessing the resistance of homeostasis. The method can be used to differentiate
risk levels for the development of a wide range of diseases.

Key words: fuzzy expert system, qualitative and quantitative risk analysis, professional risks, homeostasis resistance curves.
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